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Abstract

Let k£ be a positive integer, and let G be a simple graph with vertex
set V(G). A k-distance Roman dominating function on G is a labeling
[ V(G) — {0,1,2} such that for every vertex with label 0, there is a
vertex with label 2 at distance at most k& from each other. The weight of
a k-distance Roman dominating function f is the value w(f) = >_ oy f(v).
The k-distance Roman domination number of a graph G, denoted by & (D),
equals the minimum weight of a k-distance Roman dominating function on
G. Note that the 1-distance Roman domination number v, (G) is the usual
Roman domination number vr(G). In this paper, we investigate properties
of the k-distance Roman domination number. In particular, we prove that
for any connected graph G of order n >k + 2, Y& (G) < 4n/(2k + 3) and we
characterize all graphs that achieve this bound. Some of our results extend
these ones given by Cockayne et al. in 2004 and Chambers et al. in 2009 for
the Roman domination number.
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1. TERMINOLOGY AND INTRODUCTION

In this paper, G is a simple graph with vertex set V' = V(G) and edge set F =
E(G). Denote by K,, the complete graph, by C,, the cycle and by P, the path of
order n, respectively. Given two graphs G and G2 such that V(G1)NV(G2) = 0,
the disjoint union is the graph G1 U G2 with vertex set V(G1) UV (G2) and edge
set E(G1) U E(G2). Let k be a positive integer. For two vertices z and y, let
d(x,y) denote the distance between x and y in G. The girth g(G) of a graph G is
the length of its shortest cycle. For a vertex v € V(G), the open k-neighborhood
Ni.g(v) is the set {u € V(G) | v # v and d(u,v) < k} and the closed k-
neighborhood Ny, [v] is the set Ny, ¢(v)U{v}. The open k-neighborhood Ny, ¢(S) of
aset S C Vis the set J,cq NVi,g(v), and the closed-k-neighborhood Ny, ¢[S] of S is
the set Nj, ¢ (S)US. The k-degree of a vertex v is defined as degy, (v) = [Ng,c(v)]-
The minimum and maximum k-degree of a graph G are denoted by 0x(G) and
Ak (G), respectively. If 6x(G) = Ag(G), then the graph G is called distance-k-
regular. The k-th power G* of a graph G is the graph with vertex set V(G) where
two different vertices u and v are adjacent if and only if the distance d(u,v) is
at most k in G. Now we observe that Ny g(v) = Ny gi(v) = Ngr(v), Ny glv] =
Ny gr[v] = Nex[v], degy (v) = degy gr (v) = deger (v), 34(G) = 61(G*) = 6(G¥)
and Ag(G) = A1(G*) = A(GF). Consult [6, 10] for the notation and terminology
which are not defined here.

Let k > 1 be an integer. A set D C V(G) is a k-distance dominating set of G
if every vertex in V(G) — D is within distance k of at least one vertex in D. The
k-distance domination number v*(G) of G is the minimum cardinality among all
k-distance dominating sets of G.

A k-distance Roman dominating function (kDRDF) on a graph G = (V, E) is
a function f: V — {0, 1,2} satisfying the condition that for every vertex v for
which f(v) = 0, there is a vertex u for which f(u) = 2 and d(u,v) < k. The weight
of a kDRDF f is the value w(f) = > ¢y f(v). The k-distance Roman domination
number of a graph G, denoted by 'yl]fz(G), equals the minimum weight of a kDRDF
on G. A v&(G)-function is a k-distance Roman dominating function of G with
weight v%(G). A k-distance Roman dominating function f : V — {0,1,2} can
be represented by the ordered partition (Vy, V1, Va) (or (VOf , Vlf , V2f ) to refer f)
of V, where V; = {v € V | f(v) = i}. In this representation, its weight is
w(f) = [Vi| + 2|Va|. Since Vlf U VQf is a k-distance dominating set when f is a
kDRDF, and since placing weight 2 at the vertices of a k-distance dominating
set yields a kDRDF, we have

(1) (@) < VR(G) < 2M(G).

Note that the 1-distance Roman domination number v5(G) is the usual Roman
domination number yr(G). The definition of the Roman dominating function was
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given multiplicity by Steward [9] and ReVelle and Rosing [8]. Cockayne et al. [3]
as well as Chambers et al. [2] have given a lot of results on Roman domination.

