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Abstract

Let G = (V, E) be a graph of order n and let D C {0,1,2,3,...}. For
v € V,let Np(v) = {u € V : d(u,v) € D}. The graph G is said to be
D-vertex magic if there exists a bijection f : V(G) — {1,2,...,n} such
that for all v € V, 37 cn, () f(u) is a constant, called D-vertex magic
constant. O’Neal and Slater have proved the uniqueness of the D-vertex
magic constant by showing that it can be determined by the D-neighborhood
fractional domination number of the graph. In this paper we give a simple
and elegant proof of this result. Using this result, we investigate the existence
of distance magic labelings of complete r-partite graphs where r > 4.
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1. INTRODUCTION

By a graph G = (V, E)) we mean a finite, undirected graph with neither loops nor
multiple edges. We further assume that G has no isolated vertices. The order
|V| and the size |F| are denoted by n and m, respectively. For graph theoretic
terminology we refer to Chartrand and Lesniak [3].

The concept of distance magic labeling has been motivated by the construc-
tion of magic squares. A magic square of order n is an n X n array whose entries
are an arrangement of the integers 1,2,3,...,n? in which all elements in any row,
any column, the main diagonal or the main back diagonal add to the same sum
r. Now if we label the vertices of a complete n-partite graph with parts |V;| = n,
1 < i < nin such a way that the vertices of V; are labeled with the integers in
the i*" row of the magic square, then the sum of the labels of all the vertices
in the open neighborhood of each vertex is the same and is equal to r(n — 1).
Motivated by this observation Vilfred [10] in his doctoral thesis introduced the
following concept of ¥-labeling.

Definition 1.1. A Y-labeling of a graph G = (V, E) of order n is a bijection
[V = {1,2,...,n} such that }_ .y, f(u) =k for all v € V, where N(v) is
the open neighborhood of v. The constant k is called the magic constant of the
labeling f. A graph which admits a 3-labeling is called a -graph.

The same concept was introduced and studied by different authors with different
terminology. Miller et al. [6] used the term 1-vertex magic labeling and Sugeng
et al. [9] used the term distance magic labeling for the same concept. Beena
[2] introduced the concept of ¥'-labeling in which the closed neighborhood sums
are all equal. O’Neal and Slater [7] introduced the following concept of D-vertex
magic labeling, which includes the notion of distance magic labeling as well as
Y/-labeling as special cases.

Definition 1.2. Let G = (V, E) be a graph of order n and let D C {0,1,2,3,...}.
For v € V, the set Np(v) = {u € V : d(u,v) € D} is called the D-neighborhood
of v. A bijection f: V(G) — {1,2,...,n} is called a D-vertex magic labeling of G
if > uenp () f(u) =k for all v € V. The constant k is called the D-vertex magic
constant and a graph which admits a D-vertex magic labeling is called D-vertex
magic graph.

If D = {1}, then Np(v) is the open neighborhood N(v) and the D-vertex magic
labeling is the usual distance magic labeling. If D = {0,1}, then Np(v) is the
closed neighborhood N[v] and the corresponding D-vertex magic labeling is the
Y/-labeling.

The first author posed the following problem in his talk in IWOGL 2010 at
the University of Minnesota, Duluth, U.S.A.
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Problem 1.3 [1]. Does there exist a distance magic graph with two different
distance magic labelings having different magic constants?

In the revision note given in [1], we have given a simple and short proof, using
algebraic concepts, that for any distance magic graph, the distance magic constant
is unique, thus answering Problem 1.3. The same proof technique gives the
uniqueness of the D-vertex magic constant for any D-vertex magic graph.

O’Neal and Slater obtained a formula for the D-vertex magic constant in
terms of a fractional domination parameter of the graph, which implies the
uniqueness of the magic constant.

Definition 1.4. Let G = (V, E) be a graph. A function f: V(G) — [0, 1] is said
to be a D-neighborhood fractional dominating function if for every vertex v &
V(G), Youenp) f(u) = 1. The D-neighborhood fractional domination number
of a graph is denoted by v;(G; D) and is defined as v¢(G; D)= min {|f| : f is
a D-neighborhood fractional dominating function}, where |f[=3_,cy/(q) f(v). If
D-neighborhood fractional dominating function for G does not exist, then we

define v¢(G; D) = oo.

