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Abstract

Let k be a positive integer and G = (V,E) a graph of order n. A
subset S of V is a k-independent set of G if the maximum degree of the
subgraph induced by the vertices of S is less or equal to kK — 1. The
maximum cardinality of a k-independent set of G is the k-independence
number B;(G). In this paper, we show that for every graph G, Bix(G) >
[(n+ (&) = 1) e min(|Lo] .k = 1)) /X(G)], where x(G), 5(G) and
L, are the chromatic number, the number of supports vertices and the num-
ber of leaves neighbors of v, in the graph G, respectively. Moreover, we
characterize extremal trees attaining these bounds.
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1. INTRODUCTION

Let G be a simple graph with vertex set V and edge set E. The number of vertices
of G is called the order, and is denoted by n = n(G). The open neighborhood
N(v) = Ng(v) of a vertex v consists of all vertices adjacent to v and d(v) =
dg(v) = |N(v)] is the degree of v. The closed neighborhood of a vertex v is defined
by N [v] = Ng [v] = Ng (v)U{v}. By A = A(G), we denote the maximum degree
of the graph G. A vertex of degree one is called a leaf and its neighbor is called
a support verter. If v is a support vertex then L, will denote the set of the
leaves adjacent to v. If v is support vertex with |L,| > 2, then v is called strong
support, else v is called weak support. We denote by S(G) and L(G) the set of
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support vertices and the set of leaves, respectively, and we let s(G) = |S(G)| and
(G) = |L(G)|. For a subset A C V(G), we denote by (A) the subgraph induced
by the vertices of A.

A caterpillar is a tree T with the property that the removal of its leaves
results in a path. The resulting path wjus - --us is referred to as the spine of
the caterpillar and the leaves are called the legs of the caterpillar. A sequence of
nonnegative integers (¢1,to,...,ts) where ¢; is the number of leaves (legs) adja-
cent to u; for s > 1 is associated with T. However, we denote a caterpillar by
C(t1,t2,...,ts). For example, the star K, is the caterpillar C'(p) with a spine
u1 and p legs.

We define the following special caterpillars which are used in this paper, we
denote by

G1(u) = C(ty, m,te) where |L,| =m with k —2<m <k—1and 1 <,

ty <k —2.

Go(u) = C(ty,ta,k—1) where |L,| =k—1,1<t; <k—2and 1 <ty < k-3.
Fi(v) =C(k—1,m,t) where |L,| =m,0<m<k—1land 1<t <k-—1.
Fy(v) =C(t,k —2,m) where |L,| =m,0<m<k—1land 1 <t<k-—2.
Let k be a positive integer. A subset S of V' is k-independent of G if the maximum
degree of the subgraph induced by the vertices of S is less or equal to k£ — 1. The
k-independence number [(G) is the maximum cardinality of a k-independent
set of G. Notice that 1-independent sets are the classical independent sets, and
so f1(G) = B(G). If S is a k-independent set of G of size B;(G), then we call S
a Pr(G)-set. General concept p-independence, where p is a hereditary property
of graphs, was introduced by S.T. Hedetniemi in 1973, see [1] and is studied for
example in [5, 6, 7, 8,9, 10, 11] and elsewhere. Note that Borowiecki and Michalak
[3] gave a generalization of the concept of k-independence by considering other
hereditary-induced properties than the property for a subgraph to have maximum
degree at most k— 1. Clearly if £ > A, then the vertex set V(G) is k-independent
and in this case ;(G) = n. Therefore in this paper, we will assume that k is an
integer with k < A.

A p-coloring of a graph G is a function defined on V into a set of colors
{1,2,...,p} such that any two adjacent vertices have different colors. Each set
of vertices colored with one color is an independent set of vertices of G. The
minimum cardinality p for which G has p-coloring is the chromatic number x(G)
of G. The parameter x(G) has been extensively studied by many authors. One of
the classical results concerning the chromatic number of a graph is due to Brooks
[4].

Theorem 1. For any graph G, x(G) < A+ 1, with equality if and only if either
A # 2 and G has a subgraph Kay1 as a connected component or A = 2 and G
has a cycle Cop11 as a connected component.
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It is well known that bipartite graphs satisfy 3(G) > n(G)/2. In [12] Volkmann
gave a constructive characterization of trees T satisfy 5(T") = [n(T")/2]. Also, in
[2] Blidia et al. proved that bipartite connected graphs G of order n > 2 with
s(G) support vertices satisfy f2(G) > (n + s(G))/2, and gave a constructive

characterization of trees attaining this bound.

In this paper, we generalize the above results by giving a new lower bound on
Br(G) in terms of the order, the chromatic number and the number of supports
vertices. Moreover, we characterize extremal trees attaining this bound.

