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Abstract

We say that a graph G is mazimal K-free if G does not contain K, but
if we add any new edge e € E(G) to G, then the graph G + e contains K.
We study the minimum and maximum size of non-(p — 1)-partite maximal

Kp-free graphs with n vertices. We also answer the interpolation question:


http://dx.doi.org/10.7151/dmgt.1654

10 K. AmiN, J. FAUDREE, R.J. GOULD AND E. SIDOROWICZ

for which values of n and m are there any n-vertex maximal K,-free graphs
of size m?
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1. INTRODUCTION AND NOTATION

We consider finite undirected graphs without loops or multiple edges. A graph
G has a vertex set V(G) and an edge set E(G). The size of a graph is the
number of edges. We denote by e(G) the size of the graph G and by v(G)
the number of vertices of G. The set of neighbours of a vertex v € V(G) is
denoted by Ng(v), or briefly by N(v). Moreover, Ng[v] = Ng(v) U {v}. Let
S C V(G), Ng[S] = Uyes Nalv]. By G[S] we denote the subgraph induced by
the set of vertices S. The degree of v is denoted by dg(v). If H is a subgraph
of G and v € V(G), then dy(v) = |[Ng(v) N V(H)|. For S C V(G) we write
ds(v) = dgig)(v). We also use the following notation: S, is the star with n
vertices, K, is the complete graph with n vertices, for & > 2, K, . 5, is the
complete k-partite graph.

For undefined concepts we refer the reader to [4].

Let n,p be integers and p > 2. We say that the graph G is K-free if G does
not contain K, as a subgraph. We say that G is mazimal Kp-free (sometimes
called K,-saturated) if G does not contain K, as a subgraph but if we add any
new edge e € E(G) to G, then the graph G + e contains K,. The set of all
maximal K-free graphs of order n is denoted by M(n, K,). A complete k-partite
graph K,  n, such that |n;—n;| <1fori,j=1,...,kand ni+---+n, =n we
call Turdn’s graph and denoted Ty (n). The classical theorem of Turan [12] states
that if G' is an n-vertex K)-free graph of maximum size, then G is isomorphic
to T—1(n). On the other hand Erdés, Hajnal and Moon [5] proved that if G is
maximal Kp-free with n > p — 1 vertices, then e(G) > (p —2)n — %(p —1)(p—2).
However, every maximal K-free graph from this theorem is (p — 1)-partite and
contains a vertex of degree n — 1. The problem of determining the minimum size
of maximal K),-free graphs with no vertex of degree n —1 was studied by Alon et
al. [1]. The case for p = 3 was treated by Fiiredi, Seress [8] and Erdés, Holzman
[6]. Duffus and Hanson [7] study the minimum size of maximal K,-free graphs
with fixed minimum degree.

We will consider the maximal K),-free graphs that are not (p—1)-partite. Let
s(n, Kp) and e(n, K,) denote minimum and maximum size of a maximal K-free
graph with n vertices that is not a (p — 1)-partite graph, i.e.,

k
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s(n, K,) =min{e(G) : G € M(n, K,) and G is non-(p — 1)-partite},
e(n, K;,) =max{e(G) : G € M(n, K,) and G is non-(p — 1)-partite}.
Let us define the following sets of graphs:
S(n, Kp) = {G € M(n, K,): e(G) =s(n, K;) and G is non-(p — 1)-partite},
E(n,K,) ={G € M(n, K,): ¢(G) =e(n, K;) and G is non-(p — 1)-partite}.
We will study possible size of the maximal K,-free graphs with n vertices.
This problem for p = 3 was solved in [11]. The same result was obtained in [3].
In these papers the minimum and maximum size of maximal Ks-free graphs was
determined. Moreover, it was proved there that for every integer m such that
s(n, K3) < m < e(n, K3) there exists a maximal K3-free graph with size m and
with n vertices. In Section 2 we will deal with the K3-free graphs, we will recall
some theorems and we will give the stronger result: we completely characterize
the set E(n, K3). The case for p = 4 was studied in [2]. In Sections 3, 4, 5 we will
deal with the maximal K-free graphs for p > 4. We will determine the minimum
and maximum size of n-vertex non-(p — 1)-partite maximal Kp-free graphs. In
Section 4 we completely determine the set E(n, K,). In Section 5 we will solve
the interpolation problem.

2. MAXIMAL K3-FREE GRAPHS

Let G be a graph with the vertex set V(G) = {v1, v, ..., v} and n; be integers
fori =1,...,k. By G[ni,...,ni] we denote the graph of order nj + - -- + ng
obtained from G in the following way: each vertex v; we replaced by the set V;
of n; independent vertices for ¢ = 1,...,k. We join each vertex of V; with each
vertex of V; whenever vertices v; and v; are adjacent in the graph G.

