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Abstract

In 1982 Laborde, Payan and Xuong [Independent sets and longest directed
paths in digraphs, in: Graphs and other combinatorial topics (Prague, 1982)
173-177 (Teubner-Texte Math., 59 1983)] conjectured that every digraph
has an independent detour transversal (IDT), i.e. an independent set which
intersects every longest path. Havet [Stable set meeting every longest path,
Discrete Math. 289 (2004) 169-173] showed that the conjecture holds for
digraphs with independence number two. A digraph is p-deficient if its order
is exactly p more than the order of its longest paths. It follows easily from
Havet’s result that for p = 1,2 every p-deficient digraph has an independent
detour transversal. This paper explores the existence of independent detour
transversals in 3-deficient digraphs.
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1. INTRODUCTION

Let D be a digraph with vertex set V(D) and arc set A(D). The number of
vertices of D is called its order and denoted by n(D). For any nonempty subset
S of V(D), (S) denotes the subdigraph of D induced by S. The cardinality of S
is denoted by |S].

If v is a vertex in a digraph D, we denote the sets of out-neighbours and in-
neighbours of v by N*(v) and N~ (v) and the cardinality of these sets by d* (v)
and d~ (v), respectively. The neighbourhood of v, denoted by N (v) is defined by
N(v) = NT(v)UN~(v) and the degree of v in D is defined as d(v) = d* (v)+d~ (v).
The closed neighbourhood of v, denoted by N{v] is defined by N[v] = N(v)U {v}.
If N[v] = V(D), we call v a universal vertex of D. We denote V(D) — N[v] by
N°(v).

A directed path (cycle) in a digraph will simply be called a path (cycle). A
path (cycle) of order m is called an m-path (m-cycle). A detour in D is a longest
path in D and the detour order of D, denoted by A(D), is the order of a detour
in D. Following Galeana-Sanchez and Gémez [8], we denote the sets of initial
and terminal vertices of detours in D by Lt (D) and L~ (D), respectively. If v is
a vertex in D, then the order of a longest path starting at v is denoted by sp(v)
and the order of a detour ending at v is denoted by ep(v). The detour deficiency
of D is defined as p(D) = n(D) — A(D). A digraph with detour deficiency p is
called p-deficient. The circumference ¢(D) of D is the order of a longest cycle in
D.

A digraph D is called traceable if it contains a hamiltonian path (a path con-
taining all vertices of D). A digraph D is hamiltonian if it contains a hamiltonian
cycle (a cycle containing all vertices of D).

A digraph D is strong (or strongly connected) if for every two distinct vertices
x and y of D there is a path from z to y. A maximal strong subdigraph of D
is called a strong component of D. The strong components of D have an acyclic
ordering, i.e. they may be labeled D1, Ds, ..., D, such that if there is an arc from
D; to Dy, then i < j (cf. [3], p. 17). If X and Y are distinct strong components
in D such that some vertex in X dominates a vertex in Y, then vertices in Y are
said to lie below X and vertices in X are said to lie above Y.

An oriented graph is a digraph that is obtained from a simple graph by
assigning a direction to each edge, i.e. it is a digraph that has no 2-cycles. An
orientation of a complete graph is called a tournament.

An independent set (or stable set) in D is a set of pairwise nonadjacent
vertices. The independence number (or stability number) of D, denoted by a(D),
is the maximum integer k such that D has an independent set of cardinality k.
Suppose S is a set of vertices in a digraph D. Then S is a dominating set of D
if for every x € V(D) — S there is a y € S such that yr € A(D). The set S
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is an absorbant set of D if for every z € V(D) — S there is a y € S such that
xy € A(D).

An independent detour transversal in D, denoted by IDT, is an independent
set that intersects every longest path in D. For undefined concepts we refer the
reader to [3].

In 1982 Laborde, Payan and Xuong [11] conjectured that every digraph has
an IDT. The conjecture (which we refer to as the LPX Conjecture) clearly holds
for every digraph having an independent dominating set or an independent ab-
sorbant set. Richardson [12] proved that every digraph without odd cycles has
an independent dominating set, and consequently the LPX Conjecture holds for
digraphs without odd cycles. In [9] Galeana-Sénchez and Rincén-Mejia presented
a number of sufficient conditions for a digraph to have an IDT.