2. Lowegr BOUND

Theorem 2. Let G be a graph of order n with a chromatic number x(G) and k
be an integer with 2 < k < A. Then

Br(G) = | (n+ (K(G) = DY e min(ILo] k= 1)) /(@)

and this bound is sharp.

Proof. The result can be easily checked if G is a union of cliques. Thus we
assume that G is not a union of cliques and let C' be a set of leaves defined as
follows: for each support vertex v of G we put in C exactly min(|L,|,k — 1)
of its leaves. So |C| = > cgqymin(|Lo|,k —1). Let A1,45,..., Ay ) be a
X (G)-coloration of the subgraph induced by the vertices of V(G) — C. Without
loss of generality, we can assume that |A;] < |[Ag] < -+ < ‘AX(G)|. Note that
X(G) = x(V(G) = C). Then we have n — [C| = |A1| + || + -+ + |Ay)| <
X(G) |Ay|, and hence |Ay | > (n — |C|)/x(G). Now, since Ay UC is
k-independent, 8,(G) > |Aye UC| > (n —|C|)/x(G) + |C|. Tt follows that
BL(G) = (n+ (x(G) — 1) |C])/x(G), and so

Bi(@) = [ (n+ (&) = DE e min(ILo] k= 1)) /X(@)] -

That this bound is sharp may be seen for trees by the following characteriza-
tion and for graphs different from trees by the graph obtained from a clique by
attaching k — 1 vertices to each vertex of the clique, then for an integer k£ with
2 < k < A equality holds in the general bound. |

Note that x(G) = 2 for every bipartite graphs G having at least one edge. Hence,
as immediate consequences to Theorems 1 and 2, we obtain the following corol-
laries.

Corollary 3. Let G be a graph of order n and maximum degree A, and k be an
integer with 2 < k < A. Then

BLG) = [ (n+ AL sy min(ILol & = 1)) /(A +1)]
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Corollary 4. Let T be a tree of order n, and k be an integer with 2 < k < A.
Then 54(T) > | (n+ Syeser min(|Lo] k= 1)) /2]

3. CHARACTERIZATION

Our aim in this section is to gave a characterization of trees attaining the lower
bound in Corollary 4. Note that the difference between the two sides of the
inequality can be made arbitrarily large even for trees. To see this, we consider
a caterpillar T' = C(t1,t2,...,t2p) where t; =t > k for every i : 1 <14 < 2p. It is

easy to verify that gy (T") — Rn + 2 vesery min(| Lol k — 1)) /2} =p(t — k).
The following result that can be found in [2] is straightforward.

Lemma 5. For k > 1, let w be a vertex of a graph G” such that every neighbor
of w has degree at most k, at least w or one of its neighbors has degree k or
more, and every vertex in V(G")\N[w], if any, has degree less than k in G”. Let
G’ be any graph and G the graph constructed from G’ and G" by adding an edge
between w and any vertex of G'. Then pBi(G) = Br(G') + |V (G")| — 1.

For k > 2, we define the family # (k) of all nontrivial trees T' that can be obtained
from a sequence Tp,T1,...,T, (p > 1) of trees, where Ty is either C(t) with
1<t<k+1,C(tk—1)or C(tk), withl1 <t <k—2andk > 3, or Gi(u)
with & > 3 or Go(u) with k > 4, T'= T}, and if p > 2, then Tj;1 can be obtained

recursively from T; by one of the following operations.

Operation (k). Add a copy of a caterpillar C'(k) attached by an edge
between any vertex of C'(k) and a vertex v of T;, with the condition that if v is
a leaf in T;, then its support vertex z in T; satisfies |L,| > k.

Operation Ha(k). Add a copy of a caterpillar C(k + 1) centred in u, at-
tached by an edge wv at a vertex v of T;, with the condition that n(T;) +
erS(Ti) min(|L;|,k — 1) is even, and if v is a leaf in T;, then its support vertex
z in T; satisfies |L.| > k.

Operation #H;3(k). For k > 3, add a copy of a caterpillar C(¢,k — 1) with
1 <t <k — 2 and supports vertices uj, u, where |L,,| = t, attached by an edge
uv at a vertex v of T;, with the condition that if v is a leaf in T}, then its support
vertex z in T; satisfies |L.| > k.

Operation H4(k). For £ > 3, add a copy of a caterpillar C'(¢, k) with 1 <
t < k — 2 and supports vertices uj,u, where |L,,| = t, attached by an edge uv
at a vertex v of Tj, with the condition that n(T3) + >_,cg(r,)y min(|Lg|, k — 1) is
even, and if v is a leaf in T;, then its support vertex z in T; satisfies |L,| > k.
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Operation Hj(k). For k& > 3, add a copy of the caterpillar Gi(u), at-
tached by an edge wv at a vertex v of T;, with the condition that n(T;) +
erS(Ti) min(|L,|,k — 1) is even, and if v is a leaf in T;, then its support vertex
z in T; satisfies |L,| > k.