Murty [10] characterized 2-connected graphs with diameter 2 with the min-
imum number of edges. Let P be the Petersen graph and G7 be the graph in

Figure 1.
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Figure 1. The graph G7.

Theorem 1 [10]. Let G be a 2-connected graph of order n such that diam(G) = 2
with the minimum size. Then e(G) =2n—5 and G € {Cs[t,1,n—t—3,1,1]: 1 <
t < n—4}U{G7[1,t1,t2,n—t1 —t2—4,1,1,1] tt,to > 1t +t0 < n—5}U{P}
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Lemma 2. Let G be a non-bipartite maximal Ks-free graph. Then G is 2-
connected and diam(G) = 2.

Proof. Suppose that there are two vertices u,v € V(G) such that dg(u,v) > 2,
where dg(u,v) denotes the distance between w and v. Thus, G + uv does not
contain K33, so G is not maximal. This yields that diam(G) = 2. Since G is not
bipartite and diam(G) = 2, we have that G is 2-connected. |

From Theorem 1 and Lemma 2 it immediately follows

Theorem 3. Let n > 5. Then
(a) s(n,Ks3) =2n—2>,
(b) S(n,K3) ={Cs[t,1,n —t—3,1,1]: 1 <t <n-—4} U{P}.

For n > 5 let us denote C¢[n] = {Cs[n1,...,n5] : n1 +---+ ns = n} and
C¢ = {C%[n] : n > 5}. From Theorem 3 it follows that non-bipartite maximal
K3-free graphs of minimum size belong to C%. In [7] it was proved that maximal
K3-free graphs with minimum degree 2 having minimum size belong to C. In
the next theorem we will show that also non-bipartite K3-free graphs with a
maximum size belong to C5. First we will show how to distribute the vertices in
any graph from CZ[n] to obtain the maximum size. Let us define the subclasses

of C¢n]:
for n even
A(H,Kg) :{05[% —2,]47,1,1,% —k] 01 < k < %—1},
B(n,K3) ={Cs[5 —1,k,1,1,5 -k —1]: 1 <k < § — 2},
for n odd

C(n, K3) = {C5[%5* — 1,k, 1,1, — k] : 1 <k < 25l — 1}

Lemma 4. Let n > 5 and G € CZ[n] with the mazimum size. Then
Ge A(n, K3) U B(n,K3) for n even,
C(n,Ks) for n odd.

Proof. Let G = Cs[n1,na,n3,ng,nsl. Let V; (i = 1,...,5) be independent sets
of G such that |V;| =n; (: =1,...,5). First we will show that in G there are two
consecutive independent sets with exactly one vertex each. Let us consider two
cases.

Case 1. There are two consecutive independent sets with distinct number
of vertices. Without loss of generality we assume that Vi and V5 have distinct
number of vertices and n; > ny. We show that ng = 1. If this is not true (i.e.,
ng > 2), then we delete one vertex from V3 and add one vertex to Vs, so we obtain
the graph Cs[n1,n2,ng —1, ng4, ns + 1] having more edges than G, a contradiction.
Now, we show that also ng = 1 or ny = 2. If ngy > 2, we delete one vertex
from Vj and add one vertex to V;. Hence we obtain Cs[n; + 1,n2,n3,n4 — 1, 15
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that has more edges than G if ng # 1. Thus, if G has a maximum size and two
consecutive independent sets with distinct number of vertices, then it also has
two consecutive independent sets with exactly one vertex each.

Case 2. All independent sets have the same number of vertices. Thus, ny =
ng = ng = ng = ns = p. Suppose that p > 2. If we delete one vertex from V5 and
add one vertex to V; and we delete one vertex from V3 and add one vertex to Vs,
then we obtain a graph Cs[p+ 1,p — 1,p — 1, p, p + 1] with more edges.

Hence we may assume that ng = ng = 1. Then e(G) = ni(n —n; —2) +
n —ni; —2+ 1. When n is even, e(G) achieves the maximum for n; = § — 1 or
ni = 2 —2. When n is odd, e(G) achieves the maximum for ny = %5 — 1. Thus,
G € A(n,K3) U B(n, K3) for n even or G € C(n, K3) for n odd. |

Theorem 5. Let n,q,r be integers such thatn > 5, n=2q+r, r=0,1. Then
(a) e(n, K3) =2 — 24741,

[ A(n,K3)UB(n,K3) forneven,
(b) E(n,K3) = { C(n, Ks3) for n odd.

