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Abstract

Whitney’s Broken-cycle Theorem states the chromatic polynomial of a
graph as a sum over special edge subsets. We give a definition of cycles in
hypergraphs that preserves the statement of the theorem there.
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1. INTRODUCTION

The well-known Broken-cycle Theorem, originally given by Whitney [6, 7], states
the chromatic polynomial of a graph as a sum over edge subsets not including any
broken cycles, where a broken cycle arises from the deletion of the maximal edge
(with respect to a given order on the edge set) of a cycle.

While there are some definitions of cycles in hypergraphs [4], including the
most common one due to Berge [1, Section 5.1], none of these definitions admits
a straightforward generalization of broken cycles in hypergraphs such that the
Broken-cycle Theorem is valid in this more general case.

We give a novel definition of cycles in hypergraphs that preserves the state-
ment of the Broken-cycle Theorem. Therein cycles are minimal subgraphs such
that the deletion of an edge does not increase the number of connected compo-
nents.

Furthermore, we extend the result to graph polynomials similar to the chro-
matic polynomial and to regarding a subset of the broken cycles. Both general-
izations are already used in the case of graphs [5, Subsection 3.2.1].
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Definition. A hypergraph G = (V, E) is an ordered pair of a finite set of vertices,
the vertex set V, and a finite multiset of (hyper)edges, the edge set F, such that
each edge is a non-empty subset of the vertex set, i.e., e CV for all e € F.

Consequently, a graph is a hypergraph G = (V, E), where each edge is a set of at
most two vertices: |e| <2 for all e € E.

For a hypergraph G = (V,E) we use the standard notations known from
graphs, in particular the following ones: A hypergraph G’ = (V'  E’) is a subgraph
of G, if V! C V and E' C E. A hypergraph G(A) = (V, A) for an edge subset
A C E is a spanning subgraph. Furthermore, we denote by k(G) the number of
connected components and by G_. the graph arising from G by deleting an edge
ec k.

Definition. Let G = (V| E) be a hypergraph. G is d-cyclic, if it has a subgraph
G’ = (V', E') including at least one edge such that for each edge e € E’ it holds

k(G = k(G.,).

Definition. Let G = (V, E) be a hypergraph. G is a §-cycle, if it is d-cyclic and
has no proper é-cyclic subgraph.

Therefore, in the case of graphs the definitions of d-cycles equals the usual defi-
nition of cycles (regarding a single loop and parallel edges also as cycles).

Example 1. Consider the hypergraph G = (V, E) with V = {1,2,3,4,5} and
E ={{1,3},{1,2,3},{1,4,5},{3,4,5}}. G is d-cyclic but not a d-cycle, because
the deletion of edge {1, 2,3} renders vertex 2 isolated. The subgraph arising from
deleting the edge {1,2,3} and the vertex 2 is the only d-cycle of G. G itself is a
cycle due to the definition of Berge [1, Section 5.1].

We consider hypergraphs G = (V, E) with a linear order < on the edge set E.
This linear order can be represented by a bijection 5: E — {1,...,|E|} for all
e, f € E with

e < f & Ble) <B(f)

Definition. Let G = (V| E) be a hypergraph with a linear order < on the edge
set E. Let C = (Vo, Ec) C G be a d-cycle and e € E¢ the maximal edge of C
with respect to <. Then E¢ \ {e} is a broken cycle in G with respect to <. The
set of all broken cycles of G with respect to < is denoted by B(G, <).

Definition. Let G = (V, E) be a hypergraph. A k-coloring of G is a function
¢:V — {1,...,k}. A k-coloring is proper, if not all vertices of any edge are
mapped to the same element.
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Definition. Let G = (V, E) be a hypergraph. The chromatic polynomial x(G, )
equals (for z € IN) the number of proper z-colorings.

The chromatic polynomial of a hypergraph satisfies the same edge subset expan-
sion that is valid in the case of graphs [3, Theorem 2.21], [6, Section 2.

Proposition 2 (Proposition 1.1 in [2]). Let G = (V, E) be a hypergraph. The
chromatic polynomial x(G,x) satisfies

(1) x(G,x) = ZACE (—1)lAlR(G(A))

2. A BROKEN-CYCLE THEOREM FOR HYPERGRAPHS

Theorem 3. Let G = (V, E) be a hypergraph with a linear order < on the edge
set E. The chromatic polynomial x(G,x) satisfies

X(G2) =" ace  (—1)AMEW),
VBeB(G,<): BZA

Proof. Assume that £ = {e1,...,eg} such that e; < --- < e|g. For each
broken cycle B € B(G, <) we denote by e(B) the minimal edge closing the broken
cycle B, i.e.

e(B) =min{e € E | BU{e} is the edge set of a d-cycle in G}.

We partition the edge subsets A C F into blocks E; (some of them may be empty)
as follows: A € Ej if A does not include any broken cycles, and, otherwise, A € E;
if e; is the minimal edge closing a broken cycle included in A, i.e. A € E; if
e; =min{e(B) | B € B(G,<) ANB C A}.

