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Abstract

A path 7 = (v1,v9,...,0541) in a graph G = (V, E) is a downhill path if
for every i, 1 < i <k, deg(v;) > deg(vi+1), where deg(v;) denotes the degree
of vertex v; € V. The downhill domination number equals the minimum
cardinality of a set S C V having the property that every vertex v € V lies on
a downhill path originating from some vertex in .S. We investigate downhill
domination numbers of graphs and give upper bounds. In particular, we
show that the downhill domination number of a graph is at most half its
order, and that the downhill domination number of a tree is at most one
third its order. We characterize the graphs obtaining each of these bounds.
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1. INTRODUCTION

In a graph G = (V, E), the degree of a vertex is given by deg(v) = [{u : uv € E}|.
A graph G is r-regular if deg(v) = r for every vertex v € V. A path of length
k in G is a sequence of distinct vertices vy, va,...,vk4+1, such that for every i,
1 <i <k, vjv;p1 € E. Path parameters with degree constraints were defined
in [1]. In particular, a path vy, va,...,vk11 is a downhill path if for every i,
1 <i <k, deg(v;) > deg(viy1). For j > i, we say that v; is on a downhill path
from v;, or just that v; is downhill from wv;.

If a vertex v is on a downhill path from a vertex u, then we say that u
downhill dominates v, or that v is downhill dominated by u. As introduced in [1],
a downhill dominating set, abbreviated DDS, is a set S C V having the property
that every vertex v € V lies on a downhill path originating from some vertex
in S. In other words, the vertices of S downhill dominate the vertices of V' \ S.
The downhill domination number v4,(G) equals the minimum cardinality of a
DDS of G. A DDS having minimum cardinality is called a v4,-set of G. For
example, a connected, r-regular graph G has v4,(G) = 1 since every vertex is
downhill from every other vertex in G. Note that a DDS of a graph G does not
necessarily dominate G in the standard sense of domination, and a dominating
set of a graph G is not necessarily a DDS of G. In fact, the domination number
(@) and the downhill domination number ~,4,(G) are incomparable in general.
For instance, let G be the complete bipartite graph KL%J[ﬂ forn > 6. If nis

even, then v(G) = 2 > 1 = 74,(G). On the other hand, for odd n, v(G) =2 <
| 2| = 74n(G). For more details on domination, see [3].

As an application of downhill dominating sets, we propose a graph model
where a vertex has more “power” than those vertices of lesser degree, and a vertex
can dominate vertices along a path from it as long as it does not encounter a more
“powerful” vertex. Thus, if each vertex represents a military site, for example,
a minimum downhill dominating set could represent the minimum number of
military bases powerful enough to protect all the sites. It was noted in [1] that
although the definition of a downhill path is given in terms of the degrees of the
vertices on the path, a similar definition can be given in terms of any function
that assigns weights to the vertices of a graph, as is done in surveying when
assigning elevations to the points of a topographic map, or in thermal imaging,
in which the values assigned to the points in an image are a measure of their heat
content.
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In [1], we also explored relationships between ~4,(G) and other invariants. We
obtained an upper bound on v4,(G) in terms of the vertex independence number
Bo(G) by showing that any minimal DDS is an independent set. Moreover, it
was shown in [1] that for any pair of positive integers, a and b, where a < b,
there exists a graph G having v4,(G) = a and Sy(G) = b. Also, we determined
a Vizing-like result for the downhill domination number of a Cartesian product
GUH, that is, we showed that v4,(GOH) = v4n(G)vyan(H).

A well-known result of Ore [5] gives that for any graph G without isolated
vertices, 7(G) < |%|. Although v(G) and v4,(G) are incomparable, in this paper
we show that the same upper bound holds for the downhill domination number.
We begin with terminology and preliminary results in Section 2 that will be used
in the subsequent sections. In Section 3, we prove an upper bound on the downhill
domination number of graphs and characterize the extremal graphs. In Section 4,
we improve the bound for trees, define a family 7 of trees attaining the bound,
and characterize the extremal trees. Specifically, we prove the following main
results.

Theorem 1. If G is a connected graph of order n > 2, then v4,(G) < L%J, with
equality if and only if G is one of the complete graphs Ks or Kz, or the complete
bipartite graph K\, /2 ,(n/2] 0f odd order.