Our purpose in this paper is to initiate the study of the k-distance Roman

domination number and establish some bounds for the k-distance Roman domi-
nation number of a graph. Some of our results extend many well-known results.

2. SOME BAsic RESULTS

We start with some known results on the classical Roman domination number.

Theorem A [4]. For any graph G of order n and mazimum degree A > 1,

2n
> .
wr(G) = X7

Theorem B [3]|. For any graph G of order n and minimum degree ¢,

2+1n((1+9)/2)
vr(G) < 51 n.

Theorem C [2]|. For any tree T of order n > 3, yg(T) < 4n/5.

Theorem D [2]. If G is a graph of order n > 3, then

Yr(G) +vr(G) <n+3.

Furthermore, equality holds only when G or G is Cy or 5Ko.

The next two observations are straightforward to verify.

Observation 1. Let f = (Vp, V1, Va) be any ’yﬁ—function of a graph G. Then

Ar(GW)) < 1.

If we Vi, then N g(w)N Ve =0.

If u e Wy, then |[Vi N N g(u)| < 2.

Va is a yF-set of the induced subgraph G[Vy U Va].

Let H = G[Vh U Va]. Then each vertex v € Vo with Ny c(v) N'Va # 0 has at
least two private neighbors relative to Vo in the graph H.

Observation 2. Let k > 1 be an integer, and let G be a graph of order n > 2.
If diam(G) < k, then Y5 (G) = yr(K,) = 2.

Observation 3. If k > 1 is an integer and G is a graph of order n with Ap(G) >
1, then

L 2n
>
YR(G) 2 Aw(G) + 1
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Proof. Using the facts v5(G) = yr(G*), Ax(G) = A(G*) and Theorem A, we

obtain
2n 2n

YR(G) = vr(G*) > NCIES Y eSS

Applying Theorem B, we obtain analogously the next result.

Observation 4. For any graph G of order n,

2 4+ In((1 + 0,(G))/2)
VR(G) < 51 i :

Observation 5. Ifk > 1 is an integer and G is a graph of order n with Ag(G) >
1, then
AR(G) <n— AR(G) + 1.

Proof. Let v be a vertex of G such that degy ;(v) = Ag(G). Then f =
(Ng,c(v),V(G) — Nigv],{v}) is a kDRDF on G with weight n — Ag(G) + 1
and therefore Y5 (G) <n — Ak(G) + 1. |

Let k£ > 1 be an integer, and let H be a graph with Agx(H) =n(H)—1 > 2. Now
let G =7rK;UsKyUH for two integers r, s > 0. Then Ax(G) = Ai(H) and

VE(G) =7+ 25+ 2 =n(G) — Ap(G) + 1.

This family of graphs demonstrates that the uppper bound in Observation 5 is
sharp.

Observation 6. Let k > 1 be an integer, and let G be a graph of order n > 2.
Then v%(G) = 2 if and only if n =2 orn >3 and A(G) =n — 1.

Proof. Assume first that n = 2 or n > 3 and Ag(G) = n — 1. If n = 2, then
vﬁ(G) =2. If n >3 and Ag(G) =n — 1, then Observation 5 implies that

2 <HR(G) <n—A(G)+1=2

and therefore v5(G) = 2.
Conversely, assume that 7% (G) = 2. If Ai(G) = 0, then it follows that n = 2.
If Ag(G) > 1, then we deduce from Observation 3 that

2n
>
T ARG) +1

and hence Ag(G)+1 > n. This leads to A (G) = n—1, and the proof is complete.
|
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Observation 7. Let k > 1 be an integer, and let G be a graph of order n. Then
’yE(G) =n if and only if G = rKy U sKs for some integers r,s > 0.

Proof. 1If G = rK; U sK» for some integers r, s > 0, then obviously VE(G) =n.

Conversely, assume that v%(G) = n. If Ag(G) > 2, then Observation 5 leads
to the contradiction 75 (G) <n — 1. Thus Ax(G) < 1 and so G = rK; U sKj for
some integers r, s > 0. [ |

Observation 8. Let k > 1 be an integer, and let G be a graph of order n > 4.
Then v%(G) = 3 if and only if Ag(G) =n — 2.

Proof. Assume first that Agx(G) = n— 2. Observation 6 implies that v%(G) > 3.
Since we deduce from Observation 5 that v5(G) < n— A(G) +1 = 3, we obtain
T5(G) = 3.