Proof. Since (b) implies (a), we prove only the part (b). Let G be a graph
with n vertices such that G is a non-bipartite Ks-free of maximum size, i.e.,
G € E(n, K3). First we show that G € CZ[n]. Next we use Lemma 4 to obtain (b).
Let v be the vertex of maximum degree d(v) = A(G) = A. Since G is triangle-
free, N(v) is an independent set and since G is not a bipartite G contains an odd
cycle of order at least 5. Hence G — N|[v]| contains at least one edge. Suppose
that G — N[v] contains two vertex-disjoint edges xy and z'y’. Consider deleting
all edges adjacent to x’ and all edges adjacent to 3’ and next we join vertices x’
and ¢’ with all vertices of N(v). Since |N(v)| = A(G), this new graph has more
edges than G and it is a K3-free graph, a contradiction. Hence G — N[v] does
not contain two vertex-disjoint edges, so G — N[v] = Si11 U K, Ao

First suppose that the graph G — N[v| has exactly one edge xy. Let X and
Y be the sets of neighbours in N(v) of x and y, respectively. The set X NY =0
because G is K3-free and X UY = N(v) because G is maximal. Also, neither
X nor Y can be empty. For any vertex z € (V(G) \ N[v]) \ {z,y} we have
N(z) = N(v). This implies that we can divide V(G) into five independent sets
Vi={oh Vo= {yh Va = ¥, Vi = (V(G) \ N(®)) \ {zy}, V5 = X such that
the sets V; UV;, j =i+ 1 (mod 5), induce a complete bipartite graph. Thus,

G € Cz[n).

Now suppose that t > 2. Let us denote by z,z1,x9,...,z; vertices of S;11
such that x is a central vertex of the star. Since N(v) = A(G), each vertex
x; (i=1,...,t) is nonadjacent to at least one vertex of N(v). Suppose that there

is j such that x; is nonadjacent to more than one vertex in N(v). We can delete
the edge zz; and join x; with all vertices of N(v). The new graph has more
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edges than G and is Ks-free, a contradiction. Thus, each vertex x; (i =1,...,t)
is nonadjacent to exactly one vertex in N(v). By Lemma 2 diam(G) = 2 and
hence x has a neighbour w in N(v). Since G is Ks-free, w is nonadjacent to all
neighbours of z. Thus, all vertices z; (i = 1,...,t) are nonadjacent to the vertex
w. Therefore, we can divide V(G) into the following independent sets: Vi =
{LL’}, Va = {xlv s 73715}7 Vs = N(v)\ {w}7 Vi=V(G)\ (N(v) UV (Sit1)), Vs =
{w}. Thus, G € C¥[n], so by Lemma 4 we obtain (b). |

For convenience we repeat the following result given in [3, 11].

Theorem 6. Let n,q,r be integers such thatn > 5, n=2q+r, r =0,1. Then
2

for any integer m such that 2n —5 < m < - — 5§ + ;1 + 1 there is a maximal

Ks-free graph of size m with n vertices.

Proof. If n = 5 then m = 2n — 5 = %—%—F%%—l = 5 and Cj5 is the only
graph in M(5, K3). For n > 6, let G¥(n) = Cs[t, 1,z —t, 5% — 1, 25%] where
2<z<n-—-4,1<t<z—1and x, n are the same parity. It is easy to see that

G7(n) eM(n, K3) and e(G¥(n)) = ”225"’2 + 5 4+ ¢. Moreover, e(G}™*) = 2n — 5
and e(G2(n)) = ”TQ—%Jrl for n = 2q, e(G3(n)) = %2 — 2+ 241forn=2q+1.

Let z = n —4 and t = 1. If we increase t by 1, then we obtain the graph
with one extra edge. If we decrease x by 2, then we obtain the graph with z — 2
extra edges, i.e, (G, (n)) = e(G¥(n)) + 1 and e(GY 2(n)) = e(G¥(n)) +z — 2.

Thus, if we fix = and increase t by 1 from ¢ =1 to t = x — 1, then we obtain
the sequence of graphs whose sizes are all integers from the interval [# +
=4, "QZ‘Tz + &5 +t]. Next, if we decrease the value of by 2 from z = n —4
to x = 2 for n even and to n = 3 for n odd, then we obtain all integers m from
the interval [2n — 5, %2 -S4+ +1] u

3. MINIMUM SIZE OF NON-(p — 1)-PARTITE MAXIMAL K),-FREE GRAPHS

The theorem of Erdés, Hajnal and Moon [5] states that if the graph G is maximal
K-free, then e(G) > (p—2)n — 3(p — 1)(p — 2) and the bound is realized by the
complete (p — 1)-partite graph Ky 1, 1n—pt+2. The next complete (p — 1)-partite
graph K11 2n-p+1 has (p—1)n — %(p — 1)p — 1 edges. We will show that the
minimum size of non-(p — 1)-partite maximal K)-free graphs with n vertices is
(p—1)n— %(p — 1)p — 2 if n is large enough.