Theorem 2. If T is a tree of order n > 4, then v4,(T) < L”T_lj, with equality if
and only if T is the path of order 4 or T € T.

2. PRELIMINARY RESULTS

For a graph G = (V, E), the open neighborhood of a vertex v € V is the set
N() = {u|uv € E} of vertices adjacent to v. The closed neighborhood of a
vertex v € V' is the set N[v] = N(v)U{v}. The open neighborhood of a set S CV
of vertices is N(S) = (J,cg V(v), while the closed neighborhood of a set S is the
set N[S] = Uyeg N[v]. An S-external private neighbor of a vertex v € S is a
vertex w € V' \ S which is adjacent to v but to no other vertex of S. The set of
all S-external private neighbors of v € S is called the S-external private neighbor
set of v and is denoted by epn(v, S).
We will use of the following result from [1].

Lemma 3 [1]. Any minimal downhill dominating set of a graph G is an inde-
pendent set of G.

In the proofs of our main results, we also make use of degree relationships between
a vertex and its neighbors. Hedetniemi, Hedetniemi, Hedetniemi, and Lewis [4]
identified the seven possible degree relationships as follows.
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Definition 4. A vertex u € V(G) in a graph G is called

very strong if deg(u) > 2 and for every vertex v € N(u), deg(u) > deg(v);

strong if deg(u) > 2 and for every vertex v € N(u), deg(u) > deg(v), at least
one neighbor v € N(u) has deg(u) > deg(v), and at least one neighbor w € N(u)
has deg(u) = deg(w);

regular if deg(u) > 0 and for every vertex v € N(u), deg(u) = deg(v);

very typical if deg(u) > 2, deg(u) # deg(v) for all v € N(u), and at least one
neighbor v € N(u) has deg(u) > deg(v) and at least one neighbor w € N(u) has
deg(u) < deg(w):

typical if deg(u) > 3 and there are three distinct vertices v, w,z € N(u) such
that deg(v) < deg(u) = deg(z) < deg(w);

weak if deg(u) > 2 and for every vertex v € N(u), deg(u) < deg(v), at least
one neighbor v € N(u) has deg(u) < deg(v), and at least one neighbor w € N(u)
has deg(u) = deg(w);

very weak if deg(u) > 1 and for every vertex v € N(u), deg(u) < deg(v).

For a graph G, let V.S(G) be the set of very strong vertices in G, S(G) be the set
of strong vertices in G, and R(G) be the set of regular vertices of G. Our next
observations follow directly from the above definitions and the minimality of a

Ydn-set.

Observation 5. If D is a yg,-set of a graph G, then D C R(G)US(G)UV S(G).
Observation 6. If D is a yg,-set of a graph G, then V.S(G) C D.

In order to prove our next result, we need another definition.

Definition 7. Let G be a graph. For a vertex v € V(G), the regular path
neighborhood of v, denoted RPN (v), is the set all u € V(G) such that there is a
v-u path IT = (v = x1, 29, ..., 2, = u) for which deg(x;) = deg(v) for 1 < i < k.

Lemma 8. Let G be a connected graph. There exists a ygn-set of G that contains
no reqular vertices if and only if G is not reqular.

Proof. If G has a v4,-set which contains no regular vertices, then G is not
regular.

Assume that G is not regular. Among all v4,-sets of G, select D to minimize
|D N R(G)|, that is, D contains the minimum number of regular vertices. If
DN R(G) =0, then the result holds. Thus, assume that there is a regular vertex
v € D. By Lemma 3, D is independent.

We first show that RPN(v) C R(G) U S(G). Since v € R(G), v has a
neighbor of the same degree. Hence, RPN (v)\{v} # (. Let u € RPN(v).
Since deg(u) = deg(v), it follows from Definition 4 that w is either weak, typical,
regular, or strong. Thus assume that u is weak or typical. Then there exists a
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vertex y € N(u) such that deg(y) > deg(u). Hence, y ¢ RPN (v). Further since
deg(u) = deg(v) and there is a path between u and v consisting of vertices having
degree deg(v), it follows that v does not downhill dominate y. Hence, there is
some vertex w € D\{v} such that y is downhill from w or y = w. But then w
downhill dominates v and all the vertices downhill dominated by v, and so D\ {v}
is a DDS of G with cardinality less than v4,(G), a contradiction. Hence, we may
assume that every vertex in RPN (v) is regular or strong.