Also it is clear from the definition that when D = {0,1}, v¢(G; D) = v¢(G) is
the fractional domination number and when D = {1}, v4(G; D) = v4(G) is the
fractional total domination number. The concepts of fractional domination and
fractional total domination have been investigated by several authors and for a
survey on these topics we refer to Chapter 3 of Haynes et al. [5].

O’Neal and Slater have proved the following;:

Theorem 1.5 [8]. If a graph G is D-vertex magic, then its D-vertex magic
n(n+1)

constant k = % (G:D)"

In this paper we give a simple and elegant proof of the above theorem. We use
this result to prove the existence and non-existence of distance magic labelings
for complete r-partite graphs with r > 4.

2. MAIN RESuULTS

Definition 2.1. Let G = (V, E) be a graph of order n with V' = {vy,v9,...,v,}.
Let D € {0,1,2,...}. The n x n matrix Ap = (a;;) defined by

= 1 if d(vi,vj) €D,
Y1 0  otherwise,

is called the D-distance matrix of G.
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Theorem 2.2. If a graph G admits a distance magic labeling f with magic con-
stant k, then k = n(%;l)

Proof. Let G = (V, E) be a graph of order n. Let A be its adjacency matrix.
Let h: V — {1,2,...,n} be a distance magic labeling of G with magic constant
k. Then AX = ku, where X = (h(v1), h(va),...,h(vy))T and w = (1,1,...,1)T
is a n x 1 matrix. Now let g be a fractional total dominating function of G with
lgl = >0, g(vi) = v4(G). Then AY > 1 where Y = (g(v1), g(v2), ..., g(v))T.

Let AY = M = (I3,1a,...,1,)", so that each I; > 1. Now, X7 AY is a 1 x 1 matrix
and hence XTAY = (XTAY)T = YTAX. Thus
XTAY =YTAX =YT(AX) =Y Tku=kYTq
= k(g(v1) + g(v2) + -+ + g(vn)) = kvpe.
Also
XTAY = XTM = (h(v1), h(va), ..., h(vn)) (11, L2y - - 1) T
I A N YR Gt
=D )l = Y k() = =

Thus, XTAY > % Hence it follows that kvp > w Thus k > nntl)

2’th
. . . _ h(v
We now prove the reverse inequality. Define 6 : V. — [0,1] by 0(v) = T)
Since h is a distance magic labeling of G, it follows that 0 < @ < 1. Also
for any v € V, 3~ e np) 0(u) = %ZueN(v) h(u) = 1. Thus 6 is a fractional total
dominating function of G. Hence v7(G) < 0] =3_ ey () 0(v) = 2 cv () @ =
n(n+1 n(n+1
Ut Thus k < 5. m
Theor(em)2.3. If a graph G is D-vertex magic, then its D-vertex magic constant
_ n(ntl
k= 2v¢(G;D)"
Proof. Replace A by Ap in the proof of Theorem 2.2. [

Theorem 2.3 serves as a powerful tool in proving the existence and nonexistence
of Y/-labelings as well as distance magic labelings for graphs, which we illustrate
in the following theorems.

Theorem 2.4. The hypercube Q,, is not a X'-graph when n is even and n > 0.

Proof. Since @), is an n-regular graph of order 2", we have v;(Qy) = n%?l
([4]). If Q, admits a X'-labeling, then by Theorem 2.3, the magic constant

k= 227;(,?(71621 1)) = ("H)éznﬂ), which is not an integer when n is even. Hence @, is

not a ¥-graph when n is even. |
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Theorem 2.5. Let G be a graph of order 2n consisting of two edge disjoint cycles
C1 = (v1,v2,03,...,V2p-1,V2p,v1) and Cy = (v2,04,V6,...,V2n—2,V2n,V2). Then
the graph G is not distance magic.