Operation Hg(k). For & > 4, add a copy of the caterpillar Ga(u), at-
tached by an edge wv at a vertex v of T;, with the condition that n(T;) +
ersm) min(|L;|,k — 1) is even, and if v is a leaf in T, then its support vertex
z in T; satisfies |L,| > k.

Operation H7(k). For k > 3, add a copy of a caterpillar C(¢,k — 1) with
1 <t < k—2 and supports vertices u, u, where |L,| = k—1, attached by an edge
uv at a vertex v of Tj, with the condition that n(T3) + }-,cg(p) min(|Lz|, k — 1)
is even, and v is a leaf in T; of support vertex z satisfies |L,| < k — 1.

Operation Hg(k). Add a copy of a caterpillar C(k) attached by an edge
between any vertex of C'(k) and a vertex v of T;, with the condition that n(7;) +
Ea:eS(Ti) min(|L,|,k—1) is even, and v is a leaf in T; of support vertex z satisfies
|L.| <k-—1.

Operation Hgy(k). Add a copy of a caterpillar C'(k—1,m) with1 <m < k—1
and supports vertices uj, u, where |L,| = m, attached by an edge uv at a vertex
v of T;, with the condition that if v is a leaf in T;, then its support vertex z in T;
satisfies |L,| > k.

Operation Hig(k). Add a copy of a caterpillar C(k—1, k) of supports vertices
ui,u, where |L,| = k, attached by an edge uwv at a vertex v of T;, with the
condition that n(T;) + >_,cg(z,) min(|Ls| , k — 1) is even, and if v is a leaf in T,
then its support vertex z in T; satisfies |L,| > k.

Operation 11 (k). Add a copy of the caterpillar F(u), attached by an edge

uv at a vertex v of Tj, with the condition that n(75) + >-,cg(p) min(|Lz|, k —1)
is even, and if v is a leaf in T;, then its support vertex z in T; satisfies |L,| > k.

Operation Hia2(k). For £ > 3, add a copy of the caterpillar Fy(u), at-
tached by an edge wv at a vertex v of T;, with the condition that n(7;) +
erS(Ti) min(|L,|,k — 1) is even, and if v is a leaf in T;, then its support vertex
z in T; satisfies |L,| > k.

Operation H;3(k). Add a copy of a caterpillar C(k—1,m) with 1 <m < k—1
and supports vertices uj, u, where |L,| = m, attached by an edge uv at a vertex
v of T;, with the condition that n(7;) + 3 ,cg(r,) min(|Ly| , k — 1) is even, and v
is a leaf in T; of support vertex z satisfies |L,| < k — 1.

Lemma 6. Let T be a nontrivial tree and k be an integer with 2 < k < A. If
T € H(k), then B(T) = | (n(T) + S sy min(|Lal k= 1)) /2]
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Proof. For 2 < k < A(T), let T be any tree of H (k). We proceed by induction
on the number of operations H; where 1 < ¢ < 13, performed to construct 7.
The property is true for Ty = C(¢t) with 1 <t < k+ 1, C(t,k — 1) or C(t,k)
with 1 <t <k —2and k >3, G1(u) with k£ > 3 and G2(u) with k£ > 4. Suppose
the property is true for all trees of H(k) constructed with j — 1 > 0 operations
and let T be a tree constructed with j operations. Consider the following cases
depending on whether 7" is obtained by performing Operation #; (k) or Operation
Hr(k). We omit the proof for the remaining operations since it is similar to that
used in these two cases.

Suppose that the last operation performed on a tree T” already obtained by
j — 1 operations, is H1(k). Then n(T) = n(T") + k+ 1 and s(T) = s(T’) + 1
because every support of 7" is a support of T (since if v is a leaf in T;, then its
support vertex z in T; satisfies |L,| > k > 2). Thus

(1) ersm min(| Ly |,k —1) = ersw) min(|Ly |,k — 1)+ k — 1.

By Lemma 5 and the inductive hypothesis applied on 7" we have, B (T) =
BuT) k= [ (n(T) 4 gy min(Lal k= 1)) /2] + k.

Now, if n(T") + > pesrymin(|Le|, k — 1) is even, then by using n(T) =
n(T") + k + 1 and formula (1), we obtain

BLT) = (n(T") + 2k + X gy min(| Lok = 1)) /2
= (WT) + Lpesry min(Lal k= 1)) /2
= | (n+ Leser min(Lel .k = 1)) /2] .

