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Abstract

Let G be a vertex colored graph. The minimum number x(G) of colors
needed for coloring of a graph G is called the chromatic number. Recently,
Adiga et al. [1] have introduced the concept of color energy of a graph
E.(G) and computed the color energy of few families of graphs with x(G)
colors. In this paper we derive explicit formulas for the color energies of
the unitary Cayley graph X,,, the complement of the colored unitary Cayley
graph (X,,). and some ged-graphs.

Keywords: coloring of a graph, unitary Cayley graph, gcd-graph, color
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1. INTRODUCTION

Let G be a finite group and S be a subset of G such that S does not contain identity
of G. Assume S™! = {57! : s € S} = S. The Cayley graph X = Cay(G,S) is
an undirected graph having vertex set V(X) = G and edge set F(X) = {{a, b} :
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ab~! € S}, where a,b € G . The Cayley graph X is a regular graph of degree
|S]. Its connected components are the right cosets of the subgroup generated by
S. Therefore, if S generates G, then X is a connected graph. More information
about Cayley graphs can be found in the books on algebraic graph theory by
Biggs [2] and by Godsil and Royle [3].

For a positive integer n > 1, the unitary Cayley graph X, = Cay(Z,;U,),
where U,, denotes the set of all units of the ring Z,,. Two vertices a, b are adjacent
if, and only if, a—b € U,,. The unitary Cayley graph X, is regular of degree ¢(n),
where ¢(n) is the Euler function. Unitary Cayley graphs are highly symmetric
and have some remarkable properties connecting graph theory and number theory.
These graphs have integral spectrum and play an important role in modeling
quantum spin networks supporting the perfect state of transfer. In fact, it is
proved in [6] that the eigenvalues of unitary Cayley graph X,, are

M= @ = Clim), 0 i <=1,
S<n, (J,n)=

th

where w denotes a complex primitive n** root of unity.

The arithmetic function C(¢,n) is a Ramanujan sum [5], and

().
o ()

The ged-graphs arise as a generalization of unitary Cayley graphs studied by
Klotz and Sander in [6]. Let D be a set of positive, proper divisors of the integer
n > 1. Define the gcd-graph X, (D) to have vertex set Z, = {0,1,...,n—1} and
edge set E(X,(D)) = {{a,b} : a,b € Z,,,(a —b,n) € D}. In [6], it was proved
that these graphs have integral spectrum.

Let G be a simple graph. The adjacency matriz of G is the n X n matrix
A = A(G), whose entries a;; are given by a;; = 1 if v; and v; are adjacent, a;; = 0
otherwise. The eigenvalues of A(G) are the eigenvalues of G. The energy E(G)
of a graph G is the sum of the absolute values of the eigenvalues of A(G) [4].

Recently, Sampathkumar and Sriraj [9] have introduced a new matrix Az (G)
called L-matriz of a vertex labeled graph G = (V, E'), whose elements are defined
as follows: If £(v;) is the label of the vertex v;, then

C(i,n) = ¢(n)

where p denotes the Mobius function.

if v; and v; are adjacent with £(v;) = £(v;),
1 if v; and v; are adjacent with £(v;) # £(v;),
—1 if v; and v; are non-adjacent with £(v;) = £(v;),
0 if v; = v; or v; and v; are non-adjacent with £(v;) # £(v;).
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A coloring of graph G is a coloring of its vertices such that no two adjacent vertices
receive the same color. The minimum number of colors needed for coloring of a
graph G is called chromatic number and denoted by x(G).

If we consider the vertex colored graph, then entries of the matrix Ay (G) are
as follows: If ¢(v;) is the color of v;, then

1 if v; and v; are adjacent with c(v;) # c(vj),
a;j = ¢ —1 if v; and v; are non-adjacent with c(v;) = c(v;),
0 if v; = v; or v; and v; are non-adjacent with c(v;) # c(vj).

The matrix thus obtained is the L-matriz of the colored graph and is G denoted
by A.(G). The eigenvalues of A.(G) are called color eigenvalues. If G is colored
with x(G) colors, then L-matrix of the colored graph G is denoted by A, (G).
Recently in [1], Adiga, Sampathkumar, Sriraj, Shrikanth have studied the energy
of the vertex colored graph, which is defined as follows. The energy of a graph
with respect to a given coloring is the sum of the absolute values of the color
eigenvalues of G and is called the energy of a colored graph or color energy of a
graph.

