Discussiones Mathematicae
Graph Theory 34 (2014) 801-810
doi:10.7151/dmgt.1762

AN IMPLICIT WEIGHTED DEGREE CONDITION
FOR HEAVY CYCLES!

JUNQING CAI

School of Management, Qufu Normal University
Rizhao, 276826, China

e-mail: caijq09@163.com
Hao Li?

Institute for Interdisciplinary Research
Jianghan University, Wuhan, 430019, China
LRI, UMR 8623, CNRS and Université de Paris-Sud 11
F-91405 Orsay, France

e-mail: 1iQ@Iri.fr

AND

WANTAO NING

Department of Mathematics and Statistic, Xidian University
Xi’an, Shaanxi 710071, China

e-mail: ningwt05@163.com

Abstract

For a vertex v in a weighted graph G, id*(v) denotes the implicit weigh-
ted degree of v. In this paper, we obtain the following result: Let G be a
2-connected weighted graph which satisfies the following conditions: (a) The
implicit weighted degree sum of any three independent vertices is at least
t; (b) w(zz) = w(yz) for every vertex z € N(z) N N(y) with zy ¢ E(G);
(c) In every triangle T of G, either all edges of T' have different weights or
all edges of T have the same weight. Then G contains either a hamiltonian
cycle or a cycle of weight at least 2¢/3. This generalizes the result of Zhang
et al. [9].
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1. INTRODUCTION

In this paper, we consider only finite, undirected and simple graphs. Notation
and terminology not defined here can be found in [2]. Let G = (V(G), E(Q))
be a graph with vertex set V(G) and edge set E(G). Let H C G. For a vertex
u € V(G), Ng(u) = {v € V(H) : w € E(G)} and dy(u) = |Ng(u)|. If
H = G, we always use N(u) and d(u) in place of Ng(u) and dg(u) respectively.
No(v) = {u € V(G) : d(u,v) = 2}, where d(u,v) denotes the distance between
vertices v and v in G

Based on the traditional definition of degree, Zhu, Li and Deng [10] intro-
duced the concept of implicit degrees.

Definition [10]. Let v be a vertex of a graph G and k = d(v) — 1. Set My =
max{d(u) : u € N2(v)} and mg = min{d(u) : u € Na(v)}. Suppose d; < dy <
ds < -+ <d <dgy <--- is the degree sequence of vertices in N(v)U Na(v). I
Na(v) # 0 and d(v) > 2, define

[anx

ma, if  di < mo,
d*(v) = { di1, if  dg1 > Mo,
dg, otherwise,

then the implicit degree of v is defined as id(v) = max{d(v),d*(v)}. If Na(v) =0
or d(v) <1, then id(v) = d(v).

Clearly, id(v) > d(v) for each vertex v from the definition of implicit degree.

For a graph G, if we assign a non-negative number w(e) to every edge e, then
G is called a weighted graph and w(e) is the weight of e. Clearly, an unweighted
graph can be regarded as a weighted graph in which each edge is assigned a weight
1. The weight of a subgraph H of G and the weighted degree of a vertex v in G
are defined as

w(H) = ZeeE(H) w(e) and d¥(v) = ZUGN(U) w(uv), respectively.

Based on the idea of the definition of implicit degree, Li [7] gave the definition of
implicit weighted degrees as follows.

Definition [7]. Let v be a vertex of a weighted graph G and k = d(v) — 1. Set
mYy = min{d"(u) : u € Na(v)} and M = max{d"”(u) : v € N2(v)}. Suppose
day < dy < ... < d}é’H < ... is the weighted degree sequence of vertices in
N(v) U No(v). If No(v) # 0 and d(v) > 2, define

my, it dy <my,
AU () = d¥,,,  if ¥, > MY,

dy, otherwise,
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then the implicit weighted degree of v is defined as id" (v) = max{d" (v),d"*(v)}.
If Na(v) =0 or d(v) < 1, then id"(v) = d¥(v).

Clearly, id™ (v) > d"(v) for every vertex v from the above definition.
Let a(G) be the independent number of a graph G. For a positive integer
k < a(G), we define 01 (G) = min{zg?:1 d(zj) : 1,22, ...,2 are k independent

vertices in G} and o} (G) = min{E?zl id(xj) : x1,2,...,2, are k indepen-
dent vertices in G}. For a weighted graph G, let 0}(G) = min{zg?:l d¥(z;) :
x1,%2,...,T are k independent vertices in G} and 0}"*(G) = min{Z?zl id™ (x;) :
x1,T2,...,2 are k independent vertices in G}. If k > «(G), then they are all

equal to +o0.