We note that if RPN (v) C R(G), then since G is connected, G must be reg-
ular, a contradiction. Therefore, there exists a strong vertex, say z, in RPN (v).
Further, from the definition of RPN (v), v is downhill from z, implying that every
vertex downhill from v is downhill from z. Hence, (D \ {v}) U {x} is a yg,,-set of
G having fewer regular vertices than D, contradicting our choice of D. |

3. PROOF OF THEOREM 1

We shall use the well-known theorem by Hall [2].

Hall’s Theorem. Let G be a bipartite graph with partite sets U and W. Then
U can be matched to a subset of W if and only if for all S C U, |N(S)| > |S].

In order to prove Theorem 1, we need to establish some properties of S(G) and
VS(G). We present these properties as separate results as they are interesting in
their own right.

Proposition 9. Let G be a connected graph of order n > 3. If VS(G) # 0, then
VS(G) can be matched to N(VS(G)).

Proof. Let G be a connected graph of order n > 3 and VS(G) # 0. Now
let X, C E(G) be the set of edges having at least one endvertex in VS(G).
By Lemma 3 and Observation 6, V.S(G) is an independent set. Thus, the
edge induced subgraph G[X.| is a bipartite graph with partite sets V.S(G) and
N(VS(G)). We wish to show that there exists a matching from VS(G) to
N(VS(G)) in the edge induced subgraph G[X.]. By Hall’'s Theorem, it suffices
to show that for all X C V.S(G), IN(X)| > | X].

To establish this, we proceed by induction on |X| for a subset X C VS(G).
Since X is an independent set and G has no isolated vertices, every vertex in
X has a neighbor in N(VS(G)). Hence, the result holds for |X| = 1. For
|X| = 2, suppose to the contrary that |[N(X)| < |X|. Again since G has no
isolated vertices, we have that |[N(X)| > 1, so |[N(X)| = 1. But then the two
vertices of X each have degree one, while their common neighbor in N(X) has
degree at least two, contradicting that the vertices of X are very strong. Thus,
IN(X)| > |X| =2, and so the result holds for 1 < |X| < 2.
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Assume that |[N(X)| > | X| holds for any X C V.S(G) such that | X| < k for some
k > 2. Let |X| = k + 1, and suppose to the contrary that |[N(X)| < |X|. Let
X' = X\{v} for some v € X. Since X' C VS(G) and | X'| = k, by our inductive
hypothesis, |[N(X’)| > | X’|. Thus, we obtain the following relations

(1) IN(X")] > |X'|
(2) IN(X)| < |X|
(3) X =|X'|+1.

From (2) and (3), we have that [N(X)| < |X|—1=|X'|. Thus, by (1), |[N(X)| <
| X' < |N(X')|. Since N(X') € N(X), we have |[N(X)| > |N(X’)|. Thus,
|IN(X)| = |[N(X")|, implying that |[N(X')| = |X’|. Moreover, by our inductive
hypothesis, |[N(X")| > |X”| for all X" C X’. Thus, by Hall’s Theorem, there
is a matching in G[X.] between the vertices of X’ and the vertices of N(X').
Label the vertices of X' = {z1,x9,..., 21} and N(X’) = {y1,y2,...,yx} such
that M = {z;y; |1 <i < k,z; € X' and y; € N(X')} is a perfect matching,.

Now there are exactly Zle degq(z;) edges incident to vertices in X’ and
vertices in N (X'), implying that Zle degq(yi) > Zle degq(z;). But since z; €
VS(G), deg(yi) < deg(x;) for all 1 <7 <k, and so Zle deg(y;) < Z?Zl deg(x;),
a contradiction.

Thus, we conclude that [N(X)| > | X]| for every set X C V.S(G) such that
|X| = k 4+ 1. By the Principle of Mathematical Induction, |N(X)| > |X| where
|X| > 1. Therefore, by Hall’'s Theorem, the set V.S(G) can be matched to
N(VS(G)) in the subgraph G[X,], and so V' S(G) can be matched to N(VS(G))
in G. |

Proposition 10. Let G be a connected graph of order n > 3. If VS(G) # 0,
then [VS(G)| < |N(VS(G))|.