If we use n different colors to the vertices of a graph of order n, then the color
energy is the same as the energy of a graph. So color energy may be considered
as a generalization of energy of a graph. It is possible that color energy that we
are considering in this paper has similar applications in chemistry as well as in
some other areas.

Recently, 1li¢ [7] obtained an explicit formula for the energy of unitary Cayley
graph X, and also energy of the complement of X,,. The open problem posed
by 1li¢ [7] about calculating energy of an arbitary integral circulant graph is
completely solved by Mollahajiaghaei in [8].

Motivated by these investigations we establish formulas for color energies of
the unitary Cayley graph X, and the complement of the colored unitary Cayley
graph X,. We also derive an explicit formula for energy of the colored gcd-graph
X,(D), where n = p{'p3?...pic1%1pilpi 1%+t . pp® and D = {1,p;}.

2. CoLOR ENERGY OF UNITARY CAYLEY GRAPHS

Let X, = (Zn;Up) be the unitary Cayley graph and E, (X)) denote the color
energy of X,, with x(X,,) colors. In [6], Klotz and Sander proved the following
theorem:

Theorem 1. If p is the smallest prime divisor of n, then x(X,) = p.

In general, an optimal coloring with x(G) colors is not unique. So the color
energy F,(G) may be different for different optimal colorings. But the unitary
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Cayley graph X, has a unique optimal coloring, thus its color energy with respect
to minimum number of colors is unique.

Theorem 2. The unitary Cayley graph X, has a unique optimal coloring and
the color energy of X,, with respect to minimum number of colors is unique.

Proof. Let X, be a unitary Cayley graph whose vertices are labeled by
0,1,2,...,n—1. Let p be the smallest prime divisor of n. Then x(X,) = p. Now
we color X, using p colors say ci, ¢2, ..., c,. Consider the vertices 0,1,2,...,p—1.
Let 4, j € {0,1,2,...,p — 1}, where i < j. Since gcd(j —i,n) = 1, i and j are
adjacent so we cannot give the same color to ¢ and j. Similarly, the vertices
ipip+1,...,0+1)p—1,i=1,2,3,..., (% — 1) must receive different colors.
Suppose color of the vertex 0 is c¢; then color of the vertex p must be

equal ¢; because p and i are adjacent for each ¢ = 1,2,3,...,p — 1. On simi-
lar lines the color of the vertices 2p,3p,..., (% — 1)p must be ¢;. Thus the
vertices 0,p,2p,3p, ..., (% — 1)p receive the color ¢;. Similarly, the colors of

the vertices 1,p 4+ 1,2p + 1,..., (% — 1)p + 1, must be the same. In general
,i+p,i+2p,...,1+ (% —1)p,i=0,1,...,(p— 1) must receive the same color.
This shows that the matrix A, (X,) will not alter for different optimal color-
ings. Hence, the color energy of X,, with respect to minimum number of colors
is unique. This completes the proof. [

Now we determine the color energy of a unitary Cayley graph with minimum
number of colors.

Theorem 3. Let X,, be the unitary Cayley graph colored with p colors, where p
is the smallest prime divisor of n. Then

Ey(X,) = 2°g(n) + 2§¢<p> 23" 4. 6(d),

m(d)=-1
where w(n) is the number of distinct prime divisors of n.

Proof. Let X,, = (Z,;U,) be the unitary Cayley graph colored with p colors,
where p is the smallest prime divisor of n. We color the vertices 0,1,2,...,n—1
with colors cq,ca,...,¢, as follows: Color the vertices kp,kp + 1,kp + 2,...,
(k+1)p — 1 with ¢q,¢2,c3,...,cp respectively for £ =0,1,2,..., (% — 1). Then

A, (Xy) is a circulant matrix with first row equal to (ag, a1, a2, ...,an—1), where

if k=0,
1 f1<k<n-1, (kn)=1,
-1 ifk=p2p,...,n—p,
0 otherwise.

ap =
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It is well-known that for a circulant matrix of order n, the eigenvalues are given
by the formula

n—1 2wimk
/\mzzk:oake n ,m=0,1,...,(n—1).

