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Abstract

The Wiener indez of a connected graph G, denoted by W (G), is defined
as %Zu’vev(g) de(u,v). Similarly, the hyper- Wiener index of a connected
graph G, denoted by WW (G), is defined as AW (G) + iZu,veV(G)
d%(u,v). The vertex Padmakar-Ivan (vertex PI) index of a graph G is the
sum over all edges uv of G of the number of vertices which are not equidis-
tant from w and v. In this paper, the exact formulae for Wiener, hyper-
Wiener and vertex PI indices of the strong product G ™ Ky my,....mo1s
where K, m,,...,m,_, is the complete multipartite graph with partite sets
of sizes mg, m1,...,m,_1, are obtained. Also lower bounds for Wiener and
hyper-Wiener indices of strong product of graphs are established.

Keywords: strong product, Wiener index, hyper-Wiener index, vertex PI
index.
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1. INTRODUCTION

All the graphs considered in this paper are connected and simple. For vertices
u,v € V(G), the distance between u and v in G, denoted by dg(u,v), is the length
of a shortest (u,v)-path in G. The strong product of graphs G and H, denoted by
GXH, is the graph with vertex set V(G)xV(H) = {(u,v) :uw € V(G),v € V(H)}
and (u,x)(v,y) is an edge whenever (i) u =wv and zy € E(H), or (ii) uv € E(G)
and x =y, or (iii) wv € E(G) and zy € E(H), see Figure 1.

A topological index of a graph is a parameter related to the graph, it does
not depend on labeling or pictorial representation of the graph. In theoreti-
cal chemistry, molecular structure descriptors (also called topological indices) are
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used for modeling physicochemical, pharmacological, toxicological, biological and
other properties of chemical compounds [7]. Several types of such indices exist,
especially those based on vertex and edge distances. One of the most inten-
sively studied topological indices is the Wiener index. The Wiener index [26] is
one of the oldest molecular-graph-based structure-descriptors [25]. Its chemical
applications and mathematical properties are well studied in [6, 20].

371 y'2 Z/'s Z/:l Py
Yi Y, Y3 Y
e Xy V T1,Y4)
29 Xo e (w2,y4)
r >
r3¢ X3 ’ (x3,94)
T4 @ X4 ’v 37473/4)
T5 & X5 A (75,94)

Figure 1. P; X Py.

Let G be a connected graph. Then Wiener index of G, denoted by W(G),
is defined as W(G) = %Zu,ve\/((}) dg(u,v) with the summation going over all
pairs of vertices of GG. The hyper-Wiener index of a connected graph G, de-
noted by WW (G), is defined as WW(G) = s W (G)+ 1 2 uwev (G) d% (u,v), where
&(u,) = (da(u,0))2

The hyper-Wiener index of an acyclic graph was first introduced by Randié¢
[24]. Then Klein et al. [16] studied hyper-Wiener index for all connected graphs.
Applications of the hyper-Wiener index as well as its calculation are well studied
in [15, 17, 18, 19, 21].

Let e = uv be an edge of the graph G. The number of vertices of G whose
distance to the vertex u is smaller than the distance to the vertex v is denoted by
ny(€e). Analogously, n,(e) is the number of vertices of G whose distance to the
vertex v is smaller than the distance to the vertex u; here the vertices equidistant
from both the ends of the edge e = uv are not counted. Another topological
index, namely, the vertex Padmakar-Ivan (vertex PI) of G, denoted by PI(G),
is defined as follows, PI(G) = > ._.cp) (nu(e) + ny(e)). For e = uv in G,
the number of equidistant vertices of e is denoted by Ng(e). Then the above
definition is equivalent to PI(G) = }_.c g (IV(G)| = Na(e)).

The vertex PI index is the topological index related to equidistant vertices;
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Khadikar et al. [11] investigated the chemical applications of the vertex PI in-
dex. The mathematical properties of the vertex PI index and its applications
in chemistry and nanoscience are well studied in [1, 2, 3, 5, 12, 13, 23]. In [22]
we have studied the Wiener, hyper-Wiener and vertex PI indices of the tensor
product of graphs. In this paper, we obtain the Wiener, hyper-Wiener and vertex
PI indices of the graph G X Ky m;.....m,—1» Where Koo my  m,_, is the complete
multipartite graph with partite sets of sizes mg, m1,...,m,_1. Also we have ob-
tained lower bounds for Wiener and hyper-Wiener indices of the strong product
of graphs.