Conversely, assume that v5%(G) = 3. By Observation 6, we have Ag(G) <
n — 2. Let now f = (Vp,Vi,V2) be a 7% (G)-function. We deduce from the
assumption n > 4 that |[Vi| = |Va| = 1. Let Vo = {v} and V; = {w}. Since
vk (G) = 3, it is obvious that Njg[v] = V(G) — {w} and thus Ay(G) > n — 2.
This yields Ag(G) = n — 2, and the proof is complete. |

Observation 9. Let k > 2 be an integer, and let G be a graph of order n > 3.
Then 'yf%(G) =n—11ifand only if G = K3UrK;UsKy or G = PsUrK; UsK>
for some integers r,s > 0.

Proof. If G = KsUrKyUsKs or G = P3UrK; UsK, for some integers r, s > 0,
then obviously v%(G) =n — 1.

Conversely, assume that 7%(G) = n — 1. If Ag(G) > 3, then Observation 5
implies the contradiction v%(G) < n— Ak(G) +1 < n— 2. Therefore Ak(G) < 2.
If Ax(G) < 1, then we deduce from Observation 7 the contradiction 7% (G) = n.
Consequently, Ax(G) = 2. If G contains at least two components H; and Hj
with Ag(Hy) = Ag(Hz) = 2, then v5(G) < n — 2, a contradiction. Hence G
has exactly one component H with Ag(H) = 2, and the remaining components
are isolated vertices or isomorphic to Ks. If |V(H)| > 4, then the assumption
kE > 2 shows that Ag(G) = Ag(H) > 3, a contradiction. Hence |V(H)| = 3 and
so G=K3UrK;UsKsy or G=P;UrK;UsK> for some integers r, s > 0. [ |

The proof of the next result is similar to that of Observation 9 and is therefore
omitted.

Observation 10. Let G be a graph of order n > 3. Then yr(G) = n — 1
if and only if G = H UrK; U sKs for some integers r,s > 0, where H €
{Cs,Cy, Cs, Ps, Py, P}

Observation 11. Let k > 3 be an integer, and let G be a graph of order n > 2.
Then v%(G) = 2 or v5(G) = 2.
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Proof. If diam(G) < 3, then it follows from Observation 2 that v%(G) = 2.
If diam(G) > 4, then a result of Bondy and Murty [1] (page 14) implies that
diam(G) < 2. Applying again Observation 2, we see that v%(G) = 2. |

Observation 12. Let G be a graph of order n > 2. If diam(G) # 3, then
7%(G) =2 or v4(G) = 2.

Proof. 1f diam(G) < 2, then it follows from Observation 2 that v%(G) = 2. If
diam(G) > 3, then the assumption diam(G) # 3 implies that diam(G) > 4. As
above, we deduce that diam(G) < 2, and Observation 2 leads to v4(G) =2. =

Observation 13. Let k > 1 be an integer, and let G be a graph of order n > 2.
Then v%(G) = 29%(G) if and only if G has a v&(G)-function f = (Vo, Vi, V)
with |Vi| = 0.

Proof. Assume first that v5(G) = 29%(G). Let S be a k-distance dominating
set of G such that |S| = v¥(G). Then f = (V(G) — S,0,5) = (Vp, Vi1, Vk) is a
kKDRDF on G such that

w(f) = 2|8 = 29*(G) = 7k(G)

and therefore f is a 7% (G)-function with V3| = 0.

Conversely, let f = (Vp, V1, Va) be a v%(G)-function with [V;| = 0 and thus
fyﬁ(G) = 2|V4|. Then V3 is also k-distance dominating set of GG, and hence we
deduce that 2v%(G) < 2|Va| = v&(G). Applying the second inequality in (1), we
obtain the identity fy%(G) = 27*(@), and the proof is complete. [ |

The special case k = 1 of Observation 13 can be found in the article [3].
Next we will prove a Nordhaus-Gaddum inequality.

Theorem 14. Let k > 2 be an integer, and let G be a graph of order n > 3.
Then

V(G) + 7R(G) <+ 2.
Furthermore, equality holds in the bound if and only if G or G is isomorphic to
rK1 UsKs for two integers r,s > 0.