We note that the LPX Conjecture is a particular case of the Directed Path
Partition Conjecture (DPPC) (see [1]) which states: For every digraph D and
every pair of positive integers A\; and A2, such that A(D) = \; + Ao, there exists a
partition (Vi, V2) of the vertex set V(D) such that A((V;)) < A;, fori = 1,2. Bang-
Jensen, Nielsen and Yeo [4] showed that the DPPC, and consequently the LPX
Conjecture (which is the case of the DPPC where A\; = 1) holds for special classes
of digraphs which are generalizations of tournaments. In [8] Galeana-Sanchez
and Gdémez also showed that line digraphs as well as certain generalizations of
tournaments possess an independent set that intersects every non-augmentable
path and hence every longest path.

In 2004 Havet [10] proved the following result.

Theorem 1 [10]. Every digraph D with independence number at most 2 has an
IDT.

The next result is a direct consequence of Theorem 1.
Corollary 2. If D is a digraph and p(D) < 2, then D has an IDT.

Proof. If (D) < 2, then according to Theorem 1, D has an IDT.
Now suppose a(D) > 3. Let S be an independent set with 3 vertices. It then
follows that |V(D — S)| =n —3 < A(D) and hence S is an IDT of D. n

It is therefore natural to consider the existence of IDTs in 3-deficient digraphs.
Obviously, every p-deficient digraph with independence number greater than p
has an IDT. Thus another consequence of Havet’s Theorem is the following.

Corollary 3. If D is a 3-deficient digraph with a(D) # 3, then D has an IDT.

In view of Corollary 3, the restriction of the LPX Conjecture to 3-deficient di-
graphs should be considerably easier to settle than the general conjecture.
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In Section 2 we present some elementary but useful results concerning IDTs in
digraphs, and in Section 3 we present some sufficient conditions for the existence
of IDTs in 3-deficient digraphs. Our main result is that if D is a strong 3-deficient
digraph with circumference at least n(D) — 5, then D has an IDT. However,
proving the LPX Conjecture for 3-deficient digraphs seems more difficult than
expected— even for digraphs of small order. Therefore, in Section 4, we restrict
our attention to 3-deficient oriented graphs. We show that those of order at most
8 have IDTs. We also show that every strong 3-deficient oriented graph of order
at most 10 has an IDT.

2. GENERAL RESULTS

We begin this section by stating some results on detours that will be used fre-
quently. First, we have an easy observation.

Observation 4. Suppose D is a digraph and H and F are two subdigraphs of D
such that V(H)NV(F) =0. Letv e V(H) and w € V(F). If vw € A(D), then
en(v) + sp(w) < A(D).

The following two lemmas are direct consequences of this observation.

Lemma 5 (The Lollipop Lemma [5]). Let C be a cycle in a digraph D and let
P =wviva...vp be a path in D —V(C). If vi has an in-neighbour on C or v, has
an out-neighbour on C, then \(D) > n(C) + n(P).

Lemma 6. Suppose D is a digraph and w € V(D). If D — {w} has a detour
P:’Ul...’Ui’UZ'_;,_l...U)\ OfD, then

(i) w¢ N~ (v),

(i) w ¢ N*(va),
(iii) w ¢ N+(1}i) N N*(viﬂ).
Corollary 7. Suppose D is a digraph with a detour P. If v ¢ V(P), then
Ng(2) £ 0.

It is a well known fact that every semi-complete digraph (i.e. every digraph with
independence number 1) is traceable. Chen and Manalastas [7] extended this
result as follows.

Theorem 8 [7]|. Every strong digraph with independence number at most 2 is
traceable.

The following extension of Theorem 8 is given in [2].
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Theorem 9 [2]. If D is a connected digraph with at most two strong components
and o(D) < 2, then D is traceable.

Next we present some elementary but useful sufficient conditions for the existence
of IDTs in digraphs. The first result follows from Corollary 7.

Lemma 10. Suppose I is an independent set in a digraph D. If N(w) = V(D)—1
for somew € I, then I is an IDT of D. In particular, if D has a universal vertex
x, then {x} is an IDT of D.

Lemma 11. Let D be a p-deficient digraph and suppose I is an independent set
in D with p vertices. If there is an © € V(D) — I such that ) # N~ (z) C I or
0+ Nt(xz) C1I, then I is an IDT of D.

Proof. Suppose that [ is not an IDT of D. Then the subdigraph D — I has a
hamiltonian path P. If v is not the initial vertex of P, then v has an in-neighbour
on P, so N~ (v) € I. If v is the initial vertex of P, then v has no in-neighbour in
I, so either N~ (v) =0 or N~ (v) € I. A similar argument holds with respect to
out-neighbours of vertices on P. [

For digraphs that are not strong we need the following results.

Lemma 12. For any digraph D the following hold.