Proof. Let G be a connected graph of order n > 3 and X = VS(G) # 0. By
Proposition 9, X can be matched to the set N(X). Thus, |X| < |N(X)|. Sup-
pose that |X| = |N(X)| = k and that X = {z1,29,...,2,} and N(VS(G)) =
{y1,y2,...,yx}, where z; is matched to y; for 1 < i < k. Since X is an in-
dependent set, Zle deg(z;) < >, deg(y;). However, since z; is very strong,
deg(x;) > deg(y;) for 1 < i < k. Thus, Zle deg(x;) > >, deg(y;), a contra-
diction. Hence, |X| < |N(X)]. n

Proposition 11. Let G be a connected graph of order n > 2. If v € DN S(G),
then there exists a vertex x € epn(v, D) such that deg(z) = deg(v).

Proof. Let G be a connected graph of order n > 2 and v € DNS(G). Since v is a
strong vertex, there exists x € N(v) such that deg(z) = deg(v). By Lemma 3, D
is an independent set, so x € V' \ D. Suppose to the contrary that = ¢ epn(v, D),
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that is,  has another neighbor, say y, in D. If deg(y) > deg(z), then x, v and the
vertices downhill from v are downhill from y. Thus, D \ {v} is a DDS of G with
cardinality less than 74, (G), a contradiction. Assume then that deg(y) < deg(z).
But then y is downbhill from v, and so D\ {y} is a DDS with cardinality less than
vin(G). Hence, we conclude that = € epn(v, D), and every strong vertex in D
has at least one neighbor of the same degree in its private neighborhood. [

We are now ready to prove Theorem 1.

Theorem 1. If G is a connected graph of order n > 2, then v4,(G) < L%J, with
equality if and only if G is one of the complete graphs Ko or K3, or the complete
bipartite graph K\, /2| 1n/21 of odd order.

Proof. We first prove the upper bound. Let G be a connected graph of order
n > 2. Asnoted in the introduction, if G is a regular graph, then v4,(G) = 1, and
the result holds. Suppose now that G is not a regular graph. By Observation 5
and Lemma 8, we may choose a yg4,-set D of G such that D C S(G) UV S(G).
By Observation 6, V.S(G) C D. To prove the upper bound, it suffices to show
that each vertex in D can be uniquely paired with a vertex in V(G) \ D. By
Proposition 11, each vertex of D N S(G) has a private neighbor that is of the
same degree. Let S’ be the set of these private neighbors. Thus, S(G) can
be matched to S’. By Proposition 9, there exists a matching from V.S(G) to
N(VS(G)). Further, SNN(VS(G)) =0 and S"UN(VS(G)) C V\D. It follows
that 74,(G) < |D| = [DNS(G)| +|DNVS(G)| < |8 + IN(VS(G))| < V\ D| =
n— ’de(G)' Hence, ’de(G) < L%J .

Next we prove the characterization. Clearly, if G € { K>, K3}, then v4,(G) =
1=|%2], and if G = K|y /2],[n/2) With odd order n, then v4,(G) = |2].

Now suppose that G is a connected graph of order n > 2 with 74, (G) = L%J .
Since for any r-regular graph, v4,(G) = 1, if G is regular, then n = {2, 3},
implying that G € {K>s, K3}. Note also that v4,(P3) = 1 and P3 = K 2.

Henceforth, we may assume that G is not a regular graph and that n > 4.
Again, we may assume that G has a yg,-set D, such that D C S(G)UV S(G), D
is an independent set, and V.S(G) C D.

Let X = VS(G) = {z1,22,...,2z;} and Y = DN S(G) = {y1,v2,...,yx} for
some integers j and k. Then |D| = |X|+ |Y|=j+ k.

If £ > 1, then by Proposition 11, every vertex y; € Y has a private neighbor
yi € V\ D such that deg(y;) = deg(y}). Let Y/ = {y;|1 <i < k}. Then |Y'| = |Y]|
and Y N N(X) = 0.