We need the following results.

Theorem 7 [9]. If G € M(n, K;,) and G contains no vertex of degree n— 1, then
d>2(p—2)

Theorem 8 [1]. Let G € M(n,K4) and 6(G) = 4. If G contains no vertex of
degree n — 1, then e(G) > 4n — 15.



ON THE NON-(p—1)-PARTITE K,-FREE GRAPHS 15

Theorem 9. Let p,n be integers such that p >3 and n > 3(p+4). Then

S(n, Kp) = (p— 1) — 2 (p— p—2.
Proof. Let G = F + K,,_3, F € S(n — (p — 3),K3). Thus, the graph G is
Kj-maximal non-(p — 1)-partite and e(G) = (p — 1)n — (p — 1)p — 2. Hence
s(n Kyp) < (p— Dn — 3(p— 1p 2.

Now we show that s(n, K,) > (p—1)n—3(p—1)p—2. We prove by induction
on p. By Theorem 3, the result holds for p = 3. Assume that the result holds
for p—1, ie. s(n,Kp1) > p—2)n—3(p—2)(p — 1) — 2. Let G € S(n, K,).
Suppose that A(G) = n — 1. Let v be the vertex of degree n — 1. Since G is
maximal Kp-free, G — v is maximal K,_i-free. The assumption that G is not
(p — 1)-partite implies that G — v is not (p — 2)-partite. Thus, by the induction
hypothesis

(G—v) = (p-2n—Lp-2)(p—1) -2,
hence
e(G)=e(G-v)+n—1>(p—-1n—Lip-1)p-2.
Thus, we may assume that A(G) < n — 2. Then by Theorem 7 we have §(G) >
2(p—2). If 5(G) > 2(p — 1), then e(G) > (p — 1)n. Thus, to complete the proof
we consider 6(G) = 2(p — 2) and §(G) = 2p — 3.

Let v be a vertex with minimum degree and let H = V(G) \ N[v]. Since G
is maximal, for any vertex x € H the subgraph G[N(z) N N(v)| contains K,_s.
Let

T ={ye€ N(v):yisina (p— 2)—clique of G[N(v)]}.
Let |T'| = t. Each vertex of H has at least p — 2 neighbours in 7" and each vertex
of T has at least p — 3 neighbours in 7T". Thus,
e(GIT UH]) > 3t(p—3) + Xy dr().
Moreover,
|E(G =)\ B(GITUH])| > ¥ senpr dron (@) + 5 Xpenprda(@) — 1
— drun (v)) + 3 Ygen(da(z) — dr(z))
=3 Laen)\r(da(@) =1+ dron(2)) + 5 Xpep (da(x) — dr(a))
> 5 Ysennr(de(@) = 1) + 53 Y pep(da (@) — dr(z)).
Now we can calculate the lower bound for e(G). Let §(G) =
e(G) = e(G[T U H]) + [N (v)| + | E(G = v) \ B(G[T'U H])|
P=3)+ e (@) +0+1 Yoy r(da@) — 1)+ 1 e (dale) — dr(a))

> 2t(

=5t =3) + 0+ 5 Lpenwprlda(@) = 1) + 5 X e py(da (@) + dr(x))
> 5t(p—3) + 8+ 3(8 —)(6 = 1) + 3|H|(0 +p—2)
=3t(p—2-6)+30(6—1)+in—-1-6)(0+p—2).

Since §(G) = 2(p—2) or §(G) = 2p— 3, this expression has the smallest value
when ¢ is as large as possible. Since t < §, we have e(G) > —162 -6+ 36n+ 1(n
—1)(p—2). When §(G) = 2(p — 2), we have —162 — 5+ $on+ 1 (n—1)(p - 2) >
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(p—1)n— %(p— 1)p—2forp>>5andn > 3(n+4). When 6(G) = 2p— 3, we have
—302—6+50n+3(n—1)(p—2) > (p—1)n—3(p—1)p—2for p > 4 and n > 3(n+4).
To complete the proof note that by Theorem 8 s(n, K,) > (p—1)n—2(p—1)p—2
for p=4 and 0(G) = 4. |

4. MAXIMUM SIZE OF NON-(p — 1)-PARTITE K,-FREE GRAPHS

In this section we will give a maximum size of the non-(p — 1)-partite Kp-free
graphs for p > 4. We will also determine the set E(n, K,) for p > 4. We will
prove this in the following way. First we will show that the non-(p — 1)-partite
K -free graph G of maximum size is the join of the non-bipartite K3-free graph of
maximum size with the (p — 3)-partite graph, i.e., G = G + G2, where G; € C%
and G is complete (p — 3)-partite. Next we will show how to distribute the
vertices of G between (G; and (G5 to obtain a maximum size.
We need the following lemma.