A graph G is called hamiltonian if it has a hamiltonian cycle, i.e., a cycle that
contains all vertices of G. There are many results about the existence of hamilto-
nian cycles and long cycles in graphs in terms of the degree sum of independent
vertices. The following two theorems are famous.

Theorem 1 [4]. If G is a 2-connected graph with 01(G) > ¢/2, then G contains
either a hamiltonian cycle or a cycle of length at least c.

Theorem 2 [8]. If G is a 2-connected graph with o2(G) > ¢, then G contains
either a hamiltonian cycle or a cycle of length at least c.

After studying 0;1(G) and 02(G) conditions, Fournier and Fraisse [6] generalized
them into degree conditions on more independent vertices, i.e., the ox(G).

Theorem 3 [6]. If G is a k-connected graph (k > 2) with o,4+1(G) > ¢, then G
contains either a hamiltonian cycle or a cycle of length at least 2¢/(k + 1).

Zhang, Li and Broersma [9] gave a result about heavy cycles on weighted degree
condition. The result extended Theorem 3 in the case k = 2 by adding two extra
conditions.

(Cl) w(xz) = w(yz) for every vertex z € N(x) N N(y) with zy ¢ E(G);
(C2) For every triangle T' of G, either all edges of T" have different weights or all
edges of T have the same weight.

Theorem 4 [9]. Suppose G is a 2-connected weighted graph satisfying conditions
(C1) and (C2). If o (G) > t, then G contains either a hamiltonian cycle or a
cycle of weight at least 2t/3.

Motivated by the result of Theorem 4, we obtain the following result.

Theorem 5. Let G be a 2-connected weighted graph satisfying conditions (C1)
and (C2). If o§*(G) > t, then G contains either a hamiltonian cycle or a cycle
of weight at least 2t/3.
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Figure 1. Example 1.

We give the proof of Theorem 5 in the next section. Here we give a graph G with
08*(G) > 0§ (G). It is said that we can get a heavier cycle by using Theorem 5
than using Theorem 4.

Example. Let G be a graph shown in Figure 1, where K, (m > 2) is a complete
graph and z, z are adjacent to every vertex of each Ky, N(y) = {z,z}. We assign
weight 2 to each edge of G. It is easy to verify that 0§ (G

) =
) =4m + 8. And by
the definition of implicit weighted degree, we get that o§*(G) = 6(m + 1).

2. PROOF OF THEOREM 5

Our proof of Theorem 5 is based on the following three lemmas.

Lemma 6 [5]. Let G ba a connected weighted graph satisfying conditions (C1)
and (C2). Then either

(a) all edges of G have the same weight, or

(b) G is a complete multipartite graph.

Lemma 7 [3]. Let G be a k-connected graph with at least three vertices. If
k> a(G), then G is hamiltonian.

Lemma 8. Let G be a 2-connected graph such that o5(G) > ¢, then G contains
either a hamiltonian cycle or a cycle of length at least 2¢/3.

We give the proof of Lemma 8 in the next section.

Proof of Theorem 5. Let G be a weighted graph satisfying the conditions of
Theorem 5. If a(G) < 2, then G is hamiltonian by Lemma 7.

Hence we assume a(G) > 3. Then by Lemma 6, either all edges of G have
the same weight or G is a complete multipartite graph.
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First we suppose all edges of G have the same weight m. When m = 0, there
is nothing to say. Suppose m # 0. By the definitions of implicit degree and
implicit weighted degree, we have id*(v) = m(id(v)) for each v € V(G). Hence,
03(G) = o¥*(G)/m > t/m. Then, G contains either a hamiltonian cycle or a
cycle C of length at least 2¢/3m by Lemma 8. If G is not hamiltonian , then
w(C) =m x |E(C)| > m x (2t/3m) = 2t/3.

Now, we assume that G is a complete multipartite graph and G is not hamil-
tonian . Let |V(G)| = n and V4, Vs, ..., V] be a partition of V(G).

Claim 2.1 [5|. If x,y € V;, then w(zz) = w(yz) for every z € V(G) \ Vi. In
particular, d¥(x) = d*(y).