If X =0,then D=Y,and [V\D|<|D|4+1=[Y|+1=|Y'|+ 1. Since
each y; € Y is a strong vertex, deg(y;) > 2. Moreover, since each y; has exactly
one external private neighbor in Y’ and D is an independent set, it follows that
each y; has at least one neighbor in V' \ (D UY’), that is, V \ (DUY’) # 0.
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Hence, [V\D| > |Y/|+1 = Y|+ 1= |D|+1, and so, |V \ D| = |D| + 1.
Then V \ D = Y’ U {w} for some vertex w. Since y; is a strong vertex and
deg(yi) = deg(y;) > 2, we have N(y;) = {w,y;} for 1 < i < k. But then
deg(w) > |Y| = |D| = |%] > 2 > deg(y;) = 2, implying that no neighbor of y;
has degree less than deg(y;), a contradiction since y; is a strong vertex. Hence,
we may assume that X # 0, that is, j > 1.

Thus, we have

Y+ IN(X)| < VD = |7
) YI+INX) < [ 5]
Y|+ NGO < D] +1 = |X|+]Y]+1

[N < [X]+1

Since X # 0, by Proposition 10, we have |N(X)| > |X]|, so [N(X)| = |X| + 1.
By Proposition 9, every vertex in X can be matched with a vertex in N(X).
Let X' = N(X) = {z9,2,...,2} U {z}, such that {z;z;|1 < i < j} is a
matching from X to N(X). Since D is an independent set and each vertex in
Y’ has exactly one neighbor in D, the number of edges incident to vertices of D
is m' =S8 deg(yi) + o0, deg(ai) < Y| + S0, deg(z}) + deg(x). However,
since x; is very strong, deg(x;) > deg(z}) for 1 < ¢ < j. Thus, 23:1 deg(x;) >

zzl deg(z}) + j. And since y; is strong, we have that deg(y;) > 2 for 1 <
i < k. Hence, 2k + 37, deg(}) +j < 0, deg(y:) + L1, deg(as) < Y| +
o7 deg(z}) +deg(z) = k+Y_7_, deg(z}) +deg(z). Thus, deg(z) > j+k = |X|+
Y| =|D| = |%]. Since m’ counts only the edges incident to a vertex in D and to
a vertex in V'\ D, it follows that x is adjacent to every vertex in D. Since X # ()
and every vertex z; € X is very strong, it follows that deg(z;) > deg(z) = | 2|
for 1 <i < j. Since D is independent, we conclude that N(z;) = V' \ D for each
i € X. Bt V\D=Y'UN(X) and YN N(X) = 0, implying that Y = . It
follows that |D| = |X|=j and |V \ D| = |[N(X)| = |X|+ 1 = j + 1. Moreover,
since deg(z}) < deg(z;) for 1 < i < j, we have that deg(z}) < |V \ D| =j + L.
On the other hand, every vertex in D is adjacent to every vertex in X', and so
deg(z}) > |D| = j, implying that deg(z}) = j and N(z) = D. Thus, V' \ D is an
independent set, and G is the complete bipartite graph Kj 11, as desired. [

4. PROOF OF THEOREM 2

As we have seen, |n/2] is a sharp upper bound on 74, (G) for connected graphs G.
Restricting our attention to trees, we can improve this bound. For the purpose
of characterizing the trees attaining this bound, we introduce a family T of trees
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Figure 1. The caterpillar with code (2,0,1,0,1,0,1,0,2).

T = T}, that can be obtained as follows. Let 17 be a claw K7 3. If k¥ > 2, then for
1 <i< k-1, T;41 can be obtained recursively from 7T; by attaching a path P;
with an edge from the center of the added P5 to a leaf in T;. In other words, T is
a tree with a set S of vertices of degree 3, |S| = (n — 1)/3, S is an independent
set, V'\ S is an independent set, and each vertex in V' \ S has degree 1 or 2.

For example, we consider a family of caterpillars. A caterpillar is a tree for
which the removal of its leaves results in path, called its spine. The code of the
caterpillar having spine Py = (v1,vg,...,vx) is the ordered k-tuple (I1,1l2, ..., k),
where I; is the number of leaves adjacent to v;. The set of caterpillars with code
(2,0,1,0,1,0,...,1,0,1,0,2) is a subset of 7. See Figure 1 for a caterpillar in
this subfamily.

Theorem 2. If T is a tree of order n > 4, then v4,(T) < L”T_lj, with equality if
and only if T is the path of order 4 or T € T.