2mi
Let w = e , then we have

(kn)=1 =1
_ b Lpm
=C(m,n) — 2521 wP
n—1
We have \g = Zak. Note that ay = 1if 1 <k < (n—1), (k,n) =1, ap = —1
k=0

if k=p,2p...,n—p and 0 otherwise. Thus the number of terms that are equal
to 1 in the above sum is ¢(n) and the number of terms that are equal to —1 is

(% — 1) and other terms are zero. Hence,

)\0=¢(n)—<z—1>,

using definition of Ramanujan’s sum we have

2 -1
Am:c<m,n>—(”‘1> form="20 (=D
p p D p
and
2 —1
Am = Cm,n) +1, for 1 <m<n—Tandm# " 22 =D
p p p
Thus

n—1
EX(Xn) = Zm:() | Am|

= ‘)\0‘ + Zm:ﬂ 2n
P’

p

i Pl D tgmzmon Al
e

n 2n (p—1)n
m#;viz' - —

P P
n n
= ¢(n) — <p —~ 1) Y wa weu [Clmin) — <p — 1>‘
p’p T p
+ Z 1<m<n-1) |C(m,n)+1].

n 2n (p=1)n
m¢5777"'7T
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Now we express the last two sums in terms of Euler function ¢(n). Consider

o= (51

p’p 7 P

i G (2-1)

(2) M o () 7
_ up) (” _ >‘
R L R

We have
S Cmn) +1] = > ¢(n)” ((”’nm)) +1
1 e ((n%)
=30 (%) ¢(n)g Eg; +1

w(§)= n(§)=
= 2w(n)¢(n) + Z dn o(d) — Z dn o(d)
w(d)=1 w(d)=—1
+Y e dd)=2"Mo(n) +n—2>" 4o ¢(d)
u(d)=0 (d)=—1
Thus
Z 1<m<n-1) |C(m,n) +1
m# 3, B B
(3) =Y Cmn)+1 =3 L . [Clmn) +1]
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Substituting (2) and (3) in (1) we obtain,

Ey(Xn) = 2™ g(n >+2 d(p) —2) i

p(d)=
Corollary 4. If n = p®, then Ey(Xpe) = 4¢(p*) — 2¢(p).

3. COMPLEMENT OF COLORED UNITARY CAYLEY GRAPH AND ITS COLOR
ENERGY

Recently Adiga et al. [1] have introduced the concept of complement of the
colored graph and matrix of the complement colored graph, which are defined as
follows.

Definition. Let G = (V, E) be a colored graph. Then the complement of colored
graph G, denoted by G, has same vertex set and same coloring of G with the
following properties:
(i) v; and v; are adjacent in G, if v; and vj are non-adjacent in G with
c(vi) # ¢ (UJ)
(ii) v; and v; are non-adjacent in G, if v; and v; are non-adjacent in G' with
c(vi) = c(v;).

(iii) v; and v; are non-adjacent in G., if v; and v; are adjacent in G.

Remark 5. In the above definition the color complement G, of a graph G with
respect to a proper vertex coloring ¢ of GG is defined such that c¢ is also a proper
vertex coloring of G.. Therefore, the matrix A.(G.) is well defined. We simplify
the notation of A.(G.) to A(G.).

Thus the matrix A(G.) = [a;;], where

1 if v; and v; are adjacent in G, with c(v;) # c(vj),
a;j = —1 if v; and v; are non-adjacent in G, with ¢(v;) = ¢(v;),
0 otherwise.

Theorem 6. If( Xn)e is the complement of the colored unitary Cayley graph
X, which is colored with minimum number of colors and p is the smallest prime
divisor of n, then

B = (2 ~2)6(0) + 20— p+ ) =23 g0 60,
p(d)=1

where w(n) is the number of distinct prime divisors n.
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Proof. Let (X,). be the complement of the colored unitary Cayley graph X,.
Then A(Xp,). is a circulant matrix with first row equal to (ag,a1,a2,...,a,—1),
where

0 if k=0,

0 if1<k<n-1, (kn)=
-1 ifk=p2p,...,n—p,

1 otherwise.

ap =

Thus the color eigenvalues of (X,,). are given by
n—1 2mimk
)\mzzkzoake n ,m=0,1,...,(n—1).
Let w = e%, then we have

n—1
Am = Zk:o aw™, m=0,1,..., (n—1).