Lemma 10. Let G be a mazimal Ky-free graph and v € V(G). Let xy be such
an edge that, x,y € V(G) \ N[v]. Then the vertices N(v) N N(x) N N(y) induce
the Kp_o-free graph and |N(v) \ (N(z) N N(y))| > 2.

Proof. If the subgraph induced by N(v) N N(z) N N(y) had a clique K,_o, this
clique together with x and y would form K. Since G is the maximal K-free
graph, the subgraph N(v) N N(z) contains a clique K’ on p — 2 vertices and also
the subgraph N(v) N N(y) contains a clique K” on p — 2 vertices. If K’ = K",
then this clique together with z,y form K, a contradiction. Thus, at least one
vertex of K’ is not adjacent to y and at least one vertex of K is not adjacent to
x. |

Let us introduce the following notations. For S C V(G), e(S) denotes the number
of edges incident with vertices of 9, i.e., e(S) = e(G[N[S]]). For Si,52 € V(G),
by the symbol E(S7, S2) we denote the set of all edges linking a vertex from the set
S1 with a vertex from the set So, i.e., E(S1,S2) = {uv € E(G) : u € S1,v € Sa}.
Let 6(51,52) = |E(Sl,52)‘ Let T; = {Tp(n) n 2 p}.

Theorem 11. Let p > 3 and n > p+2. If G € E(n, K,), then G = G1 + G»
where Gy € Cf and G is complete (p — 3)-partite.

Proof. Let v be the vertex of maximum degree and A(G) = A. We consider
two cases.

Case 1. G[N(v)] is not (p — 2)-partite. We prove by induction on p. For
p = 3 the proof follows from Theorem 5. Suppose that the subgraph induced by
V(G) \ Nv] contains an edge. Since |N(v)| = A, if we delete all the edges in
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G[V(G) \ N[v]] and join each vertex of V(G) \ N[v] to all vertices of N(v), then
we obtain a non-(p — 1)-partite K-free graph with more edges, a contradiction.
Thus, V(G) \ N[v] is the independent set of vertices. Since G[N (v)] is Kp,_1-free
and is not (p — 2)-partite, we have by the induction hypothesis that G[N(v)] =
G1+ G, where G € C} and G, is complete (p—4)-partite. This implies that GY
together with V(G)\ N (v) form the complete (p—3)-partite graph G3. Therefore,
G = G1 + G2 where G; € C¢ and G is complete (p — 3)-partite.

Case 2. G[N(v)] is (p — 2)-partite. Let H = V(G) \ N[v]. Since the graph
G is not (p — 1)-partite, there is an edge in the subgraph induced by H. Let
z,y € H and 2y € E(G). Let S be the maximum K,,_»-free subgraph of G[N (v)]
(i.e. Kp_o-free with maximum number of vertices) and |S| = s. Since G[N(v)]
contains K,_», we have A — s > 1. Let us consider two cases.

Subcase 2.1. A —s > 2. Let F' = G + G2, where G; = C5[1,1,1,A — s —
1,n — A —2] and Gy € T,_3(s). Note that e(F) = nA — A% — s> + As — A +
s+ 1+ e(Tp—3(s)) and F is non-(p — 1)-partite Kp-free. Since G € E(n, K)), it
follows that e(G) > nA — A% — 2 + As — A+ s+ 1+ e(Tp—3(s)).

On the other hand we can calculate the size of G in the following way:

e(G) = d(v) +e(H \{z,y}) +e({z,y}, N(v)) + e(G[N(v) \ 5]) + (N (v) \ §,5) +
1+ e(G[9]).-

Note that e(H\{z,y}) < (|[H|-2)A. The subgraph induced by N (v)\N (z)NN(y)
is Kp_o-free, this yields that |[N(v) N N(z) N N(y)| < s, since s is order of the
maximum K,,_o-free subgraph of G[N(v)]. Thus, e({z,y}, N(v)) < A+ s. The
subgraph induced by N(u) N N(v) for any u € N(v) \ S is K,_o-free, since
otherwise the subgraph induced by N[v] would contain K,. Thus, e(G[N(v) \
S]) +e(Nw)\ S,S) < (A —s)s. Therefore, e(G) < A+ (|H| —2) A+ A+ s+
(A=38)s+1+e(G[S]) <nA —A%Z— 52+ As— A+ s+ 1+ e(Tp-3(s)).

We conclude that we obtain the graph of maximum size if the equality holds.
This implies the following:

(1) Each vertex of H \ {z,y} has maximum degree.

(2) The set H \ {z,y} is independent.

(3) The vertices N(v) N N(x) N N(y) induce the maximum K,_o-free subgraph

of G[N(v)].