Proof. If neither G nor G is isomorphic to C5 or to 5 Ko, then it follows from
Theorem D that

E(G) +5(G) < VR(G) +vr(G) <n+2.

If G =C5 or G =Cj, then Y5(G) +75(G) =4 < 7T=n+2, and if G = 2K;
or G = 2Ky, then v}(G) +75(G) = n+ 2, and the desired Nordhaus-Gaddum
bound is proved.
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If G or G is isomorphic to rK; U sK, for two integers r,s > 0, then obviously
TR(G) +7E(G) = n +2.

Next assume that 75 (G) +7%(G) = n + 2. We distinguish two cases.

Case 1. Assume that k > 3. If diam(G) < 3, then 7%(G) = 2 and therefore
7}’%(@) = n. According to Observation 7, we observe that G = r K1 U sK» for two
integers r, s > 0. If diam(G) > 4, then diam(G) < 2. It follows that v5(G) = 2
and thus 'yg(G) = n. Applying again Observation 7, we see that G = rK; U sK»
for two integers r,s > 0.

Case 2. Assume that k = 2. If diam(G) < 2, then v%4(G) = 2 and therefore
v%(G) = n. According to Observation 7, we observe that G = rK; U sK» for
two integers r,s > 0. If diam(G) > 4, then diam(G) < 2. It follows that
v%(G) = 2 and thus v%(G) = n, and so G = rK; U sK3 for two integers r, s > 0.
If diam(G) < 2 or diam(G) > 4, then we obtain analogously that G or G is
isomorphic to 7Ky U sK»s for two integers r, s > 0.

There remains the case that diam(G) = diam(G) = 3. Let x and y be
two vertices of G such that d(z,y) = diam(G) = 3. Obviously, f = (V(G) —
{x,y},0,{x,y}) is a 2DRDF on G, since there is no vertex in G adjacent to both
z and y. Therefore 7%(G) < 4. Analogously, we obtain v%(G) < 4 and hence

'Y}%(G) +ﬁg(é) <8<n+2

when n > 7. o
Finally, assume that 4 <n < 6. If 4 <n <5, then Ay(G) = A2(G) =n—1
and hence 7%(G) = v%(G) = 2 and consequently

YE(G) +74(G) =4 < n +2.

If n = 6, then Ay(G) = A3(G) > 4 and hence 74(G) < 3 and 754(G) < 3. It
follows that B
TR(G) +7R(G) <6 <n+2,

and the proof is complete. [

3. BOUNDS ON THE k-DISTANCE ROMAN DOMINATION NUMBER

Theorem 15. If kK > 1 is an integer and G a connected graph of order n with
n—A(G) —k >0, then

YE(G) <n—A(G) —k+2.

Proof. Let v be a vertex of G such that degq(v) = A(G). If d(u,v) < k for each
u € V(G), then obviously v%(G) = 2 and we are done. If d(w,v) > k for some
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w € V(G), then choose a vertex u in G such that d(u,v) = k + 1. Let P be a
shortest (u,v)-path. Then clearly d(v,z) < k for each z € (V(P) — {u}) U Ng(v)
and hence f = ((V/(P) — {u, v})UNG (o), V(G) — (V(P) — {u}) UNG(v)), {v}) is a
EDRDF on G with weight n—A(G)—k+2 and therefore 75 (G) < n—A(G)—k+2.

|

The special case k = 1 of Theorem 15 can be found in [2].

Theorem 16. If k > 1 is an integer and G a graph of order n with A = A(G) >
3, then
2n(A —2)
k
> .
TR(G) = AA—1)F 2

Proof. Each vertex v € V(G) dominates at most A vertices at distance 1 from
v, at most A(A — 1) vertices at distance 2 from v, at most A(A —1)? vertices of
at distance 3 from v, and so on. Thus

(A—-1)k—1

ARG <A+AAN-1D)+AA-1)2+ - +AA-1)FT=A. N

Applying Observation 3, we obtain the desired lower bound as follows

2n 2n 2n(A — 2)

k
G) > > _ _
(G 2 T 2 A B DT T AR -2

In the case that A(G) = 2, the proof of Theorem 16 leads to the next lower
bound, and Proposition 19 below shows that this bound is sharp.