Also, ifn(T’)+Em€S(T/) min(|L;|,k—1) is odd, then by using n(T) = n(T")+k+1
and formula (1), we obtain :

Bu(T) = (n(T’) 14+ 2k + Y gpey min(| Lol k 1)) /2
= (1) + 1+ Zesry min(|Lal £ ~ 1)) /2
= | (n+ Saesiy min(|Le| k= 1)) /2|

In both cases, fi(T) = Kn + erS(T) min(|L,|, k — 1)) /2—‘

Suppose now that the last operation performed on a tree 7" already obtained
by j — 1 operations, is H7(k). Then n(T) =n(T")+ k+t+1with 1 <t <k —2
and s(T") + 1 < s(T) < s(T") 4 2 (since v is a leaf in T; whose support vertex z
satisfies |L,| < k —1). Thus

(2) ersm min(|L,|, k—1) = ersm min(|Le| b — 1)+ k—14¢— 1.
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By Lemma 5 and the inductive hypothesis applied on T”,
Br(T) = Bp(T") + k+1t = K (T") +Z pry min (L] k—l)) /2} + kAt

Since n(T")+3_, c g7y min(|Lg| , k—1) is even and by using n(T") = n(T")+k+t+1
and formula (2), we obtaln

(T') + 2k + 2t + , mi Lz,k—l) 2
n D esirny Mn(lLal 1) ) /

0= (nr
(n +1+Z 7y 00 (| Lal s — ))/2
|

( 2€S(T) min(| Ly |, k — 1)> /2} .

Now we are ready to give a characterization of trees achieving equality in Corol-
lary 4.

Theorem 7. Let T be a nontrivial tree and k be an integer with 2 < k < A.
Then B(T) = [(n(T) + Y pesery min(|La| , k — 1)) /2] if and only if T € H(k).

Proof. The sufficient condition follows from Lemma 6.
Conversely, for 2 < k < A, let T be a tree of order n with Sy (T) =

Kn + 2 vesry min(| Ly |, k — 1)) /2—‘ . Let Y(T') be the set of vertices of degree
at least k of the tree T'. We proceed by induction on |Y (7).

If |Y(T)| = 0, then B4(T) = n = [(mzxew) min(|Ly| , k — 1)) /2] if
and only if n+ 3, gy min(|Lg|, k — 1) is odd. Since if n+ 3, gy min(|Lq|,
k—1)is even, then n =3 gy min(|Ly|, k — 1), which is impossible. Thus n =
(n 1+ Y e min(| Lol k- 1)) /2, and son—1 =3, gy min(|La| , k—1).
In this case, if |S(T)| > 2, thenn—1> 3 g min(|Lz|,k—1), and so [S(T)| =
1 = [{u}|. Hence n—1=|Ly|=3_, c gy min(|Ly| , k—1) with [L,| < k—1. Thus all
stars C(t) with 1 < ¢ < k—1 satisfy (1) = [(HZM(T) min(|Ly|, k — 1)) /2].

If |Y(T)| =1=|{u}|, then

Bi(T) = Kn + Y pesery min(|La| & — 1)) /2] —n— 1.

First we assume that n + }° g min(|Lz|,k — 1) is even, hence we obtain
n =3 esrymin(|Lg|, k — 1) + 2. Now, if [S(T)| = 1, then n = k + 1 and
so T = C(k) of center u, and if |S(T)| > 2, then let {uy,ug,...,up}: p > 1,
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be the set of support vertices descendant from u with 1 < |L,,| = t; < k — 2;
1 <i<p k>3, and |L,|] = m. Since dr(u) > k > 2, if m = 0, then
> zes(rymin(|Lz|, k —1) <n—2, a contradiction. Hence m > 1.

(i) Now,if m <k—1,thenn=>"% t;i+m+2= ti+1)+m+1, and
so |S(T)| = 2. Since dr(u) > k,m>k—1. Thusm=k—1and T =C(t,k—1)
with 1 <t<k-—2andk > 3.

(ii) If m > k, then n = Y°F 1 t; + (k— 1)+ 2, and so |S(T)| = 2. If m = £k,
then n + > cgpymin(|Ly|, k — 1) = 2k + 2¢; + 1 which is odd, and if m > &,

then Si(T) > [(n—i— > zesery min(|Lq|, k — 1)) /21 In both cases we have a
contradiction.
Next we assume that n+3_, c gy min(|Lg |,k —1) is odd. Hence Bx(T) =n—

1= (n +1+3 0 csrymin(|Lal, k — 1)) /2, implying that n = 3 o) min(| L],
kE—1)+ 3. Now, if |S(T)] = 1, then n = k+2 and so T = C(k + 1) of cen-
ter w, and if |S(T)| > 2, then as previously, let {ui,uz,...,u,}: p > 1, be
the set of support vertices descendant from w with 1 < ¢; = |L,,| < k — 2;
1 <i<p k>3, and |L,/] = m. Since dp(u) > k > 2, if m = 0, then
=3P ti+3 = (3P ti+2) + [{u}], and so |S(T)| = 2. Hence either
2 =dr(u) > k> 2,and so k =2 and |[L,| =t < 0forl <i <2 or
1 =dr(u) > k > 2. In both cases we have a contradiction. Hence m > 1.