Ifmo=mi=--- =my_1=sin Ky m,,...m._,, then we denote Ky,; m,....m,_,
by K, (5. For S C V(G), (S) denotes the subgraph of G induced by S. A path
and cycle on n vertices are denoted by P, and C,,, respectively. We call C5 a
triangle. For disjoint subsets S, T C V(G), by dg(S,T), we mean the sum of the
distances in G from each vertex of S to every vertex of T, that is, dg(S,T) =
> sester da(s,t). For disjoint subsets S, T C V(G), E(S,T) denotes the set of
edges of G having one end in S and the other end in 7. Notations and definitions
which are not given here can be found in [4] or [9].

In this paper, besides some other results, we prove the following results.

Theorem 1. Let G be a connected graph with n vertices. Then
WG Kingmy,..com,—1) = 15 W(G)+n(ng —q—no) +(ng — 2g—no)| E(G)|, where
ng = Z:;& m; and q is the number of edges of Kpg my,....m,_ -

Theorem 2. Let G be a connected graph with n vertices. Then WW (G X
Kmgma..ome 1) = ng WW(G) + %(3713 — 4q — 3ng) + 2(nd — 2q — no)|E(G)|,
where ng = Z;;()l m; and q is the number of edges of Kmg ma,...me_1-

Let (V1, Va,...,Vy) be a proper x(G)-colouring of G, where x(G) is the chromatic
number of G, such that no V; can be augmented by adding a vertex of V;, j > i+1,
that is, no vertex of V; is nonadjacent to all the vertices of V;, 7 < j, in G. Without
loss of generality we assume that |Vi| > |Vo| > --- > |V,|. We call such a x(G)-
colouring a decreasing x(G)-colouring of G.

Based on the above results we have obtained the following lower bounds for
the Wiener and hyper-Wiener indices of the graph G X G’, where G and G’ are
connected graphs.

Theorem 3. Let G be a connected graph with n vertices and m edges; let G’
be a graph with x(G') = r > 2. If the decreasing color classes of G' have
mo, M1, . .., my—1 vertices, then W(GRG') > W(GR Kpngm,....m,,) = n2 W(Q)
+n(nd—q—no)+(né—2¢—no)m and WW(GRG') > WW (GX Koo my,..mp_1) =
nd WW(G) + %(3nd — 4q — 3no) + 2(n§ — 2q — ng)m, where STy my = ng, ng is
the number of vertices of G' and q is the number of edges of Ky mi....m, -
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2. WIENER INDEX OF G X K my,...mey

Let G be a simple connected graph with V(G) = {vg,v1,...,v,—1} and let
Kgmi,...ome_1> T > 2, be the complete multiparite graph with partite sets Vg, V1,
., Ve—1 and let |Vi| = m;, 0 <i <r — 1. In the graph G X Ky my,...m,_,, let
Bij =v; x Vj,v; € V(G) and 0 < j < r — 1. For our convenience, we write
V(G) % V(Ko ...om, 1) = Uig {vi x U= Vi)
:Uﬁ_l (v X%)U(’Ui X‘/l)U“'U(Ui X‘/T,1>}
1

- Un 1{310 U Bll U---u Bi(rfl)} = U?:_(()Jl Bij7
j=
where Bij = V; X ‘/J

Let & = {Bz‘j}z’:O,l,...,n—l- Let X; = U;;é B;j and Y; = U?:_OI B;j; we call
j=01,..r—1
X; and Yj as layer and column of G X Ky, m,,....m,_, . Further, if vu, € E(G),

then the induced subgraph (B;; U By,) of G X Ky m,....m,_, is isomorphic to
Ky, v,| or, mp independent edges joining the corresponding vertices of B;; and
Byj according to j # p or j = p. It is used in the proof of the next lemma.

The proof of the following lemma follows easily from the properties and
structure of G X K,,0m, .....m,_,, see Figure 2 and Figure 3. The lemma is used
in the proof of the main theorems of this paper.

Lemma 4. Let G be a connected graph and let B;j, By, € % of the graph
H=GX Ky m,...m._., where r > 2.

mimp, Zf ]#pa
mj(2m; = 1), if j=p
(ii) If vivi & E(G), then dg(Bij, Bip) = mjmpda(vi, vk).

(i) du(Bij, Bip) = {

(1) If ViV € E(G), then dH(Bijaka) = {

m;imy, Zf]?épa
2mj(m; — 1), if j=p

Proof of Theorem 1. Let H = GX Ky m,y,....m,_, - Clearly,
W<H) = 2 ZB” Bip€® dp (Bij, Bp)
r—1
(Z ij OdH( ijs Z;D)+Z'Lk 0 j—OdH(Biijkj)

7P g
+le;k023;z;:0dH(Blijkp)+Z Z] OdH(BljaB ))
1 JIFDP

(1) W(H):%(Al + Ay + As + Ay),

where Aq, As, A3 and A4 are the sums of the terms of the above expression, in
order.
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Figure2 If v;u, € E(G), then shortest paths of length 1 and 2 from B;; to By,; is shown in solid edges.
The broken edges give a shortest path of length 2 from a vertex of B;; to another vertex of B;;.
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Figure3. If (v;,vy) isashortest path of length ¢ in G, then a shortest path from any vertex of B;;
to any vertex of By; (resp. any vertex of B;; to any vertex of By, p # j) of length £ is shown
in solid edges (resp. broken edges).