Theorem 17. If k > 1 is an integer and G a graph of order n with A(G) = 2,
then 5
k n
G) > .
() 2 5

Theorem 18. If k > 1 is an integer and G a connected graph of order n > 2,
then

TR(G) > le(ww

E+1

Proof. The statement is obviously true for Ko. Let G be a connected graph
of order n > 3 and f = (Vof, Vlf7 ng) be a 74 (G)-function. Suppose that P =
U102+ Vdiam(G)+1 18 a diametral path in G. This diametral path includes at
most two edges from the induced subgraph G[N|[v]] for each v € Vlf and at
most 2k edges from the induced subgraph G[Nj g[v]] for each v € VQf . Let
B = {ovigr |1 < i < dian(@)} 0 (U, ey r BGIN[]) UU, oy g BGINeGlo])
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Then the diametral path contains at most \VQf | — 1 edges not in E’, joining the
neighborhoods at distance k of the vertices of sz . Since G is a connected graph
of order at least 3, VQf # (). Hence,

diam(G) < 2k|V{|+2|V{ |+ (V|- 1)
= @k+2VH |+ k+ DIV | = V| -1 - V]
and the result follows. ]

The next proposition is straightforward to verify.

Proposition 19. Forn > 3,

% n =0 (mod 2k + 1),
TR(Cr) =14 2l525]+1 n=1 (mod 2k +1),
2| gpg) +2 otherwise.

Theorem 20 [7]. For a graph G of order n with g(G) > 3, vr(G) > [%—‘

Theorem 21. If k > 1 is an integer and G a connected graph of order n > 2
and oo > g(G) > 2k + 1, then

TR(G) > Bg(fﬂ .

Proof. By Theorem 20 we may assume that k£ > 2. First note that if G is an n-
cycle then the result follows from Proposition 19. Now, let C be a cycle of length
9(G@) in G. Since k > 2, g(G) > 5. Then a vertex not in V(C), can dominate
at most one vertex of C' for otherwise we obtain a cycle of length less than ¢(G)
which is a contradiction. On the other hand, each vertex in V(C') dominates at
most 2k + 1 vertex of V(C). Let f = (Vp,V1,V2) be a 7% (G)-function. Then

obviously, Y&(G) = |Vi| +2|Va| > |Vi| + 2% > 22%(5? This leads to the desired

bound, and the proof is complete. [

The special case k = 1 of Theorems 18 and 21 can be found in [7].

4. CONNECTED GRAPHS

Let k > 1 be an integer. For n-vertex graphs, always vg(G) < n, with equality
when G = K,,. In this section we prove that v%(G) < 4n/(2k + 3) when G is
a connected n-vertex graph. Since deleting an edge cannot decrease 7§(G), it
suffices to prove the bound for trees.
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A leaf of a graph G is a vertex of degree 1, while a support vertex of G is a vertex
adjacent to a leaf. For a vertex v in a rooted tree T, let D(v) denote the set of
descendants of v and D[v] = D(v)U{v}. The mazimal subtree at v is the subtree
of T induced by DJv], and is denoted by T.

Theorem 22. If k > 1 is an integer and T is a tree of order n > k + 2, then
YE(T) < 4n/(2k + 3).

Proof. By Theorem C we may assume that & > 2. The proof is by induction on
n. The base step handles trees with few vertices or diameter 2k and 2k + 1. If
k42 <n<2k+1 or diam(T) < 2k, then T has a k-distance dominating vertex,
and Y& (T) = 2 < 4n/(2k + 3). If diam(T) = 2k + 1, then T has a k-distance
dominating set of size 2, which yields ’yﬁ(T) < 4. This is sufficiently small for
trees with at least 2k 4 4 vertices. Let P = vjvg - - - vor12 be a longest path in 7.
For n € {2k + 2,2k + 3} and diam(7T") = 2k + 1, we may assume, without loss of
generality, that deg(vag+1) = 2. Then the function f : V(G) — {0, 1,2} defined
by f(vk+1) = 2, f(vag+2) = 1 and f(z) = 0 otherwise, is a kDRDF on G and
hence 74(T) < 3, which is small enough.

Hence we may assume that diam(7") > 2k + 2. For a subtree 7" with n’
vertices, where n’ > k+2, the induction hypothesis yields a kDRDF f’ of T” with
weight at most ﬁn’ . We find a subtree T” such that adding a bit more weight
to f’ will yield a small enough kDRDF f for T'. Let P = v1vg -+ - 0pUp 41« * * Uyt ot 1
be a longest path in 7' chosen to maximize the Z§:1 degr(vy45) and let T be
rooted in v;. We consider three cases.