Thus we have

n—1 n-1
A = Z ke1 wmk _ Zp wﬁpm
(k,n)#1 =1 ’

n—1 7—1
_ mk .
B Zkzlw Z(kn 22@ 1
From the definition of Euler’s function we have

Aozﬁr—n—¢()—2<—1>

p
Using definition of Ramanujan’s sum

2 —1
Am = —1—C(m )—2<—1> men 2 p=bn
p p p p
and
2 -1
Am =1-=C(m )1<m<n—1andm7éﬁ—n,...,u,
p p p
Thus

n—1
E(Xn)e = Zmzo [ Am|

~|tn- 1o -2 (2 1)
+Zm:£@ o | L+ C(m )+2<p—1>‘

P

+Z 1<m<m-1) |1 —=C(m,n)l.

1
n 2n (P n
p’p 77 p
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Consider

meﬂ 2n  (p=1)n

1+C’(m,n)+2<n—1>‘

(5) - <b(p)p'71:';i)(;i]’j)(m +2 <Z - 1) ' p
- ‘qﬁ(p) —o(n) +2 <Z — 1) ¢(p)' = ¢(p) <2; - 1> — ¢(n).
We have
an_; oo (p=Un 1= C(m,n)|

2n (p—1)n |]‘ - C(m7n)‘

n
7571) yey D

=312 (5) — et (5)] - o) — 20(m) +1
© -y P Jo(G) -0 +30 an o) +ow)
w(g)= mMa)==

> an o(5) o) —20(m) +1
u(3)=0

= 22 y(n) + Zdln o(d) — 2 (Z din cb(d)) —o(p) = 2¢(n) + 1.

n(d)=1
Substituting (5) and (6) in (4) and after some simplifications, we obtain

E(Xp)e = (2°0V =2)p(n) +2(n—p+1) =2 B ¢(d).
p(d)=1

Corollary 7. If n = p®, then E(Xpa). = 2(p“ — p).
Remark 8. E, (Xpa) > E(Xpo)ec.

4. COLOR ENERGY OF SOME GCD-GRAPHS

Klotz and Sander extended the class of unitary Cayley graphs. Let D be a set
of positive, proper divisors of the integer n > 1. We recall the definition of the
ged-graph. Define the ged-graph X, (D) to have vertex set Z, = {0,1,...,n—1}
and edge set E(X,(D)) = {{a,b} : a,b € Z,,(a—b,n) € D}. So [10] proved that
a circulant graph is integral if, and only if, it is a ged-graph.
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Theorem 9. Let n = p1® p2®2 ... pp* and X, (D) be the gcd-graph, where D =
{L,pi}, i >1,a; =1. If p (= p1) is the smallest prime divisor of n, then the
gcd-graph X, (D) has a unique optimal coloring.

Proof. Let X, (D) be the ged-graph where D = {1,p;}, i > 1 and o; = 1 whose
vertices are labelled by 0,1,2,...,(n — 1). Let p (= p1) be the smallest prime
divisor of n. Now we color X, (D) using p colors say ci,ca, ..., cp. Using similar
arguments as in the proof of Theorem 2, the vertices i,i+p,i+2p,...,i+ (% —1)p,
i=0,1,...,(p—1) must receive the same color. Also observe that, if z and y are
two vertices of X,,(D) such that ged(x — y,n) = p;, then x and y must receive
different colors. For, if x and y receive the same color then p|(z — y) and hence
p|p; which is a contradiction. [

Theorem 10. Let n = p1™p®2...px* and X, (D) be the gcd-graph, where
D ={1l,pi},i>1, a;=1. Ifp (= p1) is the smallest prime divisor of n and
Xn(D) be colored with p colors, then

0] == %207 (s o (%))