Proof. Let T be a tree of order n > 4. We first prove the upper bound. Note that
if A(T) = 2, then T is a path, and since n > 4, we have that v4,(P,) = 1 < [ 252 ].
Hence, we may assume that A(7) > 3.

Assume, for the purpose of a contradiction, that ~4,(T) > L”T_IJ By
Lemma 8, T has a ~yg,-set D such that D C S(T) UV S(T). To reach a con-
tradiction, we show that T has size m > n — 1, that is, T has a cycle. Since
by Lemma 3, D is an independent set, every edge incident to a vertex in D is
incident to a vertex in V' \ D. Thus, it suffices to show that each vertex in D has
degree at least 3 because this implies that m > 3(|%31| +1) > n — 1.

Assume to the contrary that there exists a vertex v € D with deg(u) < 2.
Then u is either strong or very strong, so deg(u) = 2. Since T is connected and
n > 4, it follows that v € S(T), and u is adjacent to a leaf and to a vertex,
say w, of degree two. If w is downhill from a vertex in D, then so is u and
its leaf neighbor, implying that D \ {u} is a DDS with cardinality less than
~Yan(T), a contradiction. Thus, w is not downhill from any vertex in D \ {u}.
Let v = wy,wa,...,w, = w be a v-w path for some v € D\ {u}. Since the v-w
path is not a downhill path, there exists a w; such that deg(w;+1) > deg(w;).
Let i be the largest index such that deg(w;+1) > deg(w;) on the v-w path. Since
deg(w) = 2 < deg(w;4+1), we have that w # w;4; and w is downhill from w;y;.
Therefore, w;11 € D, and so w;+1 € V' \ D. Thus, there exists a downhill path
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from some vertex v' € D to w;;1. But then w is downhill from v/, a contradiction.
Hence, we may conclude that every vertex in D has degree at least 3, proving the
upper bound.

Clearly, the bound is sharp for the path P, and the claw K;3. Let T be a
tree in 7 with n > 5 vertices. By the construction of T, the set of ”T_l vertices
of degree 3 in T are very strong vertices of T. By Observation 6, we have that
every very strong vertex is in every ~yg,-set of T, so vg,(T) > %‘1 Hence,
Yan(T') = nT_l

Next, let T be a tree with order n > 4 and ~4,(T) = "T_l Then n — 1 is
divisible by 3. If n = 4, then T € {Py, K 3}, the result holds. Thus, assume that
n>"7. Weshow that T =T, € T.

Let D be a vgn-set of T. By our previous argument, every vertex in D has
degree at least three. Since |D| = 21 and D is independent, 3(%51) <m =n—1.
It follows every vertex of D has degree 3, and the edges of T are precisely the
edges incident to a vertex of D and a vertex of V' \ D. In other words, both D
and V' \ D are independent sets. Note that a pair of vertices in D have at most
one common neighbor in V '\ D, else a cycle is formed. To show that T' € T, it
suffices to show that every vertex of V' \ D has degree 1 or 2.

Assume to the contrary, that v € V' \ D and deg(u) > 3. Without loss of
generality, let v1, v9, and vz be neighbors of u. Necessarily, v; € D, for 1 <7 < 3.
But then (D\{v1, v2,v3})U{u} is a DDS of T having cardinality less than ~4,(T),
a contradiction. Hence, T € T. [ |

It should be noted that a graph G having a downhill domination number less
n—1

than LTJ does not imply that G is acyclic. Consider the complete graph K,

for example.

REFERENCES

[1] T.W. Haynes, S.T. Hedetniemi, J. Jamieson and W. Jamieson, Downhill and uphill
domination in graphs, submitted for publication (2013).
[2] P. Hall, On representation of subsets, J. London Math. Soc. 10 (1935) 26-30.

[3] T.W. Haynes, S.T. Hedetniemi and P.J. Slater, Fundamentals of Domination in
Graphs (Marcel Dekker, 1998).

[4] J.D. Hedetniemi, S.M. Hedetniemi, S.T. Hedetniemi and T. Lewis, Analyzing graphs
by degrees, AKCE Int. J. Graphs Comb., to appear.

[5] O. Ore, Theory of Graphs (Amer. Math. Soc. Collog. Publ. 38, 1962).

Received 8 April 2013
Revised 9 September 2013
Accepted 9 September 2013


http://www.tcpdf.org