Case 1. Y% degr(vy4;) > 2k. Let T = T—T,,,,. Since diam(T') > 2k+2,
we have n’ > k 4+ 2. Define f on V(T') by letting f(z) = f'(z) except for
f(vr41) = 2 and f(x) = 0 for each x € V(T,,,) — {v,41}. Note that f is a
kKDRDF for T and that

dn—k—2) 4n

w(f):w(f,)+2ﬁw+2<2k+3.

Case 2. Z§=1 degr(vr4j) = 2k and deg(v,) = 2. Let TV =T —T,,.. If
n’ = k + 1, then T is a path on 2k + 3 vertices and has a kDRDF of weight
4. Otherwise, the induction hypothesis applies. Define f on V(7)) by letting

f(z) = f'(z) except for f(v,41) =2 and f(v,) = f(vp42) = = f(vp1xr1) = 0.
Again f is a kDRDF, and the computation w(f) < Q;ﬁ?) is the same as in Case
1.

Case 3. Z?:l degp(vr4j) = 2k and deg(v,) > 2. Consider two subcases.

Subcase 3.1. d(vy,u) < k+ 1 for each w € V(T). Let S = {uy,...,us} be the
set, of vertices in distance k + 1 from v,. Obviously vy, v,15+1 € S and so t > 2.
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On the other hand, it is clear that n > ¢(k + 1) + 1. Define f: V(G) — {0, 1,2}
by f(vr) = 2, f(u1) = --- = f(ur) = 1 and f(z) = 0 otherwise. Clearly f is a
kKDRDF on G and hence

Atk +1)+1) _ 4n

k
T <t+2<
WRT) <t+2< — 0 <o

with equality if and only if ¢ = 2 and n = 2(k + 1) + 1, and this if and only if
T = Pogys.

Subcase 3.2. d(vy,u) > k + 2 for some u € V(T). It is clear that d(vi,v,) >
k + 2. By the choice of P, d(v,,w) < k + 1 for each w € V(T,,). Let T} and
T5 be the connected components of T — v,._1v,. Let f; = (Vofi,Vlfi,szi) be a
vﬁ(ﬂ)-function for i = 1,2. Obviously f = (Vof1 U Vofz, Vlf1 U Vlfz, VQf1 U V2f2) is
a kDRDEF of T'. By induction hypothesis we obtain
<4’V(T1)’ 4‘V(T2)| 4n

~ 2k+3 2k+3 2k+3°

(2) YE(T) <YR(T) +7E(T) =w(f1) +w(f2)

This completes the proof. [

Let k be a positive integer and let F}, ;, consist of the disjoint union of m copies
of Poiy3 plus a path through the central vertices of these copies, as illustrated
in Figure 1 for k = 2. If vjvy...v9,y3 is an induced path in a graph, then a
EDRDF must put total weight at least 4 on {v,ve, ..., vop+3}. In Fy,, there are
m disjoint induced paths on 2k + 3 vertices, so v (T) > 4|V (T)|/(2k+3) for each
T € F,,. Such copies of P13 can be assembled in many ways, and this allows
us to characterize the trees achieving equality in Theorem 22.

AN

Figure 1. A member of Fj 5.

Theorem 23. If k > 1 is an integer and T is an n-vertex tree, then ’y%(T) =
4n/(2k + 3) if and only if V(T') can be partitioned into sets inducing Pog13 such
that the subgraph induced by the central vertices of these paths is connected.

Proof. We have observed that if an induced subgraph H of G is isomorphic to
Pyt 3, and its noncentral vertices have no neighbors outside H in G, then every
EDRDF of G puts weight at least 4 on V(H). Thus in any tree with such a vertex
partition, weight at least 4 is needed on every set in the partition.
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To show that equality requires this structure, we examine the proof of Theorem
22 more closely. The proof is by induction on n. In the base cases and Cases 1
and 2, we produce a kDRDF with weight less than 4n/(2k 4+ 3). In Case 3 and
Subcase 3.1 with diameter 2k + 2, equality requires T' = Pog1 3.