(i) Suppose x and y are two vertices in different strong components of D that
are both in LT (D) (or both in L= (D)). Then x and y are nonadjacent.

(ii) Suppose D has a hamiltonian strong component X and P is a detour of D
that starts in X. Then V(X) C V(P).

Proof. (i) Suppose z,y € LT (D) and xzy € A(D). Let P be a detour of D with
y as initial vertex. If x and y are in different strong components of D, then x lies
above y, so P does not contain x and hence xP is a path of order greater than

A(D).

(ii) Let P’ be the subpath of P contained in X and let z be the terminal
vertex of P’. Since X has a hamiltonian cycle, z is the terminal vertex of a
hamiltonian path @ of X. If V(X) € V(P’), then a path with more vertices than
P is obtained by replacing P’ with Q. |

In [1] it is shown that a digraph D for which (L* (D)) has an independent domi-
nating set ((L~(D)) has an independent absorbant set), has an IDT. Combining
this result with that of Richardson [12] mentioned in Section 1 we have the fol-
lowing.

Lemma 13. Suppose D is a digraph. If (L*(D)) or (L~ (D)) contains no odd
cycles, then D has an IDT.
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We now prove the following more general result.

Lemma 14. A digraph D has an IDT if D satisfies one of the following.

(i) If X is a strong component of D that contains a vertex of LT (D), then X is
hamiltonian or (LT (D) NV (X)) has an independent dominating set.

(ii) If X is a strong component of D that contains a vertex of L~ (D), then X is
hamiltonian or (L~ (D) NV (X)) has an independent absorbant set.

Proof. If D satisfies (i), we construct a subset S of LT (D) as follows.

Consider every strong component X of D that contains vertices of Lt (D).
If X is hamiltonian, put exactly one vertex of V(X) N LT (D) into S. If X is
nonhamiltonian, then put all the vertices in an independent dominating set of
(LY(D)N V(X)) into S. By Observation 12(i), S is an independent set.

Let A be the detour order of D. If S is not an IDT of D, let P be a A-path
in D — S with initial vertex a and let X be the strong component containing a.
If X is hamiltonian then Lemma 12(ii) implies that V(X) C V(P). However,
V(X) € V(D — 5), since S contains a vertex of X. Thus X is nonhamiltonian
and hence S contains an independent dominating set of (LT (D) N V(X)). But
then a is dominated by a vertex s in S, so sP is a path of order A + 1. This
contradiction proves that S is an IDT of D.

If D satisfies (ii), we use a symmetric argument to construct an IDT of D
that is contained in L™ (D). |

Corollary 15. If D is a digraph that has no IDT, then D contains a nonhamil-
tonian strong component X such that (LT (D) NV (X)) has an odd cycle and a
nonhamiltonian strong component'Y such that (L~ (D)NV(Y')) has an odd cycle
(X and Y may be the same component).

3. IDTSs IN 3-DEFICIENT DIGRAPHS

We now focus our attention on 3-deficient digraphs and present some sufficient
conditions for such digraphs to have IDTs.

Lemma 16. Let D be a 3-deficient digraph and suppose x and y are two nonad-
jacent vertices of D. Then an independent set I of D is an IDT of D if one of
the following holds.

(i) dt(z) >1,d"(y) > 1 and NT(z) UNT(y) C I,
(i) d (z) 21, d (y) =2 L and N~ (z) UN~(y) C I,
(iii) d=(x) >1,d"(y) > 1 and N~ (x) UNT(y) C I.
Proof. We prove (i). The proofs of (ii) and (iii) are similar. If |I| > 4, then I
is an IDT of D since A(D — 1) < n(D —1) < n—4 < XD). If [I| = 3, then
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Lemma 11 implies that I is an IDT of D. Now suppose |I| = 1, say [ = {w}. If
w is a universal vertex of D, then I is an IDT of D by Lemma 10. If w is not
a universal vertex of D, let z € N°(w). Then {w,z} is an independent set and
N*t(z) UNT(y) C {w,z}. Thus we need only consider the case where |I| = 2.
Suppose [ is not an IDT of D. Then D — I contains a A-path P. Since
n(D —I) = A(D) + 1, at least one of = and y, say z, is in P. But z has no
out-neighbours in D — I, so x is the terminal vertex of P. However, by our
assumption, x has an out-neighbour, say z, in I and hence Pz is a (A 4+ 1)-path
in D. [

Lemma 17. Suppose D is a strong 3-deficient digraph of order n. Then D has
an IDT if [N°(w)| < 2 for some vertex w € V(D).