(4) N(v) € N(z)UN(y).
(5) Each vertex of N(v)\ S is adjacent to all vertices of S.
(6) The vertices of S induce a graph from T))_s.

From (5) and (6) it immediately follows

Claim 1. G[N(v)] is the complete (p — 2)-partite graph.
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Since G[N (v)] is the complete (p—2)-partite graph and N (v)NN (x)NN(y) induces
the maximum Kj,_o-free subgraph of G[N(v)] (by (3)), we have the following

Claim 2. The vertices of N(v) NN (x)NN(y) induce the complete (p— 3)-partite
graph.

Let G4 be the subgraph of G induced by N(v) N\ N(z) N N(y), so G is complete
(p — 3)-partite by Claim 2.

Claim 3. Each vertex of V(G) \ V(G2) is adjacent to all vertices of V(G2).

Proof. 1t is easy to see that each vertex of (V(G) \ V(G2)) \ (H \ {z,y}) is
adjacent to all vertices of V(G3). Now we show that it holds also for each vertex
of H\ {x,y}. First note that each vertex of z € H \ {x,y} is nonadjacent to at
most two vertices of N(v), since dg(z) = A and H \ {z,y} is independent (by (1)
and (2)). Suppose that there is a vertex z € H \ {x,y} that is nonadjacent to a
vertex of V/(G2). First assume that z is nonadjacent to exactly one vertex of N (v)
(i.e., a vertex of Gy). Thus, z is adjacent either to x or to y. Since G is maximal
K,-free, N(v) N N(z) must contain a clique on p — 2 vertices. Since G[N(v)]
is complete (p — 2)-partite, both N(z) N N(z) N N(v) and N(z) N N(y) N N(v)
contains a (p—2)-clique. This implies that this clique either with z, z or z,y form
K, a contradiction. Now assume that z is nonadjacent to exactly two vertices
of N(v) (at least one of them is in V(Gz)). Thus, z is adjacent to both = and
y. Thus, either N(z) " N(x) or N(z) N N(y) contains K,_», so G contains K, a
contradiction. 0

To finish the proof of this case it is enough to see that vertices of G\ V(G2)
must induce the K3s-free graph that is not bipartite. Moreover, since G has a
maximum size G; = G \ V(G2) € C%. Hence G = G + Ga, where G; € C¢ and
G is (p — 3)-partite.

Subcase2.2. A—s =1. Let F = G1+ G2, where G; = C5[1,1,1,1,n— A —2]
and Gy € T,_3(A —2). Note that e(F) = (n — A)A+3(A —2) +e(Tp—3(A —2)).
Thus,

(%) e(G) > nA — A2 + 2A — 5+ e(T,—3(A — 2)).

Let w = N(v)\S. Since S is K,_o-free, every (p—2)-clique of G[N(v)] contains w.
From fact that N(z) NN (v) and N(y) NN (v) contain K, 5, we have wz € E(G)
and wy € E(G). Since dg(w) < A, we have dg(w) < s — 2. Let u € S such that
wu ¢ E(G). Let S’ = S\ {u}. We can calculate the size of G in the following
way e(G) = d(v) + e(H \ {z,5}) + e({z, s}, N(v) + e({w, u}, §) + 1+ e(G[5").

Since A(G) = A, e(H\{z,y}) < (|[H|-2)A. By Lemma 10, e({z,y}, N(v)) <
2A —2. Since w is nonadjacent to two vertices of S, e({w,u}, S’") < 2A—5. Thus,
e(G) <A+ (n—A—-3)A+2A—-2+2A -5+ 1+¢e(Tp-3(A —2)) =nA - A%+
2A — 6+ e(Tp—3(A — 2)). But this contradicts (). |
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In the next lemma we show how to distribute the edges in the graph G = G1+ Gs
such that G; € C¢ and G9 is a complete (p — 3)-partite graph to obtain the
maximum size.

Lemma 12. Letp >4 andn >p+2, n=p—1)g+r, (r=0,1,...,p—2).
Let G = G1 + G be the n-vertex graph such that G1 € C5 and G is a complete
(p — 3)-partite graph. If the graph G has the mazimum size, then the following
conditions hold:

forq=1,2, v(G1) =5,

{29 —1,2q} forr =0,
(1) {2(]_1’2(]72q+1} fOTT:1,2,...,p—4,
>
forqz3, v(Gy)€ {2¢,2q + 1} forr=p—3,
{29+ 1} forr=p—2,

(2) G is the graph of mazimum size in Cy and G2 € T)_5.