We shall obtain A; to A4 of (1), separately.
= 100 Yiam0 du(Bij, Bip)
n—1 r—1 i#p r—1
=i (Zp OdH(BiOaBip)+Zp 0du(Bi1, Bip)+

p#1
=i (Ep 0 momy + Zp 0omimyp + -
p#£1

DI Ly du(B
;ﬁr 1

+Z p= O my— lmp)
pF#r—1

i(r— 1)7 ))
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since | B;p| = m,, and also see Lemma 4, therefore

r—1

(2) Al = n(Za,pZO mamp)'
a#p
Ay = Z 271;10 dH(Blj7B’€J)
1%k
= 22:0(2" zllc ko dH(BZJaBk]) +Z zkkO dH(Biijkj))
) v,;v{»’?E(G) quzz?éE(G)
T— n—1
sz:o(z zkkO m;(2m; — 1)+ 3 zkkO m?dc(ﬂz‘,vk)%
v,vZ?E(G) Vi Ukl;éE(G)
by Lemma 4,
Ay =3 (" im0 my (14 da(vi,ve))my — 1) + 3277 u; o mida(vi,vr)),
itk ik
v; v €EE(G) v v EE(G)

where 1 + dg(vi, vr) = 2 if viug, € E(G).
A= (X5, m?)(Z"‘i‘;;:ko da(vi,v0)) + 3520 3" /;ko m;(m; —1)

) | v v €EE(G) L kaelE(G)
r— n— r— n—
(T ZomD (T k=0 da(vi,v)) = (520 mF) (k=0 da (v, vi))
i#£k i£k
vlvkz;E(G) ”

+( 2o my(m; = 1) RIEG)]),
by combining the first and last sums of the above line. By the definition of Wiener
index,

r—1 r—1

(3) Ay = (3 mEW(G) + (3 mylm; — D)RIEG)).

Az = Z?k 10 p 0 dy (sza ka) ZZELO(Z;;(% dy (BiOa ka)
1 i#k J#p i#k p#0

+ 58 du (B, Bip) + - 4+ 3 ko dr (Bir—1), Brp))
p;él p;ﬁr 1

= S0 (Sp=o mompde (vi, vi) + Yo mimpde (v, vg) + -
z;ék p#0 p#1

+3 050 meoampda(vi, vr),
p#T 1

by Lemma 4,
Az = Y10 (Cpto mamy)de (vi, vr).
i#£k a;ép
By the definition of Wiener index,

r—1

(4) A3 = (Za,;;:O mamp)(ZW(G))

Ay = ZZJ(Z;& du(Bij, Bij)) = Z?;OI (Z;;é 2mj(m; — 1)),
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by Lemma 4, and hence
r—1

(5) Ay = "(ZFO 2mj(m; —1)).

Using (2), (3), (4) and (5) in (1), we have
W(H)= %("(Za 0 omamp)+(zr om)2W(G))+( Zomj(mj - 1D))2IE@G))
(Za p=0 mamp)(2W(G)) + n(Zj —o2mj(m; —1)))

a#p

= (Ciomi+ X, s omamp)W(G) +5 (X, ; 0 mamy + 35 2my(m; — 1))
a#p
+(ZGZgmy(m; — )) |E( ),
by combining terms involving W (G) and the first and last terms,

W(H) = ((n§ — 2q) +29)W(G) + 5(2¢ + 2(n§ — 2q — no)) + (n§ — 2q — no) |E(G)],

since > J_ - m = n2—2q, Eap 0Mammy = 2q and > '_ “ymj(m;—1) = n2—2q—n,
aFp

W(H) = ng W(G) +n(n§ — g —no) + (n§ — 2¢ — n0)| E(G)|. u
If m;=s, 0<i<r—1,in Theorem 1, we have the following

Corollary 5. Let G be a connected graph with n vertices and m edges. Then
W(GR K, ) =r*s*W(G) + %2 (rs + s — 2) + rs(s — 1)m

As K, = K1), the above corollary gives the following

Corollary 6. Let G be a connected graph with n vertices and m edges. Then

W(GRK,) = r*W(G) + % (r —1).

It can be easily verified that W (K,) = n(nT_l), W(P,) = % and
TL3 :
-, m is even

W C — 8 Y

() {n(nZ—l)’ n is odd.
By [10], W(Q,) = n22("=1),
Now using Theorem 1 and Corollaries 5, 6 and the Wiener indices of K,,, Py,
C, and @Q,, we obtain the exact Wiener indices of the following graphs.