Proof. The case |[N°(w)| = 0 follows immediately from Lemma 10.

Suppose |[N°(w)| = 1. Then there exists a vertex z € V(D) such that
I = {z,w} is an independent set. Then, according to Lemma 10, I is an IDT of
D.

Suppose |N°(w)| = 2. Then there exist vertices x,y € V(D) such that z,y ¢
N(w). If z and y are nonadjacent, then according to Lemma 10, I = {z,y,w}
is an IDT of D. Now suppose zy € A(D) and that D does not have an IDT.
Let U = (N~ (w)) and Z = (N(w) — N~ (w)). We first observe the following.
Suppose P = vjvy...vy is a A-path in D — {z,w} or in D — {y,w}. If v; € U,
then v;41 ¢ Z, otherwise vy ... v;wvit1 ... vy is a (A+ 1)-path in D. Also vy ¢ Z,
otherwise wP is a (A +1)-path in D and vy ¢ U, otherwise Pw is a (A + 1)-path.

Suppose V(Z) = . Then D —{y, w} has a A-path which ends at z. But then
Py is a (A+1)-path in D. Thus we may assume V(Z) # . Then D — {x,w} has
a A-path P = P,yP,, where P, and P, are paths in U and Z, respectively and
where P, can be (). Also D — {y,w} has a A-path Q = Q,zQ, where @, and
Q. are paths in U and Z, respectively and Q, # 0. If |V(P,)| = |[V(Qu)|, then
QuryP, is a (A + 1)-path in D. On the other hand, if |V(P,)| > |[V(Qu)|, then
P,w@; is a (A + 1)-path in D. Similarly if |V (P,)| < |V(Qu)|, then QuwP; is a
(A + 1)-path in D. =

We now show that the LPX Conjecture holds for strong 3-deficient digraphs with
circumference at least n — 5.

Theorem 18. Let D be a strong 3-deficient digraph. If ¢(D) > n — 5, then D
has an IDT.

Proof. Assume that D does not have an IDT. By Lemma 5 and since A\(D) =
n — 3 and a(D) = 3 it follows that ¢(D) < n — 5. Now suppose ¢(D) = n — 5.
Let C = v1vg...v,—5v1 be a circumference cycle in D and let X = D — V(C).
Suppose X contains a cycle C'x of order greater than 2. Then since D is
strong there is an arc or a path from a vertex on C to a vertex on C'x. But then



268 S. VAN AARDT, M. FRICK AND J. SINGLETON

by Lemma 5, A\(D) > n(C) +n(Cx) >n —5+3 =n —2. Hence X contains no
cycle of order greater than 2.

First we show that A\(X) < 2. Assume A\(X) >3 and let P = z122...x) bea
detour of X. Since D is strong there is an x; — ;1 path in D for i € {2,..., A}
But since n(Cx) < 2 for any cycle Cx in X and sx(z;) > 3,i=1,...,A—2
and ex(x;) > 3,4 = 3,..., ], it follows from Lemma 5 that x;x,—1 € A(D) for
1 =2,...,A. Then clearly, since there are no cycles of order greater than 2 in X
and A(X) > 3, z1 and z) are nonadjacent. We now choose a vertex y € V(X)
such that y = z3 if A(X) = 5, and y € V(X) — V(P) if A(X) < 5 and let
Y = {x1,z),y}. Then Y is an independent set and since no vertex on C is a
neighbour of z; or z) and a(D) = 3, it follows that V(C) C N(y). But, since C
is a longest cycle in D, no successor of an in-neighbour of y is an out-neighbour
of y; hence V(C) is either contained in N~ (y) or in N*(y). By symmetry, we
may assume that V(C) € N~ (y). But then it follows from Lemma 5 and the
fact that sx(z3) > 3 that y # z3 (i.e. AM(X) <5 and y € V(X) — V(P)). Then
sx(x;) > 2 for every z; € V(P). Also, since D is strong there is a y — x; path in
D. But again from Lemma 5 we have a contradiction.

Thus A\(X) < 2. But since a(D) = 3, \(X) > 2 and therefore A\(X) = 2.
It is also easy to see that since a(D) = 3 and A(X) = 2, there is at most one
component of X of order 1.