Proof. Because the number of edges in E(V(G1), V(G2)) depends neither on the
structure of GG1 nor on the structure of Go, it is easy to see that the condition
(2) is satisfied for a graph of maximum size. We show that the condition (1) also
holds. We prove this in the following way: if G has less vertices than in thesis,
then we delete a vertex from G9 and add it to a proper set of G; and we show
that the resulting graph has more edges; if G; has more vertices than in thesis,
then we delete a vertex from G and add it to a proper set of G2 and we show
that the new graph has more edges.

Let v(G1) = t and A(t, K3), B(t, K3),C(t, K3) be the families of graphs de-
fined in Section 2. From Lemma 4 it immediately follows

Claim 4. If ¢ is odd, then Gy € C(t, K3) and in G there is a vertex x such that
x is nonadjacent to % + 1 vertices of G.

Claim 5. If ¢ is even, then Gy € A(t, K3) U B(t, K3) and in Gy there is a vertex
x such that = is nonadjacent to % + 1 vertices.

Claim 6. If ¢ is odd, then G; € C(t, K3) and we can add a new vertex x and
join z with % vertices of Gy in such a way that the resulting graph is in C%.

Claim 7. If t is even, then G; € A(t, K3)UB(t, K3) and we can add a new vertex
x and join z with % vertices of G1 in such a way that the resulting graph is in
Cs.

For ¢ = 1,2, we have p+2 <n < 3(p—1)—1. It is easy to see that the result holds
for n = p+ 2. Assume that n > p+ 3 and v(G;1) > 6. Let Vi, Vs, ..., V5 be the
independent sets that replace the vertices of C5 in G;. Since v(G1) > 6, at least
one set of V1, Vs, ..., V5 has at least two vertices. Let x be the vertex in this set.
Thus, d(z) < n —4. Since n < 3p — 4 and v(G;) > 6, we have v(G2) < 3n — 10.
Hence, there is a partite set of (Go that has less than three vertices. If we shift
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the vertex x to this set, then we obtain a graph with more edges, because now
d(x) >n—3.

Now suppose that ¢ > 3, r = 0 and v(G1) < 2g—2. Thus, v(G2) > (p—3)g+2
and there is a partite set of G having more than ¢ vertices. Let x be the vertex in
this set, so d(x) < n—g—1. Claim 6 and Claim 7 imply that if we shift the vertex
x to Gy, then we obtain a graph with more edges, because now d(z) > n — q.

Suppose that for ¢ > 3, r = 0 and v(G1) > 2¢g + 1. By Claim 4 and Claim
5 there is a vertex x such that d(z) < n —q — 1. Because v(G2) < (p —3)g — 1,
the graph (9 contains a partite set with at most ¢ — 1 vertices. If we shift the
vertex x to this set, then we obtain a graph with more edges, now d(z) > n — q.

Assume that ¢ >3 and r =1,2,...,p — 4. If v(G1) < 2¢ — 2, then v(G2) >
(p —3)q + r + 2. Thus, there is a partite set of G having at least ¢ + 1 vertices.
Let = be a vertex in this set, so d(z) < n — ¢ — 1. By Claim 6 and Claim 7 if
we shift the vertex x to 1, then we obtain a graph with more edges, because
now the vertex x is adjacent to at least n — q edges. If v(G1) > 2q + 2, then
by Claim 4 and Claim 5 there is a vertex = such that d(z) < n — ¢ — 2. Since
v(G2) < (p — 3)qg + r — 2, the graph G2 contains a partite set with at most ¢
vertices. If we shift the vertex x to this set, then we obtain a graph with more
edges, now d(x) >n—q— 1.

Assume that ¢ > 3 and r = p—3. If v(G1) < 2¢—1 then v(G2) > (p—3)(q¢+
1) + 1. Thus, there is a partite set of Gy having at least g + 1 vertices. Let = be
a vertex in this set, so d(z) < n — ¢ — 1. By Claim 6 and Claim 7 we can shift
the vertex z to (G1 to obtain a graph with more edges, because then the vertex x
is adjacent to at least n — g edges. If v(G1) > 2q + 2, then by Claim 4 and Claim
5 there is a vertex x such that d(z) <n—q—2. Since v(G2) < (p—3)(¢+1) -2,
the graph G2 contains a partite set with at most ¢ vertices. If we shift the vertex
x to this set, then we obtain a graph with more edges, now d(z) >n —q — 1.