Claim 2.2 [5]. IfG is not hamiltonian , then |V;| > n/2 for some i with 1 < i <.

We can assume, without loss of generality, that [V;]| > n/2 by Claim 2.2. Let
p = |[Vi] and ¢ = n — p. Since G is 2-connected, 2 < ¢ < p. And let V} =
{vi,v9,...,v,} and V(G) \ Vi = {u1,u,...,uq4}.

Claim 2.3. id¥(x) = id“(y) for any two distinct vertices x,y € V;.

Proof. Since z,y € V;, N(z) = N(y) = V(G)\V; and No(x)\{y} = Na(y)\{z} =
Vi \ {z,y}. By Claim 2.1, we know d"“(z) = d“(y) and the weighted degree
sequences of vertices in N(x) U No(z) and those of vertices in N(y) U Na(y) are
the same. Then by the definition of implicit weighted degree, we can get that
id¥(x) = id"“(y). O

Claim 2.4. id“(v) > t/3 for each v € V].

Proof. Since p > 2, there are three vertices vy, vy and vs in V; and {v1,ve,v3} is
an independent set. Hence id" (vy) + id" (va) + id* (vs) > t. We assume, without
loss of generality, that id"”(v1) > t/3. Then id"(v) = id*(v1) > t/3 for each
v € V1 by Claim 2.3. 0O

Claim 2.5. id"(v) = d“(v) for any v € V;.

Proof. Suppose there is some v € V; such that d¥(v) < id"¥(v). Since G is
a complete multipartite graph, Na(v) = Vi\{v} and N(v) = V(G)\Vi. Since
[Vi| > n/2, [Na(v)| > |[N(v)]. Let k = d(v) — 1, MY’ = max{d"(u) : u € Na(v)}
and my = min{d"“(u) : v € Na(v)}. Suppose dff < dy < --- < dy | < --- is
the weighted degree sequence of vertices of N(v) U Na(v). By Claim 2.1 and the
definition of id"(v), we have My’ = my, df < dy < --- < d} ;| < id¥(v) and
id" (v) # m4. Which is contrary to the definition of id"(v). So id“(v) = d*(v)
for any v € V1. 0O



806 J. Car, H. Lt aAnD W. NING

By Claims 2.4 and 2.5, we can get that d¥(v) > t/3 for each v € V;. Now, we
consider the cycle C' = viuivaus - - - vquqvi. Then Claim 2.1 implies

-1
’IU(C) = Zq w(viui + Zq w v¢+1u,-) + w(vluq)

=1

q
= Zi_ (v1u; +Zl_ (V1) + w(viug)
= 22 w(viu;) = 2d* (v1).

Hence, w(C) > 2t/3. This completes the proof of Theorem 5. |

3. PROOF OF LEMMA &

Let P = z122- - -z be a path of a graph G, for any I C V(P), define I~ = {z; :
zi1 € I} and It = {z; : x;_; € I}. We use Lp(z1) to denote the vertex x;
such that z12; € E(G) and z12; ¢ E(G) for any j > i on P. To prove Lemma 8
we need the following two lemmas.

Lemma 9 [1]. Let G be a 2-connected non-hamiltonian graph and P = x1x9 - - x)
be a longest path of G. Then G contains a cycle of length at least d(x1) + d(xp).

Lemma 10 [10]. Let G be a 2-connected graph and P = z1x2---xp be a longest
path of G. If d(x1) < id(z1) and x1x, ¢ E(G), then either

(1) there is some x; € Np(x1)~ such that d(xz;) > id(x1); or
(2) Np(x1)” = Np(z1)U{z1} \{Lp(z1)} and id(z1) = min{d(v) : v € Na(z1)}.

Proof of Lemma 8. Let G be a 2-connected graph satisfying the conditions of
Lemma 8 and suppose G is not hamiltonian. Then by Lemma 9, it suffices to prove
that there exists a longest path P = vivy - - - vp in G such that d(vy)+d(vp) > 2¢/3.

Suppose to the contrary that d(vi) + d(vp,) < 2¢/3 for any longest path
P = vjvy -+ - v,. Choose a longest path P = vjvg - - - v, such that d(vi) + d(vp) is
as large as possible. Then N(v;) U N (vp,) € V(P) and there is no cycle of length
p in G. We can assume, without loss of generality, that d(v1) < ¢/3. Since G is
2-connected, |[Np(v1)| > 2 and |Np(vp)| > 2. Let k = max{i : vjv; € E(G)} and
l =min{j: vpv; € E(G)}. Then3<k<p—1land2<I<p-2.