Dbi

+ 00 "*Zé\ <€p>¢<£>

Proof. Let X,,(D) be the ged-graph, where D = {1,p;}. We color the ver-
tices 0,1,2,...,n — 1 with colors ci,c2,...,¢, as follows. Color the vertices
kp,kp + 1,kp + 2,...,(k + 1)p — 1 with ¢1,¢2,c¢3,...,¢p respectively for k =
0,1,2,..., (% — 1). Then A, [X,(D)] is a circulant matrix with first row equal

to (ag,a1,as,...,an—1), where

1 if (k,n) =1
if (k,n) = p;,
-1 ifk=p2p,...,n—p,
0 otherwise.

arp —

Thus the color eigenvalues of X,,(D) are given by
Ao = S ™ = 0,1 1
m_Zk:()akw y M=, a-"v(n_ )

Let w = e “n . Then we have,

1 21
m_E:(k:kl +§ nkl wm _E ::1 wgpm’m:()’l"__7<n—1)
n

kn) =pi

_ ﬁ _ 5_1 fpm
_C(m,n)—|—0<m,p'> Zz:1w .

(3
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We note that

[0 +o(2)-(2-1), m=0,
C(m,n)—FC(m,pﬂi>+1, 1<m<n-—1,
Am = m#2 2 el
C(m,n)—FC(m,pﬂi)—(%— ) 1<m<n-1,
m="n. 2n (p—1)n
. P’ p’ P

Observe that

and

5 | -0 (1) < (1)
(8) =g p e np ) Di P

— ot +(2) + o) (2 -1)
Further,

n
S e
(p=Dn

n 2n
m;é;,?7,_,7 -

-y ‘c(m,m o (m ) 1‘

C(m,n)+C (mn> +1‘

]

]

(=1n C(man)JrC(m, n) +1’

=M e Di
s o (i) o/ (5)
" () ¢ (i)
—20(n) - 26 <;> Fop) — 1

But, (m,p;) = 1 or p;. If (m,p;) = 1, then (mp;, n) = p;(m,n) and if (m, p;) = p;,
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then (m,n) = (mp;,n). Thus the above sum is equal to

n (3
V)] i R P e
" - daépiziﬁ..,pfip o(n)n (%) + ¢(n)p <p7d> +o (%)
N dipvﬂz‘n n, ¢ (%> —n- g

~~~~~~~~
Py
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Substituting (10) and (11) in (9) we get

n
E m=1
m#£n 2n (p—1)n

PP p

(12) —n— (e ) <¢(n) +6 <§>>

pi i
o0 =1+ Ty () (3)

Adding (7), (8) and (12) and simplifying we obtain

C(m,n) +C <m, ;) + 1'

BX (D)) == 2200 (506 (2) ) + 20

_Z+Za(;) : (59) ’ (59) '

This completes the proof. [

Theorem 11. Let n = pipa...px be a square-free number and X, (D) be the
gcd-graph, where D = {p;,p;}. If p (= p1) # pi, p; is the smallest prime divisor
of n and X, (D) can be colored with p colors, then

EAXADH=¢<;)+¢<;>—<Z—1>

Proof. Let X,(D) be the ged-graph, where D = {p;,p;}. We color the ver-
tices 0,1,2,...,n — 1 with colors ci,c2,...,¢, as follows: Color the vertices
kp,kp + 1,kp + 2,...,(k + 1)p — 1 with ¢1,¢2,¢3,...,¢p respectively for k =
0,1,2,..., (% — 1). Then A, [X,(D)] is a circulant matrix with first row equal

to (ag,a1,a,...,a,—1), where

1 if (k,n) = p;,
1 if (k,n) = pj,

-1 ifk=p,2p,...,n—p,
0 otherwise.
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The color eigenvalues of X,,(D) are given by
n—1 mk
/\mzzkzoakw ,m=0,1,...,(n—1)
n_y

n—1 n—1
_ Z e wmk + Z b1 wmk _ Zp wfpm
(ko) =p; ( =t

kn)=p;

_ E E _ %71 Lpm
—C<m,p‘>+0<m,p> Z(le .

i j

Thus we have

¢(£)+¢ pﬂj)_@_) m =0,
Am = C<m”%>+0(m’ﬁ)“ (1<m<n-—1)and
. m#2,2  f=ln
() (ng) = (1) mepfn g
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