Assume that ¢ > 3 and r = p—2. If v(G1) < 2¢, then v(G2) > (p—3)(g+1)+1.
Thus, there is a partite set of Go with at least ¢ + 1 vertices. Let x be a vertex
in this set, so d(z) < n — ¢ — 1. By Claim 6 and Claim 7 if we shift the vertex
x to GG1, then we obtain a graph with more edges, because now the vertex x is
adjacent to at least n — ¢ edges. If v(G1) > 2g + 2, then by Claim 4 and Claim 5
there is a vertex z such that d(z) <n —¢g — 2. Since v(G2) < (p—3)(¢+ 1) — 1,
the graph G5 contains a partite set with at most ¢ vertices. If we shift the vertex
x to this set, then we obtain a graph with more edges, now d(z) >n—¢—1. =

Let us denote by G; the graphs from Lemma 12 achieving the maximum size. Let
G; (i=1,...,4) be the graph of order n = (p— 1)g+7r, 0<r<p—2, p>4
such that G; = Gj1 + G;2, where

G11 = Cs, G2 = Tp-3(n —5),

Gn € EQ2¢—1,K3), Gn=T,3(q(p—3)+r+1),
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Gs1 € E(2¢, K3), Gs2 =Tp-3(q(p —3) +7),
Gu €E(R2q¢+1,K3), Gao=T, 3(q(p—3)+r—1).

Then, from Theorem 11 and Lemma 12 it immediately follows

Theorem 13. Let p,n,q,r be integers such thatp >4, n > p+2, n= (p—1)qg+
r, 0<r<p-—2. Then

{G1} forq=1,2,
{G2,G3} forq>3andr =0,
E(n,Kp) =< {G2,G3,G4} forq>3andr=1,2,...,p—4,
{G3,G4} forq>3andr =p—3,
{G4} forg>3andr=p—2.

Theorem 13 implies the following

Theorem 14. Let p,n,q,r be integers such thatp >3, n>p+2, n=(p—1)qg+
r, 0<r<p-—2. Then i)
o —2 2 1 r(r+2
o(n, Kp) = 5" — g+ g — 3 L

5. SIZE OF MAXIMAL K),-FREE GRAPHS

Note that e(K11,.. 1,n—pt2) = sat(n, K;,) (the minimum size of the maximal K-
free graph with n vertices) and e(7T,—1(n)) = tp—1(n). Since e(Ki1,. 2n—pt1) >
(p— l)n—%(p— 1)p—2, Theorem 9 implies that for large n there is no maximal K-
free graph with n vertices and size m such that sat(n, K,) < m < s(n, Kp). From
Theorem 14 we have that for any pair n,m such that e(n, K,) < m < t,_i(n)

each n-vertex maximal K)-free graph with n edges is complete (p — 1)-partite.

Theorem 15. Let p,n be integers such that p > 3, n > 3p + 4. Then for any
integer m such that s(n, K,) < m < e(n,Kp) there is a mazimal K,-free graph
with n vertices and size m.

Proof. Let us consider the family of n-vertex graphs a(n) = {H +Q : H €
Cs, Q € Ty 5, v(H) +v(Q) = n}. Observe that every graph from «a(n) is
non-(p — 1)-partite maximal Kj-free. Let n =q(p—1)+7r, 0 <r < p—2. If
v(Q)=p—3and He S((¢—1)(p—1)+r—2,K3), then e(H + Q) = s(n, K,).
If v(@Q) = (p—3)g+rand H € E(2¢,K,) or v(Q) = (p —3)g+r — 1 and
H € E(2q + 1,Kp), then e(H + Q) = e(n,Kp). Let ap(n) C a(n) such that
ap(n) ={H+Q:HeC3, QeT) s v(Q)=>, v(H) =n—>b}. Note that for
any graph from as(n) the number of edges adjacent to vertices of ) is constant.
Let ep be the number of edges adjacent to vertices of @) in the graph from ay(n).
From Theorem 6 it follows that for any integer e such that
e€lep+2(n—>b)—5,e+1(n—0b)%—3(n—>b)+ 1r2+1],
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where r =n — b (mod 2)
there is a graph in a(n) with size e. To complete the proof we show that for b
such that p — 3 < b < q(p — 3) + r the inequality
ep+1(n—02—3in—-b)+ir+2>e41+2(n—b-1)-5
holds. Or, equivalently,
epr1 — ey < 1(n—0)2 —3(n—b)+ 1r? +9.

To prove this observe the following: if in H + Q € ap(n) we shift a vertex v from
H to @ (to the independent set V; with the smallest number of vertices), then
we must delete all edges joining v with V; and add all edges joining v with H
to obtain a graph from apy1(n). Thus, epy1 —ep = n —b—1—|Vi|. To finish
the proof we conclude that n —b—1 — V3| < 2(n —b)2 — 3(n —b) + 1r2 + 0.
Indeed, when b > 3(p — 3), we have |Vj| >3, son—b—-1—[V1| <n—-b—-4<
1(n—b)%=5(n—b)+1r?+9. When p—3 <b<3(p—3)—1, we have n—b > 14.
Thus,n—b—1—|Vi| <n—b-2< 3(n—b)>—2(n—b)+ 1r?+9, for n—b > 14.

|
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