(i) Now, if m <k —1, then n = >F_,t; + m+ 3. Either n = (3°0_t; + 1) +
m + 2, and so |S(T)| = 2 and p = 1. Since dp(u) > k, m = k — 1, and T is
obtained from 7" = C(t) with 1 < ¢ < k — 2 by using Operation H;(k). Or
n= (Y t+2)+m+1, hence [S(T)| = 3, p = 2. So dp(u) = m+2 >k,
implying that k —2 < m < k—1, and thus T' is the caterpillar G;(u) with k& > 3,
or dp(u) = m + 1 > k, implying that m = k — 1, and thus 7T is the caterpillar
GQ(’U,) with k Z 4.

(ii) If m >k, then n =% t; + (k—1)+3= (3_F 1t +1) + k+ 1. Hence
IS(T)|=2,p=1and T = C(t, k) with 1 <t <k —2 for k > 3.

Now assume that the assertion of the theorem is true for all trees with
Y(T)| < A with A > 2 and let T be a tree of order n such that |Y/(T)| = A.
Root T at a leaf r of maximum eccentricity. Let u be a vertex of degree at least
k, at maximum distance from r and under this condition, of maximum degree.
Since |Y(T')| > 2, u is at distance at least two from r. Let v, z be the parents of
u and v in the rooted tree, respectively and w the parent of z if there exists. We
distinguish between the following two cases.

3

Case 1. dp(u) > k+ 1. Then let 7" and T” be the components of T' — uv,
containing v and u, respectively. Then dp»(u) > k and from the choice of u, all
vertices of V(T")\ {u} have degree less than k. Hence v fulfills the conditions on
the vertex w in Lemma 5. Apply the inductive hypothesis to 7" since |Y (T")| <
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|Y(T)|. Moreover |[V(T")| =n" > k+1, n(T") =n’ =n —n" and by Lemma 5
and Theorem 2,
Be(T) = Br(T") +n" =1

> [(n’ + Ypesiy min(|Ly| k- 1)) /2] Fal -1
Suppose that |L,| = m > 0 and that u has {u1,...,up} (possible empty) as
support vertices descendant from u, with 1 < ¢; = |L,,| < k—-2:1<i<p
with k& > 3, so |S(T” — {u})| = p > 0. Hence, n” > >*  t; + m + p+ 1. Now,
if p =0, then Y% ;t; = 0 and m > k, hence m — min(m,k — 1) > 1 and
p+m—min(m,k—1)—1> 0. Also if p > 1, then p+ m —min(m,k—1) —1 > 0.
In both cases p + m — min(m,k — 1) — 1 > 0. We consider two subcases.

Subcase 1.1. v is not a leaf, or v is a leaf of support vertex z in T”, with
|L:| > k. Then ), gy min(|La|, k=1) = 3° c gy min(|Lg |, k—1)+min(m, k—

D+>0  t

(a) n'+ 37, gy min(|Ly| .k —1) is even. By using n” > 320, t; +m-+p+1,
Be(T) = Be(T") +n" — 1
> <n’ + ersm) min(|Lg|,k — 1)> /240" —1
- (n +2on -2+ Z sy (L] K = 1)> /2
> <p +m—min(m,k—1)—1+n+ ersm min(|L,|, k — 1)) /2
> <n+z mm (|ILz|, k — )> /2.

Indeed, if n+ >, c gy min(|Lg|, k — 1) is even, then

(n+ Coesery min(ILal sk = 1)) /2= [ (n+ Zpesr min( Lol .k~ 1)) /2]
= B(T),

hence we have equality througouth the previous inequality chain, and so p+
m —min(m,k—1) —1=0. Also, if n+ > gy min(|Lg|, k — 1) is odd, then

Br(T :Kn+z min(|L| b ))/2}
<n +14 ersm min(|Ly| , k — 1)) /2
~ [(2+ Xy minEal k= 1) 12 = (1)

AV



404 N. MEDDAH AND M. BLIDIA

hence we have equality througouth the previous inequality chain, and so p+
m — min(m,k — 1) — 1 = 1. So, By(T) = Kn+ vescry min([Lo| k- 1)) /2]
if and only if S,(T") = Kn’ + 2 vesery min(| Ly |, k — 1)) /2—‘ and 0 < p+m —
min(m, k—1)—1 < 1. By the inductive hypothesison 7", T" € H(k) and 0 < p < 2.