First suppose every component of X has order at least two. Then we may as-
sume w.l.o.g. that V(X)) = {uy, ug, us, w1, w2} and {ujwy, ugwi, ugws} C A(X).
Let U = {uy,u2,us} and W = {wy,we}. Then U C L*T(X) and W C L™ (X)),
and both U and W are independent sets. Moreover, since A(X) = 2, u; has
no in-neighbours in X and hence, since D is strong, there exists a v; € V(C)
such that v; € N~ (uy). But then v;11 € L*(D). Since U is an independent set
of cardinality 3, v;4+1 has a neighbour in U. If v;4; has an in-neighbour in U,
then either we get an (n — 4)-cycle (if ujvi41 € A(D)), or if say usvi41 € A(D),
then ugv;j+1viy2...v;ujwy is an (n — 2)-path. Hence, v;11 € N~ (U) and again
vi+2 € LT(D). Continuing this argument it follows that V(C) C N~ (U). But
then no vertex of V(C) is in NT (W) otherwise we either get a cycle of order
greater than c¢(D) or a path of order greater than A\(D). Hence N*(w;) = () and
therefore D is not strong.

Hence exactly one component of X has order 1. Let x be the vertex of this
component. Then X — z contains two vertex disjoint paths ujw; and usws. Let
U = {uj,u2} and W = {wy,wa}. Since A(X) = 2 it follows that U U {z} and
W U {x} are independent sets. We now prove the following two claims.

Claim 1. FEach of u1 and us has an in-neighbour on C and each of w1 and wo
has an out-neighbour on C.

Proof. Suppose N~ (u;)NV(C) = 0 for some u; € U. Then N~ (u;) C (WU{z})
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and by Lemma 11, D has an IDT. Similarly, if N (w;) N V(C) = 0 for some
w; € W, then Nt (w;) C (UU{z}) and again by Lemma 11 we get a contradiction.
This proves Claim 1. O

Claim 2. There exist distinct vertices vy, and vy on C' such that vi, € N~ (U) and
Uy € N+(W)

Proof. Now suppose \N;(C)(U) U NJ(C)(W)| = 1 and suppose v € V(C) such
that {v;} = N;(C)(U) U N‘ﬁ(c)(W). By Lemma 10 there exists a vertex y €
N°(vg). Now let I = {wvg,y} and let P be an (n — 3)-path in D — I. Then P
contains at least one vertex in U. Suppose u; € V(P) for some i € {1,2}. Then
u; is not an initial vertex of P otherwise v P is (A + 1)-path in D. Since vy is
the only in-neighbour of u; on V(C), and w; the only possible in-neighbour of u;
in X, w;u; is a subpath of P. But then replacing this subpath of P with w;vgu;
we get a (A + 1)-path in D. This proves Claim 2. O

Now, by relabeling the vertices of C if necessary, we may choose k£ and ¢ such
that 1 <k </f{<n-5and vy € N (U), vy € Nt (W) and v; ¢ N~ (U) and
vi g NT(W), fori=k+1,...,£ — 1. We may assume w.lo.g. that vy € N~ (uq).
Then the path vgi1...v,—5v1 ... vgurwy has order n — 3. Hence, if ug, we or x is
an in-neighbour of vg41, then D has an (n — 2)-path or an (n — 1)-path, and if u;
or wi is an in-neighbour of vg41, then D has an (n — 4)-cycle or an (n — 3)-cycle.
These contradictions show that vi1 has no in-neighbours in X. This implies that
vg+1 has an out-neighbour in the independent set U U {z}. But, by our choice
of £ and k, neither u; nor us is an out-neighbour of vyy1, so € NT(vgy1). A
similar argument shows that z € N~ (v,—1). But no successor of an in-neighbour
of z on C is an out-neighbour of x (otherwise D has a cycle of order n — 4),
so £ > k + 4 and there exist r,s € {k+1,...,¢ — 1} with s > r + 2 such that
v € N7 (2), vs € NT(z) and v; € N°(x) for i =r+1,...,s — 1. But v,4; has
a neighbour in the independent set U U {z}, so v,4+1 is an out-neighbour of w;,
with 7 = 1 or 2. Similarly, vs_; is an in-neighbour of w;, with j = 1 or 2. Now
C = 2vgVss1 . .. Vy_10px is a cycle of order (n—5) —(s—r—1)+1=n—(s—r+3)
and w;vr41 ... vs—1wj is a path of order (s —1) — (r+1)+1+2=s—r+1. But,
by Claim 1 and the choice of k and ¢, u; has an in-neighbour on C and hence, by
Lemma 5, A(D) > n— (s —r+3)+ (s —r+ 1) = n — 2, contradicting the fact
that \(D) =n — 3. |

As a corollary of Theorem 18, we have the following sufficient condition.