We claim that for each ¢ > 0 and each A C F with e; ¢ A it holds

AEE@@AU{@Z‘}EEZ‘.

Proof of the first direction (=): We have A € E; and assume that AU {e;} € E}
with i # j, i.e. e; is the minimal edge closing a broken cycle in AU {e;}. Because
every broken cycle in A is also a broken cycle in A U {e;}, there is also a broken
cycle closed by e; in AU {e;}, and hence e; < e;. But there is no broken cycle
closed by e; in A, otherwise A € Ej, and therefore e; must be an edge in each
broken cycle closed by e; in AU {e;}. Consequently, as e; is greater than every
edge of the broken cycle closed by it, e; < ej, which gives a contradiction. It
follows AU {e;} € E;.

Proof of the second direction (<«): We have A U {e;} € Ej, ie. e; is the
minimal edge closing some broken cycle in AU {e;}, and this broken cycle is also
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in A. Because every broken cycle in A is also in AU {e;}, €; is the minimal edge
closing some broken cycle in A, consequently A € E;.

For such A (A € E; for i > 0) it follows that e; is an edge of a d-cycle
in G(A U {e;}) and from the definition of J-cycles it follows that k(G(A)) =
E(G(AU{e;})). Hence, for each block E; # Ey (i > 0) it holds

ZAGE (-1 IAI k(G )_ZA E; IAI k(G )+ZA IA\ k(G(A))

6z¢ 67,€A
=0.

As Ej is the set of edge subsets not including any broken cycle B € B(G, <), we
have By = {A C E | VB € B(G,<): B ¢ A} and the statement follows via the
edge subset expansion of the chromatic polynomial given in equation (1):

Y(G,z) = Z (—1)IAIZR(GA) = ZACE 1)l Al k(G A
’ ACE

A€Ey
)41 (G .

=D ace (=
VBeB(G,<): BZA

In the case of graphs, the term k(G(A)) can be simplified to |V| — |A| in broken-

cycle-free spanning subgraphs. For hypergraphs this is not possible, because edges

can connect a different number of vertices.

3. A FURTHER GENERALIZATION

Theorem 4. Let G = (V, E) be a hypergraph with a linear order < on the edge set
E, B C B(G, <) a subset of the set of broken cycles of G, and f(G,A) a function
to an additive abelian group such that for all A C E and all e € E'\ A it holds

KG(A)) = k(G(AU{e}) = (G, A) = —f(G, AU {e}).
Then
> fGA= ace f(G.A).

VBEB: BEA
Proof. We use induction with respect to the cardinality of the set B. For the
basic step we assume that |B| = 0 and the statement holds obviously.

We assume as induction hypothesis that the statement holds for any set B C
B(G, <) with cardinality less than k and consider now a set B C B(G, <) with
cardinality k.

For each broken cycle B € B(G, <), we denote by e(B) the maximal edge closing
the broken cycle B, i.e.

e(B) =max{e € E | BU/{e} is the edge set of a d-cycle in G}.
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Let B € B such that B=B'U{B} and e(B) £ e(B’) for all B’ € B'.

In fact, we only have to show that the edge subsets that do include the broken
cycle B, but do not include any broken cycle B’ € B, cancel each other. Let A
be the set of such edge subsets, i.e.

A= AceE  {A}.
UVB’EB’_: B'¢A
BCA

We claim that for each A € A with e(B) ¢ A it holds
Ae As Au{e(B)} € A.

Proof of the first direction (=): As B C A, obviously B C AU {e(B)}. Hence
we have to show that there is no broken cycle B’ € B’ with B C A U {e(B)}.
Assume there is such a broken cycle B’. Because B’ ¢ A, e(B) must be an edge
of B’, and consequently the maximal edge closing B’ must be greater than e(B),
e(B) < e(B'). This is a contradiction to the choice of B such that e(B) £ e(B’)
for all B’ € B'. Hence there is no such B’ and it follows AU {e(B)} € A.

Proof of the second direction («<): We have AU {e(B)} € A, i.e. AU{e(B)}
contains only the broken cycle B, which does not include e(B) by definition.
Therefore, A contains the broken cycle B, but no other broken cycle, because
otherwise this broken cycle would also be in AU {e(B)}. Consequently A € A.

Because |B'| < k we can use the induction hypothesis and the statement
follows by

ZAgEf(G,A) :Z ACE f(GA)

VB'eB: B'¢A
=Y ace  [GA+Y. ace  [(GA)
VB'eB': B'¢A VB'eB’': B'¢A
BZA BCA
=" ace [GA+Y ace  [(G A
VBeB: BZA VB'eB’: B'¢A
BCA,e(B)EA
+ ACE f(Ga A)
ZVB’EB’_: B'¢A
BCA,e(B)¢A

= Z ACE f(G, A). |
VBeB: BZA
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