Case 1. N(v1) = {va,v3,...,v%}.
Since G — vy is connected, there exists an edge v,v; € E(G) with r < k < s.
Choose such an edge v,vs such that s is as large as possible. By the choice of P,
we have N(v,) C V(P). Let

Py =001+ - 010p 41042 1+ Up.
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Since G has no cycle of length p, v,v, ¢ E(G). Next, we are going to look for a
special vertex v; € V(P) such that {v,,v;,v,} is an independent set of G.

Subcase 1.1. There is some j with 7 +1 < j < s —1 such that v,v;1 € E(G)
and v,v; ¢ E(G). We consider the longest path Py = vjvj_1 -+ vp410102 - - - UpVj41
Vj42 - - Up. Since G has no cycle of length p, we have vjv, ¢ E(G). Then we have
found the vertex v;.

Subcase 1.2. vyv; € E(QG) for each i with r +1 < i < s. By the choice of P,
r > 4 and there must exist some j with 2 < j < r — 2 such that v,v; ¢ E(G).
(Since, otherwise, P; is a longest path with d(v,) + d(v,) > d(v1) + d(vp), a
contradiction.) We consider the longest path P3 = vjvj_1--- 01041042 - Up.
Then vjv, ¢ E(G). So we find the vertex v;.

Claim 3.1. id(v,) < d(v1) and id(vj) < d(v1).

Proof. Suppose id(v,) > d(vi). We consider the longest path P; defined as
before. If d(v,) = id(v,), then d(v,) + d(vp) > d(v1) + d(vp), a contradiction.
Suppose d(v,) < id(v,). For convenience, we set Pi = yiy2---yp, where
Yi = Up, Y2 = Up—1,...,Yp = Up. Since v,v, € E(G) and v,v; ¢ E(G), we have
Np,(v;)™ # Np, (vy) U{v.} \ {Lp,(vr)}. Hence, by Lemma 10, there exists some
Ya € Np (y1)~ such that d(y.) > id(y1). Then yaYa—1- Y1¥a+1Yat2 " Yp is
a longest path of G with d(yq) + d(yp) > id(y1) + d(yp) = id(v,) + d(vp) >
d(v1) + d(vp), which is contrary to the choice of P. Hence id(v,) < d(v1).
Suppose id(v;) > d(vq). If v; is got in Subcase 1.1, we consider P». If v; is
got in Subcase 1.2, we consider P3 (where P and Ps3 are defined as before). No
matter what cases happen, we have d(v,,v;) = 2. By the choice of P, we get
that d(v,) < d(v1). So id(v;) # min{d(u) : v € Na(vj)}. By similar arguments
as above, we get contradictions. So id(v;) < d(v1). 0

Since {vy,vj,vp} is an independent set of G, we have id(v,) + id(v;) +id(vp) > c.
So id(vp) > ¢ —id(v,) — id(v;) > ¢ — 2d(v1) by Claim 3.1. If d(v,) = id(vp), then
d(v1) + d(vp) = d(v1) + id(vp) > ¢ —d(v1) > 2¢/3, a contradiction. Hence we can
assume d(v,) < id(vp).

Claim 3.2. N(vp) = {v,v41,...,0p-1} and d(v;) < id(vp) for any v; €
Np(vp) ™.

Proof. Suppose to the contrary that there exists some v; € Np(v,)" such that
d(vi) > id(vp). Then vivy - - v;_1VpVp—1 - - - v; is a longest path of G different from
P with d(vi) + d(v;) > d(v1) + id(vp) > d(v1) + d(vp), which is contrary to the
choice of P. Therefore, Claim 3.2 holds by Lemma 10. 0O
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By Claim 3.2, we can check that [ > s, otherwise, viva -V, V5Vs41 - VpVs—1
Vs—2 - - - Up4101 18 cycle of length p, a contradiction. Since G—vy is connected, there
exists an edge v, vy € F(G) such that ' <1 < r’. Choose such an edge v,vy such
that s’ is as small as possible. We can get that v,v,» ¢ E(G) and vjv, ¢ E(G) for
VpUp—1** * V1Vpp1Vp 42 *** Upr 1 UpUp—1 ** * Upr ANd VU1 * * * Vp 1 V102 * * * VpUj 410542
“ V1 UpUp—1 - - Uy (vj is got in Subcase 1.1) or v;vj_1 - - VIVj41Vj42 - U —10p
Up—1--- vy (v; is got in Subcase 1.2) are longest paths of G. So {v,v;, v} is an
independent set of G. Hence, id(v,) + id(v;) + id(v,s) > ¢. Then, by Claim 3.1,
id(vy) > ¢ —id(v,) —id(v;) > ¢ — 2d(v1).
Considering the following longest path