Corollary 19. Suppose D is a strong 3-deficient digraph. If x € V(D) such that
d(z) < 3 and x does not lie in an independent set of cardinality 3, then D has an
IDT.
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Proof. By our assumption on z, the subdigraph (N°(x)) has order at least n —4
and contains a spanning tournament. If (N°(z)) is strong, then it is hamiltonian
and hence ¢(D) > n — 4. But then according to Theorem 18, D has an IDT.
Now suppose (N°(z)) is not strong. Then, since D is strong, some vertex
a in the first component of (N°(x)) has an in-neighbour v in N(z) and some
vertex z in its last component has an out-neighbour w in N(x). Since (N°(x))
contains a spanning tournament, it is traceable and each of its non-trivial strong
components is hamiltonian, so it has a hamiltonian path P with a as initial vertex
and z as terminal vertex. Hence v = w; otherwise uPw is an (n — 2)-path. But
then ¢(D) > n — 3, so again D has an IDT. |

4. IDTS IN 3-DEFICIENT ORIENTED GRAPHS OF SMALL ORDER

We require the following two lemmas in order to prove that a strong 3-deficient
oriented graph of order at most 10 has an IDT.

Lemma 20. Let D be a strong 3-deficient oriented graph which does not have
an IDT. Let U = {uj,u2,us} be an independent set in D and P = vjvy...v)
be an (n — 3)-path in D —U. If v, € N~ (v1) for some t € {3,...,\ — 3}, then
ver1 & N7T(vy).

Proof. Suppose v; € N~ (v1) and vi41 € Nt (vy). Let C! be the cycle vivs . .. v01
and C? be the cycle Vep1Vt42 - . - UaVs11. If a vertex v in U has an in-neighbour in
one of these two cycles, then u cannot have an out-neighbour in the other one;
otherwise D would have a (A4 1)-path, by Lemma 5. Hence N (u) is contained in
exactly one of the sets V(C1) and V(C?). But, since a(D) = 3, every vertex on P
is adjacent to a vertex in U. Thus we may assume w.l.o.g. that N(u1) UN(ug) =
V(C') and N(uz) = V(C?). Then, by Lemma 6(ii), vy € N*(ug). But then it
follows from Lemma 6 that us has no in-neighbour, which contradicts that D is
strong. ]

Lemma 21. Suppose D is a strong 3-deficient oriented graph of order n. Then
D has an IDT if one of the following holds:

(i) A(D)>n—3.
(ii) D has an independent set {x,w,z} such that d(w) =n—4 and d”(w) < 3
or dt(w) < 3.

Proof. (i) This follows from Lemma 17.

(ii) Suppose {z,w,z} is an independent set in D such that d(w) = n — 4
and d~(w) < 3 or d"(w) < 3. Assume that D does not have an IDT. Then
D — {z,w,z} has a hamiltonian path P = wvjvs...v). Since d(w) = n — 4,
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there is exactly one vertex v; on P that is not in N(w) and, by Lemma 6(iii),
{v1,...v-1} = N~ (w) and {viy1,...,v0} = NT(w).

Now v; € N~ (v1) for some ¢ € {3,...,A —3}. If i« > t, then the path
VU3 . .. ViU1WYV;41 - . . U) has order A+1. Thus¢ < t—1,i.e. v; has an in-neighbour
in {vs,...,v;—1}. Similarly, vy has an out-neighbour in {v;41,..., va_2}. Hence
both d~(w) and d* (w) are at least 3 and one of them equals 3.

Now suppose d~(w) = 3. Then ¢t = 4 and v3 € N~ (v1). Then each of
the vertices vy, v9,vs is an initial vertex of a A-path in D — {v4,x,z}. Thus
{v1,v2,v3,w} has no in-neighbours in {v4, x, z}.

Also, if 7 > 4, then v; ¢ N~ ({v1,v2,v3,w}), otherwise the path vs...v;Quw
Vit1 - .. Uy, where @) is a 3-path in the cycle v1vov3v1, has order A+1. Consequently
{v1, v2,v3,w} has no in-neighbours in D — {v1,ve,v3,w}. Hence D is not strong,
a contradiction.

Similarly, d (w) = 3 leads to a contradiction.

Thus D has an IDT. [

Theorem 22. Suppose D is a strong 3-deficient oriented graph of order n < 10.
Then D has an IDT.

Proof. Assume D does not have an IDT. Let U = {uj,u2,us} C V(D) be an
independent set. Then D — U contains an (n — 3)-path and P = vjvy...v,_3.
Since D is strong it follows from Lemma 6 that N~ (v1) NV (P) # ) and N (vy)N
V(P) # (. Tt follows easily from Theorem 18 that we need only consider n > 9.