(i) Now, if m = 0, then 1 < p < 2. If p =1, then 1 = dp(u) > k > 2,
which is impossible. If p = 2, then either 1 = dp(u) > k > 2, a contradiction, or
2 =dr(u) > k > 2, and so k = 2 and the two descendants support vertices u;
and ug, have t; <0 and to < 0, respectively, a contradiction with t1,to > 1.

(ii) If m > 1, then we have to consider three situations.

If p =0, then 1 < m—min(m, k—1) < 2. Hence m = k if m—min(m, k—1) =1
and m = k+1if m —min(m,k—1) =2. SoT” = C(k) or T = C(k + 1),
respectively, and T" is attached to T” by the support vertex u. Thus T is obtained
from 7" by using Operation Hi(k) or Operation Ha(k), respectively. It follows
that T' € H(k).

If p=1, then 0 < m—min(m,k—1) < 1. Hence m = k—1 if m —min(m, k —
I)=0and m =k if m —min(m,k—1)=1. So 7" =C(t,k—1) or T" = C(t, k)
with 1 <t < k—2and k > 3, respectively, and T" is attached to T" by the support
vertex u. Thus T is obtained from T” by using Operation Hs(k) or Operation
Hy(k), respectively. It follows that T € H(k).

If p = 2, then m — min(m,k — 1) = 0, and so m < k — 1. Thus either
drr(u) = m+2 > k,andsok—2 <m < k-1, or dpv(u) = m+1 >k,
and so m = k — 1. Hence T" = G1(u) with k > 3 or T” = Ga(u) with k > 4,
respectively, and T" is attached to T” by the support vertex u. Thus T is obtained

from 7" by using Operation Hs(k) or Operation Hg(k), respectively. It follows
that T € H(k).

(b) 7' + 3 ey min(|Ly| , k — 1) is odd. By using n” > >0 t;i+m+p+1,
Br(T) = Be(T) +n" — 1
(7' + Loesrymin(La| k= 1)) /2] 40" 1

1420 — 24 3, gy min(|La| K ))/2

4 Y pesery min(| Lol k — 1) + 1)/2

> |
= (
(p—l—m min(m, k —1) +n+ 3 cor min(|Lx\,k:—1)> /2
= (
> [(n+ Soesr min(Lel k= 1)) /2] = Bu(T).

(

So, B(T [ n+ > seserymin(|Lq|, k — )) /2—‘ if and only if we have equal-
ity througouth the previous inequality chain, that is, if and only if Bix(7") =
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Kn’ + 2 seserymin(|Lq |, k — 1)) /2—‘ and p +m — min(m,k — 1) = 1. By the
inductive hypothesis on T, 7" € H(k). Also m > 1, for otherwise p = 1 and we
obtain a contradiction.

(i) Now, if m < k—1, then m—min(m,k—1) =0and p = 1. Hencem = k—1
(because dpv(u) =m+1>k). SoT" =C(t,k—1) with1 <t <k—2for k > 3,
attached to T” by the support vertex u. Thus T is obtained from 7’ by using
Operation H3(k). It follows that T' € H(k).

(ii) If m > k, then m — min(m,k — 1) = 1 and p = 0. Hence m = k, and so
T" = C(k), attached to T" by the support vertex u. Thus T is obtained from 7"
by using Operation #H;(k). It follows that T' € H(k).

Subcase 1.2. v is a leaf of support vertex z in 7", with |L,| < k — 1. Then

erS(T) min(|Lz|, k—1) = erS(T/) min(|Ly|, k—1)+min(m, k—1)+3°7_t;—1
(a) 7'+ > ey min(|Lg|, & — 1) is even. By n” > 370 t; + m+p + 1,

Br(T )—ﬁk(T/)an"—
'+ Y pescrn min(| Lol k — )) /240" 1

W 2n” =24 Y g min(| Lol k:—l)) /2

> (n+ 14 Loesry min(lLel k= 1)) /2

(p—l—m min(m,k — 1) + n+ 3, g min(|Lg |, k — 1)) /2
> [ (n+ Coesey min(ILal k= 1)) /2| = B(D).

So, Bk (T Kn + 2 vesery min(| Ly |, k — 1)) /2—‘ if and only if we have equal-

ity througouth the previous inequality chain, that is, if and only if Bi(7") =

Kn’ + 2 seserymin(|Lq |, k — 1)) /2—‘ and p +m — min(m,k — 1) = 1. By the

inductive hypothesis on 77, T" € H(k). Also m > 1, for otherwise p = 1 and we

obtain a contradiction.