Define 17,75 as in the inductive part of Case 3. The bound holds with

equality only if v& (1) = 4';;(}:;)' and & (Ty) = 4';2(3’)‘. It follows from 75 (T3) =
AV(Th)|

sirs and the first paragraph in the proof of Theorem 22 that diam(7Ty) =
2k + 2. Since d(vr,u) < k + 1 for each u € T3, from the proof of Subcase 3.1
we deduce that T = Psr43 with central vertex v,. By induction hypothesis,
V(T') can be partitioned into sets inducing Py 3 such that the subgraph induced
by the central vertices of these paths is connected. Suppose {u1,...,usgs3} is
the partition set inducing Poxis = wujusg - - - usgy3 containing v,—;. We claim
that v,—1 = ugyo. Otherwise, we may assume, without loss of generality that,
Ur—1 € {Wi+3, .. uzk3}. Define f: V(G) — {0,1,2} by f(vr) = flups1) =
2, f(ugk+3) = 1 and let f assign 2 to all other central vertices and 1 to all
other leaves. It is easy to see that f is a kDRDF of T" with weight less than
4n/(2k + 3) which is a contradiction. Thus v,_; is the central vertex of the path
Popy3 = ujusg - - - ugpyg and the proof is complete. [

Theorem 24. If k is a positive integer and G is a connected n-vertex graph with
n>k+ 2, then
YE(G) < 4n/(2k + 3).

Moreover, the equality holds if and only if G is Copy3 or obtained from ﬁ%ng_Fg
by adding a connected subgraph on the set of centers of the components of 5=
Pogy3.

Proof. If G has the specified form, then as remarked earlier every kDRDF puts

weight at least 4 on the vertex set of each copy of Poj. 3.

Now suppose that v5(G) = 2,313. Since adding edges cannot increase v&(G),

every spanning tree of G has the form specified in Theorem 22. Given a spanning
tree T', let S1,..., Sk be the (2k + 3)-sets in the special partition of V(7). The
assignment of weight 4 that guards S; can be chosen independently of any other
S;. If any edge of G joins vertices of S; and S; that are not the centers of the
paths they induce, then a kDRDF with weight less than 2];4—" can be built as in

+3
the proof of Theorem 23. [

The special case k = 1 of Theorems 22, 23 and 24 can be found in [2]. As an
application of Theorem 24, we prove the next result.

Corollary 25. Let f = (Vy, V1, V2) be any ’y}"%(G)—function of a connected graph
G of order n > 3. Then
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(1) 1 < Vo] < 2,#3 and a graph G admits a v%(G)-function such that |Va| =

m if and only if G is Cor43 or is obtained from ﬁPg;H_g by adding a
connected subgraph on the set of centers of the components of 37" =5 Pok+3-

(2) 0< | < 55 — 2

(3) 2k+3+1<‘VO|<n—1

Proof. (1) If V5 = 0, then V; = V(G) and Vp = (. The RDF (0, V(G),0) is
not minimum since |V1] + 2|Va| > 2;‘%. Hence V5| > 1. On the other hand,
V2| <

2k+3 — 2k;+3

Let G admit a 'yR(G) -function f = (Vo, V1, V2) such that |Va| = 2k+3 Then
by Theorem 24, 2k+3 < Vil +2|Va| = R(G) < 213-7-3 and the result follows from

Theorem 24 again.

Conversely, let G be Coy 3 or obtained from ;"= 3 P2k+3 by adding a connected
subgraph on the set of centers of the components of 2k;+3 Popys. If G = Copqs,
then assign 2 to two vertices at distance 2 and 0 to the other vertices. If G is
obtained from %”ﬁng% by adding a connected subgraph on the set of centers
of the components of 2];‘?ng+3, then assign 2 to the neighbors of centers of the
components Por3 and 0 to the other vertices. Obviously f is a vg(G)—function
with the desired property.

(2) Since |Vo| > 1, |V4] < —2|Vs| < 572 — 2.

2k;+3 2k+3

(3) The upper bound comes from [Vp| < n — |[Va| < n — 1. For the lower
bound, adding side by side 2|Vp| + 2|V1| + 2|Va| = 2n, —|V4| — 2|V2| > A% and

2+3
Vil < %ﬁrg — 2 gives 2|Vp| > 2n — + 2. Therefore |Vy| > n — 2k+3 +1. =

2k+3

The special case k = 1 of Corollary 25 can be found in [5].
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