For n = 9 and A(D) = 6, it follows from Theorem 18 and Lemma 20 that
N~ (v1) NV (P) =0 and N*(vg) NV (P) = 0.

We now consider n = 10 and A(D) = 7, and note, from Lemma 21, that
A(D) < 6. It follows from symmetry, Theorem 18 and Lemma 20 that we
need only consider the cases where v3 € N~ (v1) and v5 € NT(v7); and where
vy € N~ (v1) N NT(v7).

Case 1. v3 € N~ (v1) and v5 € N*(v7). We first prove that N (vi) N
Ny (v7) = 0. Suppose uy € Nt (v1) N Ny (v7). Then uy and vy are nonadjacent,
since if u; € N~ (v4), then vovzviujvsvsvgvy is an 8-path and if uy € N7T(vy),
then vivevsviuv7UsVE is an 8-path. W.l.o.g. we assume ug is adjacent with vy.
Suppose vg € NT(uz). By Lemma 6, vs,v; ¢ N~ (u2). Also v1,v2 ¢ N~ (u2);
otherwise voU3V1U2V4V5VEUT OF V3V1V2U2V4V5Vv7 Would be an 8-path in D. Also,
vs,v6 ¢ N~ (u2); otherwise D would contain vevsvyuv7vs(ve)ugvy, which has
order greater than 7. Hence N~ (uz) = () which contradicts the fact that D is
strong. The case vs € N~ (ug) is similar.

Assume that u; € N (v1) and uz € N~ (v7). We first show that vy is
nonadjacent with both w; and us. Suppose v4 € N~ (u1) (by symmetry we need
only consider this case). Let H = ({v1,...,v4,u1}) and F = ({vs, v, v7,us}).
Since eg(u1) = 5 and sp(v;) > 3 for v; € V(F), it follows from Observation 4
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and Lemma 6 that NT(u;) = {vs}. Since sp(u3) = 4 and ey(v;) < 4 only if
i = 3, vz is the only possible in-neighbour of u3 in H. Hence by Lemma 16(iii),
vs € N~ (u3). Now vy and uy are nonadjacent and vg and ug are nonadjacent.
Also since sg(va) > 4, eg(ve) = 5 and sp(us) = ep(uz) = 4, vy and ug are
nonadjacent. Also sgy(uy) > 4, eg(u1) = 5 and sp(vg) = ep(vg) = 4, and thus
u1 and vg are nonadjacent. This implies that vy and vg are both adjacent with
u9 and that they are either both in- or out- neighbours of us. Either case leads
to a contradiction.

Hence vy is nonadjacent with w; and wus and therefore vy € N(ug). First
suppose v4 € N~ (uz). Let H = ({v1,...,v4,u1,u2}) and F = ({vs, v, v7,u3}).
We have N7 (ug) C {v2,v3} and therefore ey (u1) > 5. Hence N T (u;) = {v3} and
by Lemma 16(i), v € N*(u2). Now sgy(uy) > 5, eg(u1) = 6, sy(ug) > 5 and
er(uz) > 5, and hence by Observation 4, u; and uy are nonadjacent with both
vs and vg. Hence {uj,ug,vs} is independent and thus according to Lemma 11,
v7 needs an out-neighbour in D — {u, us, vs}. But according to Theorem 18 and
Lemma 20 this is impossible. The case vs € Nt (uz) is similar.

Case 2. vy € N~ (v1) NNt (v7). Suppose vy is nonadjacent with two of uy, ug
and us, say u; and wug. Then {uj,us,vs} is independent and thus according
to Lemma 11, v; needs an in-neighbour and v7 needs an out-neighbour in D —
{u1,u2,v4}. But then, according to Theorem 18 and Lemmas 6 and 20, the only
possibility is that v3 € N~ (v1) and v5 € NT(v7), so we have Case 1.

We may thus assume uq,us € N(vg). Then d(vy) = 6. Hence, according to
Lemma 21, {vy,v4,v6} cannot be independent and consequently vy and vg are
adjacent. From Theorem 18 it follows that vo € N~ (vg). But then vyvgvrvgvivg
is a 5-cycle which contradicts Theorem 18. [

If we now relax the condition that a 3-deficient oriented graph need be strong
then we have the following result.

Theorem 23. If D is a 3-deficient oriented graph of order at most 8, then D
has an IDT.

Proof. If D is disconnected, D obviously has an IDT, since any component X
of D either contains no detour of D or X is at most 2-deficient. If D is strong,
then D has an IDT by Theorem 22. Thus we assume that D is connected but D
has more than one strong component.