(i) Now, if m < k—1, then m —min(m,k—1) =0 and p = 1. Hence m = k—1
(because dpn(u) =m+1> k), and so 7" = C(t,k — 1) with 1 <t < k —2 for
k > 3, attached to T” by the support vertex u. Thus T is obtained from T’ by
using Operation Hr7(k). It follows that T € H(k).

(ii) If m > k, then m — min(m,k — 1) = 1 and p = 0. Hence m = k, and so
T" = C(k), attached to T by the support vertex u. Thus T is obtained from 7"
by using Operation Hg(k). It follows that T' € H(k).
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(b) n' + > es(ry min(|Ly| .k — 1) is odd. By n” > P ti+m+p+1,
ﬁk(T) = Bk(TI) + n —1

> | (0 + Loesrn min(ILal k= 1)) /2| + 0" =1
W+ 1420 = 24 Y g min(| La| b — ))/2

vl

Vv

n 24 Ve min( Ll K~ 1)) /2

(v
(p—i—m min(m, k —1) + 1+ n+ 3 c gy min(|La| , k — ))/2
(
Kn + ey min(| Ll & — 1)) /2] — B,(T), a contradiction.

Case 2. dp(u) = k. Then let 7" and T” be the components of T — vz,
containing z and v, respectively. Then from the two conditions in the choice of
u, dpr(u) = k, the vertices of Npv(v)\ {u} have degree at most k and all vertices
of V(T") \ Npv[v] have degree less than k. Hence v fulfills the conditions on
the vertex w in Lemma 5. Apply the inductive hypothesis to T” since Y (T")| <
|Y(T')|. Moreover |V(T")| =n" >k + 1 and thus

Bk(T) = ﬂk(T/) + n" -1
> (0 + Loesry min(ILal k= 1)) /2| + 0~ 1.

Suppose that |L,| =m > 0, and v has uy,...,u, as support vertices descendant
from v, with 1 <t; = |L,,| < k—1for 1 <i <pandk > 2. Also v have ¢ vertices
descendant from v which are different to leaves, support and to v (if m = 0).
So |S(T" —{o})| = p > 1, n(T") = n" = S ti+p+q+m+1,q >0, and
p+q+m—min(m,k—1) —1 > 0. We distinguish between two subcases.

Subcase 2.1. z is not a leaf, or z is a leaf of a support vertex w with |L,,| > k.
Then

Yweserymin(|La| k= 1) = 35 ey min(|Le|, k — 1) + min(m, k — 1) + 377
=Y reserymin(|Le| k1) +n" —p—g—1-m
+ min(m, k — 1).

(a) n'+ 3 es(rymin(|Ly|,k —1) is even. Then
Be(T) = Bi(T') +n" — 1
> (n/ + 2 sesern min(| Lo |, k — 1)) /24+n" -1
_ (p+q+m—min(m,k ) R D (A 1)) /2

> (n+ Laesery min(|Lal k= 1)) /2.
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Indeed, if n 4+ >_, c gy min(|Lg|, k — 1) is even, then

(n+ Ceesery min(ILal sk = 1)) /2 = | (1 + Zpesry min(lLal .k 1)) /2]
=Br(T),

hence we have equality througouth the previous inequality chain, and so p + ¢ +
m — min(m,k — 1) — 1 =0. Also, if n + erS(T) min(|L,|,k — 1) is odd, then

BiT) = [ (n+ Laesr min(|Lal £ ~ 1)) /2]
> (n+14 s min(|Le| k= 1)) /2

= [(n+ Saesr min(Lal .k = 1)) /2] = 6(T),

hence we have equality througouth the previous inequality chain, and so p + q +
m — min(m,k — 1) — 1 = 1. So, Bi(T) = Kn—f— S escry min(| Lol k- 1)) /2]
if and only if B, (T") = Kn’ + 2 peserymin(|Lg |, k — 1)) /2—‘ and 0 < p+gq+

m — min(m, k — 1) — 1 < 1. By the inductive hypothesis on 7", T" € H(k) and
I<p+qg<2

(i) Now, if m = 0, then 1 < p+ ¢ < 2, and so we distingish between two
situations.

If p+q=1,then p=1,¢ =0, because p > 1. So T” = C(k) is attached to
T’ by a leaf v. Thus T is obtained from 7" by using Operation H1 (k). It follows
that T € H(k).

If p+¢g = 2, then p = 2 and ¢ = 0 because the case p = 1 and ¢ = 1
is impossible. Observe that either dpv(v) = 2 and 7" = Fi(v) for m = 0, or
dr»(v) =1 and T" = Fy(v) for m = 0 and k > 3, respectively, and T" is attached
to T' by a vertex v. Thus T is obtained from 7" by using Operation #H;1(k), or
Operation Hi2(k), respectively. It follows that T € H(k).