Proof. The function f: V(G) — [0, 1] defined by

0 if 4 is odd,
f(vi) = { 1

5 if 7 is even,

is a fractional total dominating function of G' and hence v (G) < |f| = §. Now
let g be any fractional total dominating function of G with g(v;) = b;, 1 <i < 2n.
Since N (voit1) = {vai, v2i+2} for each ¢ = 1,2,. .. n it follows that bo;+boiyo > 1,
foralli=1,2,...,n, where the addition in the suffix is taken modulo 2n. Adding
these n inequalities we obtain 23" | by; > n. Thus [g] > Y7 by > § and
hence v7:(G) = 5. Now, if G is distance magic, then by Theorem 2.3, the magic
constant k£ = 2(2n + 1). However the maximum possible weight for any vertex of
degree 2 is 4n — 1. Hence G is not distance magic. [

Beena [2] characterized complete bipartite graphs which are distance magic. Also
Miller et al. [6] characterized complete tripartite graphs which are distance magic.
The problem of characterizing complete k-partite graphs which are distance magic
remains open for k£ > 4. We prove some results in this direction.

Theorem 2.6. Let G = Ky, a5,a3,...00, 2 < a1 < a2 < ag < --- < a, be a complete
r-partite graph with r > 4. If G is distance magic, then 2r|n(n + 1).

Proof. First we prove that vp(G) = 5. Let V1, V2, V3,..., V. be the partite
sets with |V;| = a;. Define f : V(G) — [0, 1] by f(v;) = m if v; € V;. Clearly f
is a fractional total dominating function. Hence vp(G) < [f| = X ,ev () f(v) =
5. Now, let f be any fractional total dominating function of G. Then |f| —
Yovey; f(0) > 1fori=1,2,...,r. Adding these r inequalities we get r|f|—[f[ > r.

Therefore [f| > 5. Thus v4(G) > Z5. Hence v4(G) = 5. Now, if G is

r—1°
distance magic, then by Theorem 2.3, k = % Hence 2r|n(n + 1). n

Corollary 2.7. If G is a complete 4-partite distance magic graph of order n,
then n =0 or 7(mod 8).

Corollary 2.8. If G is a complete 5-partite distance magic graph of order n,
then n =0 or 4(mod 5).

Corollary 2.9. The complete r-partite graph G = Ko ... aa+1, @ > 2 and r > 4,
is not distance magic.
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Proof. If G is distance magic, then the magic constant k = (ra+1)(rg:2)(r—l)‘ If

r is a power of 2, then trivially &k is not an integer. If r is not a power of 2, let p
be an odd prime factor of r. Then p does not divide (ra + 1)(ra + 2)(r — 1) and
hence k is not an integer. Thus G is not distance magic. [

We now proceed to characterize complete r-partite distance magic graphs of small
order for r = 4 and r = 5. Let G be a complete 4-partite distance magic graph
of order n with partite sets V;,1 < i < 4. By Corollary 2.7, n = 0 or 7(mod ).
If n =7, then k = 21 and G = Kj229. Also Vi = {7},Vo = {1,6},V3 = {2,5}
and V; = {3,4} gives a distance magic labeling of G. If n = 8, then k = 27, so
that the sum of the labels of the vertices in each partite set is 9. In this case
G = Ky2292 and Vi = {1,8}, Vo = {2,7},V3 = {3,6} and V4 = {4,5} gives a
distance magic labeling of G.

Theorem 2.10. A complete 4-partite graph of order 15 is distance magic if and
only if it is isomorphic to one of the graphs K4 443, K5433 and Kg333.

Proof. Let G be a complete 4-partite distance magic graph of order 15. By
Theorem 2.6, we have kK = 90. Thus sum of the labels in each partite set is 30.
Thus |V;| > 3 and G is isomorphic to one of the graphs K4443, K5433 and
Kg333-

To prove the converse, we take Vi = {6,7,8,9}, Vo = {2,3,12,13}, V5 =
{4,5,10,11} and V4 = {1,14,15} if G = Kaa43; Vi = {2,3,4,10,11}, V5 =
{6,7,8,9}, V3 = {5,12,13} and V4 = {1,14,15} if G = Ks433; V1 = {2,3,4,
6,7,8}, Vo = {5,12,13},V3 = {1,14,15} and V4 = {9,10,11} if G = Kg333.
This gives a distance magic labeling of G. [

Theorem 2.11. A complete 4-partite graph of order 16 is distance magic if and
only if it is isomorphic to one of the graphs K7 333, K6433, K5533, K543 and
Kya4a4.