P = Up! Upr 1+ » UpUp/ —1Up/ -2+ =+ Vg/ 4 1VUg/ * * * V1,

we can claim d(v,v) < id(vy). If not, d(vy)+d(vi) > ¢—2d(v1) = e—d(v1) > 2¢/3,
a contradiction.

We can get that v,» is not adjacent to some vertex vg € N(vp). If not, we
have d(v,v) > d(vp). Then, for the longest path P’, d(v,s) +d(v1) > d(vp) +d(v1),
which is contrary to the choice of P. Now v.vy ¢ E(G) and v.vg € E(G),
which imply that Np/(v)~ # Np/(ver) U{v} \ {Lp/(v)}. For convenience,
let P' = zj@g---xp such that 1 = v, 29 = vpyq,...,2p = v;. By Lemma
10, there exists some vertex x, € Np/(z1)” such that d(zp) > id(z1). Then
TpTp—1 -+ - T1Tp41Tpr2 - - - Tp is a longest path of G with d(xp) + d(xp) > id(z1) +
d(zp) = id(vy) + d(v1) > ¢ — d(v1) > 2¢/3, which is contrary to the choice of P.

Case 2. N(v1) # {va,v3,..., Uk}

Choose v; ¢ N(v1) with j < k such that j is as large as possible. Then viv; €
E(QG) for each i with j < i < k. Then {v1,vj,v,} is an independent set of G. If
d(v1) < id(vy), then there exists some vy € Np(v1)~ such that d(vg) > id(vy) >
d(v1) by Lemma 10. Then vgvg_1 - - - 0104410442 - - - Up is a longest path of G with
d(vq) + d(vp) > d(v1) + d(vp), a contradiction.

Next we assume id(v;) = d(vi). By similar arguments as in Claim 3.1,
we have id(v;) < d(vi). If d(vp) = id(vp), then id(vi) + id(v;) + id(vp) > c,
which implies id(v,) > ¢ — id(vi) — id(vj) > ¢ — 2d(v1). Hence d(vi) + d(vp) =
d(v1) +id(vp) > ¢ — d(v1) > 2¢/3, a contradiction.

Suppose d(vp) < id(vp). If N(vp) # {v, vi41, ..., vp—1}, then there is a vertex
vy € Np(vp)T such that d(vy) >id(vp) by Lemma 10. So vfvpiq -« vpvf_105_g- -
v1 is a longest path with d(vi) +d(vy) > d(v1) + id(vp) > d(v1) + d(vp), which is
contrary to choice of P.

Hence N(vp) = {v,vi4+1,...,0p—1}. By the 2-connectivity of G, we know
that there exists an edge v,vs € E(G) with r < [ < s. We can easily verify
that {v1,v;,vs} is an independent set of G. Then id(vi) + id(v;) + id(vs) > c.
Therefore, id(vs) > ¢ —id(v1) —id(vj) > ¢ — 2d(vy).
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Now for the longest path P5 = vsvgsy1 -+ vpvs—1Vs—2---v1, We claim that there
exists a vertex v; € N(vp) such that v;us ¢ E(G). Otherwise, d(vs) > d(vp) and
hence d(v1) + d(vs) > d(v1) + d(vp), which is contrary to the choice of P.

Since vvs ¢ E(G) and vsv, € E(G), Np,(vs)™ # Np,(vs) U{vs} \ {Lp(vs)}.
For convenience, we let P5 = z129---2, with 21 = vs,20 = vgy1,...,2, = V1.
By Lemma 10, there is a vertex z4 € Np,(21)” such that d(z4) > id(21). Then
ZgZg—1+ - Z1%Zg41%g+2 - - - Zp is a longest path of G with d(zg) + d(zp) > id(z1) +
d(zp) = id(vs) + d(v1) > (¢ — 2d(v1)) + d(v1) > 2¢/3, a contradiction.

Now we complete the proof of Lemma 8. [
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