(ii) If m > 1, then consider the following situations.

Ifp+qg =1, then p =1,¢g = 0 and 0 < m — min(m,k — 1) < 1. For
m — min(m,k — 1) = 0, we have 1 <m < k — 1, and so 7" = C(k — 1, m) with
1 <m < k—1.For m—min(m, k—1) = 1, we have m = k, and so T" = C'(k—1, k).
Hence 7" = C(k—1,m) with 1 <m < k—1or T" = C(k—1, k), respectively, and
T" is attached to T” by the support vertex v. Thus T is obtained from 7" by using
Operation Hg(k) or Operation Hio(k), respectively. It follows that T € H (k).

If p+q¢=2, then m —min(m,k—1)=0,som <k—1and p=2 and ¢ =0.
Observe that either dp(v) = m+2 and T" = Fy(v) for m > 0, or dyv(v) = m+1
and T” = Fy(v) for m > 0 and k > 3, respectively, and 7" is attached to T" by
the support vertex v. Thus T is obtained from 7" by using Operation H11(k), or
Operation Hi2(k), respectively. It follows that T € H(k).
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(b) 1+ Y yes min(|Ly|  k — 1) is odd. Then
Br(T) = Be(T") +n" — 1

> (W + 1+ Lpesymin( Lol b= 1)) /240" =1
(p+a+m—min(m,k = 1) +n+ ¥, cqi min(Le| k= 1)) /2
(n 1+ Y ey min(| Lol k — 1)) /2
[ (n+ Loesery min(Lal k= 1)) /2] = Bu(T).

v

v

So, Bx(T) = Kn + 2 wesry min(| Ly |, k — 1)) /2—‘ if and only if we have equal-
ity througouth the previous inequality chain, that is, if and only if Sx(T") =
Kn/ + 2 sesery min(| Ly |, k — 1)) /2-‘ and p+ ¢+ m—min(m, k—1) = 1. By the

inductive hypothesis on 77, T € H(k), p = 1,q = 0 and since m—min(m,k—1) =
0,0<m<k-1.

(i) Now, if m = 0, then T = C(k), attached to T” by the leaf v. Thus T is
obtained from 7" by using Operation H (k). It follows that T' € H (k).

(i) f1 <m< k-1, then 7" = C(k — 1,m) with 1 <m < k — 1, attached
to T by the support vertex v. Thus T is obtained from T” by using Operation
Ho(k). Tt follows that T € H(k).

Subcase 2.2. z is a leaf of a support vertex w with |L,| < k — 1. Then

> zesery min(|La|  k=1)=3", cg(pymin(|La|, k—1) + min(m, k—1)—1 + Pt
:Z:EGS(T’) mln(]LI| ,k—l) + n” —pP—q— 2—m
+ min(m, k—1).

(@) 0+ csymin(|Lg|, k — 1) is even. Then
Br(T) = Bp(T') +n" =1

> (n’ + 2 pesery min(|Lg |, k — 1)) J2+n" -1
(p+q+m—min(m, k= 1)+ 1+ 5, g min(|Le| .k — 1)) /2
(n + 1+ Y e min(|Lo|  k — 1)) /2
[(n+ Sesery min(Lel k= 1)) /2] = Bu(T).

v

v

So, B(T) = Kn + 2 veser) min(|Le| , k — 1)) /2—‘ if and only if we have equal-
ity througouth the previous inequality chain, that is, if and only if Bx(T") =
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Kn/ + 2 pesry min(|Le|, k — 1)) /2—‘ and p+q+m—min(m,k—1) = 1. By the
inductive hypothesis on 7", T" € H(k), p = 1, ¢ = 0 and since m—min(m, k—1) =
0,0<m<k-—1.

(i) Now, if m = 0, then 7" = C(k), attached to 7" by the leaf v. Thus T is
obtained from 7" by using Operation Hg(k). It follows that T' € H (k).

(i) f1 <m<k—1,then T = C(k — 1,m) with 1 <m < k — 1, attached
to T” by the support vertex v. Thus T is obtained from 7" by using Operation
His(k). It follows that T € H(k).

(b) '+ 3 sy min(|Ly|, k — 1) is odd. Then

B(T) > [ (0 + Tpesrn min(| Lol k= 1) /2] +0" —1
= (erqum—min(mak— D+1+n+2 oo min(|Lal, k- 1)) /2
> (424 oesry min(|Lal £~ 1)) /2
> [(n + Y pescry min(|La| & — 1)) /2} = B4(T), a contradiction.
|

In this paper, we established a new lower bound on the k-independance number
for any graph. Then we provided a constructive characterization of trees attaining
this lower bound. It would be interesting to further investigate a characterization
of other classes of graphs (bipartite graphs) attaining this lower bound.
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