Proof. Let G be a complete 4-partite graph of order 16. If GG is distance magic,
then by Theorem 2.6 we have k = 102. Thus sum of the labels in each partite set
is 34. Thus |V;| > 3 and G is isomorphic to one of the graphs K7 333, K¢.433,
Ks533, Ks443 and Ky444.

To prove the converse, we take Vi = {1,2,4,5,6,7,9},Vo = {3,15,16},
Vs = {10,11,13} and V4 = {8,12,14} if G = Krs3s; Vi = {1,4,5,7,8,9},
Vy = {2,6,12,14},V5 = {3,15,16} and Vi = {10,11,13} if G = Kg43.3;
Vi = {1,4,7,8,14}, Vs = {2,5,6,9,12},V5 = {3,15,16} and V; = {10, 11,13}
if G = Ksss3 Vi = {2,5,6,9,12}, V5 = {4,7,8,15},V5 = {1,3,14,16} and
Vi = {10,11,13} if G = Kssus; Vi = {5,6,10,13},V, = {1,3,14,16},
Vs = {4,7,8,15} and Vi = {2,9,11,12} if G = K4444. This gives a distance
magic labeling of G. ]
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The proofs of the following theorems are similar to that of Theorem 2.11.

Theorem 2.12. A complete 4-partite graph of order 24 is distance magic if and
only if it is isomorphic to one of the graphs Ki154.4, K106,4,4, K105,5,4, Ko,7.4.4,
Koss5, Kogs4, Kggaa, Ker54, Kse64, K655, K7,755 K7764, and Kegge-

Let G be a complete 5-partite distance magic graphs of order n with partite sets
Vi,1 < i < 5. By Corollary 2.8, n = 0 or 4(mod 5). If n = 9, then k£ = 36 and
G = K1’27272,2. Ifn= 10, then k£ =44 and G = K2’27272,2.

Theorem 2.13. A complete 5-partite graph of order 14 is distance magic if and
only if it is isomorphic to one of the graphs K¢ 2222, K53222, K44222, K43322
and K3’3,373,2.

Proof. Let G be a complete 5-partite graph of order 14. It follows from Theorem
2.6, that k£ = 84. Thus sum of the labels in each partite set is 21. Thus |V;| > 2
and G is isomorphic to one of the graphs K672727272, K573727272, K474727272, K4,3737272
and K33332.

To prove the converse, we take Vi = {1,2,3,4,5,6},Vo = {10,11},V5 =
{9,12},Vy = {8,13} and V; = {7,14} if G = Kg2222; Vi = {1,2,3,5,10}, V5 =
{4,6,11},‘/3 = {9, 12},V4 = {8, 13} and ‘/5 = {7, 14} if G = K5737272’2; Vi =
{2,3,6,10}, Vo = {1,4,5,11}, V3 = {9,12},V, = {8,13} and V5 = {7,14} if
G = K474’27272; V1 = {2, 3, 6, 10}, V2 = {1, 9, 11}, Vg = {4, 5, 12}, V4 = {8, 13} and
Vs ={7,14} if G = Ku3322; V1 ={3,8,10}, Vo = {1,9,11}, V3 = {4,5,12}, V) =
{2,6,13} and V5 = {7,14} if G = K333 3. This gives a distance magic labeling
of G. [

The proofs of the following theorems are similar to that of Theorem 2.11.

Theorem 2.14. A complete 5-partite graph of order 15 is distance magic if and
only if it is isomorphic to one of the graphs K6 3222, K542292, K53322, K44322,
Ky3332 and K33333.

Theorem 2.15. A complete 5-partite graph of order 19 is distance magic if and
only if it is isomorphic to one of the graphs K7 3333, K6.4333, K55333, K54433
and K474’474,3.

Theorem 2.16. A complete 5-partite graph of order 20 is distance magic if and
only if it is isomorphic to one of the graphs Kg 3333, K74333, K65333, K554,33,
K64433, Ksa443 and Kya44.4.

3. CONCLUSION AND SCOPE

In this paper we have given a simple and elegant proof of a formula for the dis-
tance magic constant k of a distance magic graph in terms of the fractional total
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domination number. We have also illustrated the use of this result in determin-
ing whether a given graph is distance magic or not. One can further explore the
application of this technique for getting new results on Y'-graphs and distance
magic graphs.
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