Suppose D has no IDT. Then, according to Corollary 15, D has nonhamil-
tonian strong components X and Y such that (L*(D) N V(X)) contains an odd
cycle A and (L~ (D)NV(Y)) contains an odd cycle Z. Since D is connected and
A(D) < 5, both A and Z have fewer than 5 vertices, so they are both 3-cycles.
Hence, by Lemma 5, n = 7 or 8 and A and Z are not vertex disjoint. Thus A and
Z are contained in the same strong component X of D. Let A = ajacaza; and
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7 = z1292321. Then, by Lemma 2.3 (i) and (ii), no vertex above X is adjacent
to any vertex in A and no vertex in Z is adjacent to any vertex below X and
therefore |X| > 4. W.lo.g. we may also assume that D has a vertex, say v,
that lies above X in D and that v has an out-neighbour in X — V(A) (since a
symmetric argument holds when v lies below X and v has an in-neighbour in
X —V(Z)). We note the following obvious, but useful observations, the first of
which is due to Lemma 5.

Observation 1. Since X is strong, there is a path from every vertex in X —V'(A)
to a vertex in A. Hence, by Lemma 5, every path in D — V(A) that ends in X
has order at most A(D) — 3. Similarly every path in D — V(Z) that starts in
X has order at most A(D) — 3 and consequently no detour in D contains two
consecutive vertices in D — V (X).

Observation 1 immediately implies that A\(D) = 5 and also the following.

Observation 2. N (v) is independent and no 5-path in D — Ny (v) contains v.
Hence Ny (v) is an independent set of order at most 2 in X.

Case 1. n(X) = 4. Let V(X) — V(A) = {z}. Since X is strong but not
hamiltonian, we may assume w.l.o.g. that a; € N°(x), as € NT(x) and a3 €
N~ (x). Now z is the only vertex in X that can be an out-neighbour of any

vertex above X, and hence a; is the only vertex in X that can be the terminal
vertex of a 5-path of D, contradicting that Z C (V(X)N L™ (D)).

Case 2. n(X) = 5. Let V(X) — V(A) = {z,y} and let € Ni-(v). Since
A(D) = 5, the digraph (V (X )U{v}) is nontraceable and hence Theorem 9 implies
that (V(X)U{v}) has an independent set I with |I| = 3. By Observation 2, z ¢ I
and we may therefore w.l.o.g. assume that I = {v,y,a1}. Now let P be a 5-path
in D — I. Let Q be the subpath of P that intersects X. Then by Observation 1,
P = uQw where u and w are vertices that lie above and below X respectively. But
then u and v are nonadjacent and ux € A(D). By Observation 1, Ny (u) UNY: (v)
is contained in an independent set and again by Observation 1 and Lemma 16
(i), we get a contradiction.

Case 3. n(X) = 6. Since A(X) < 5, X is nontraceable. Thus, it follows
from Theorem 8 that o(X) = 3. Let U be an independent set of cardinality 3
in X. Since a(D) = 3 we may assume v is adjacent to some vertex v € U and
therefore it follows from Observation 2 that w is not the only out-neighbour of
v in X and therefore d}(v) = 2. Now let V(X) = {a1,a2,a3,u,w,z} and let
N¥(v) = {u,w}. We also note by Lemma 5 that the graph induced by V(A)
together with any other vertex in X — V(A) cannot contain a 4-cycle.

Since u and w do not lie in an independent set of cardinality 3 in X, we may
assume w.l.o.g. that z and w are adjacent and that U = {u, x, az}, and therefore
a3 and w are adjacent. Hence, since D is strong, Nx(u) = {a1,a2} and since
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(V(A) U {u}) is not a 4-cycle, agu,ua; € A(D). Then was ¢ A(D) otherwise
vwagaagu is a 6-path in D. But if agw € A(D), then vuajasasw is a 6-path in
D.

Case4. n(X) = 7. By a similar argument as that in the previous case, we may
assume N1 (v) = {u, w} where u and w are nonadjacent. Now let P = v1v9v30405
be a 5-path in D — {u,w}. Then v is not on P and by Lemma 5, (V(P)) does
not contain a cycle of order greater than 3. Hence, since X is strong, vsvi, vsvs €
A(D). Also, by Observation 2, every vertex on P is adjacent with at least one
vertex in {u, w}. We may therefore w.l.o.g. assume that vyu € A(D). Now since
epy(v2) =5, va ¢ N~ (u) UN~(w) and since s;py(v2) >4, v2 ¢ Nt (u) UNT(w).

|
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