L. W(Kp X Kpgmyoome_1) = %(2nn% — 2nq — nny — ng), where ng = Z::_ol m;
and ¢ is the number of edges of K my,...m,_1-

2. W(K, X K,)) = "5*(nrs +ns —n —1).

3. W(Py® Kmgmy,.om,_1) = 2(n*nd + 11n§ — 18¢ — 12ng) — (n§ — 2q — ng).
4. W(P, R K, () = Z(n’rs + 2nrs + 9ns — 12n — 6s + 6).

5. W(P, R K,) =% (n’r+ 3r — 4).
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(n? no + 16n — 24q — 16ny), if n is even,

6. W(C, X K =
(Cn Moy { (n?nd + 15n3 — 24q — 16ny), if n is odd.

0|3 0|3

7. W(Ch R K, () = {”;;S(n%s +4rs+125 —16), if n s even,

S (n®rs + 3rs + 12s — 16), if n is odd.

8. W(C, BK,) = %(”? *4r = 4), iin s even,

T (n°r +3r —4), if n is odd.
9. W(Qn® Kungmy,.oome—y) = 2" 12"~ + (n 4 2)ng(no — 1) — 2(n + 1)q).
10. W(Qn R K, (5) = 2" H((n2" 1 +1)r%s* + (n+ 1)rs* — (n+ 2)rs).

1. W(Q, X K,) =2""1r(n2""! 47— 1).

3. HYPER-WIENER INDEX OF G X Kiyg my,...omy—s

In this section, we obtain the hyper-Wiener index of the graph GX K, m,.....m,_; -
First we give a notation used in the proof of Theorem 2.
For two subsets S,T C V(G), we define d%(S,T) = > seSteT d2(s,t), where

dQG(Sa t) = (dG(Sv t))z
The proof of the following lemma follows easily from the structure of G X
Kngmi,...;m._, - The lemma is used in the proof of the main theorem of this section.

Lemma 7. Let G be a connected graph and let B;j, By, € % of the graph
H=GX Ky m,,...m,_, where r > 2.
m;mp, Zf j#pa
mj(dm; —3), if j=p
(ii) If ViV ¢ E(G), then d%{(BZ‘j, ka) e mjmdeG(vi, ’Uk).
) m;myp, Zf J #pv
dmj(m; —1), if j=p

(i) If vivg € E(G), then d%(Bij, Byy) = {

(iii) d2,(Bi;, B;

Proof of Theorem 2. Let H = GX Ky, m,,....m,_, - By the definition of hyper-
Wiener index,

WW(H) = 1W( )+ ZB B e@dH(BzJaka)

r—1
= lW( ) (Zz 0 Z]p ()d2 ( iy lp) +sz 0 d2 (Bz]aBkj)
+Zzl~c 02§p10d2 (BZJ7B1€I))+Z ZT 1d2 (BU’B ))
i#k J#p

Denote by As, Ag, A7 and Ag the sums of the terms of the above expression, in
order, and hence
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We shall obtain As to Ag, in (6), separately.
Zn_l J,p Od2 (B”,Bw) E (E d2 (BzO7sz)
+Z d2 (Bll’BZP) ' +ZT_10 dH( z(r—1)7Bip))

p;ﬁr 1
= En 1( p= 0 momy + Zp omimy + ...+ ETZiO My—1Myp),
p#0 p#1 p#r—1
by Lemma 7, therefore
r—1
(7) A5 = n(Za,p:() mamp)'
a#p

n—1 r— n—
Ag =377 o h 0 d%(Bij, Brj) = Z]’:é(z k=0 d3(Bij, Bij)
itk

o o 1)_4{;66E(G)

+22 k=0 d3;(Bij, Bij)) = Zj:o(z ik=0 mj(4m; —3)

i#k,vivp ¢ E(G) z;ék

v v €EE(G)
+32"7 k=0 m3dg (vi, vr)),
z;ék
v, v EE(G)
by Lemma 7,
r—1 n—1
As =502 =0 m;((3+ d;(vi, vx))m; — 3) + 37 u; o midg(vi,vr)),
i#k i£k
v v €EE(G) v v EE(G)
where 3 + d% (v;, vi) = 4 if vivg € E(G).
r—1 n—1
Ao =20 ikmo  (mIdg (i vn) +3my(my = 1) + 3" g mIdg(viwr))
ik ik

- - 1v,11k€E(G) v v E(G)

= Zj:o( i,k=0 115 Fdg (viy o) + 30" zk o 3mj(m; —1)),
pm ik
vvR €EE(G)

by combining the first and last sum of the previous line,

r—1 n—1 r—1
(8) Ag= (ZFO m3)(> ., o dg; (vi, vi)) + (ZFO 3mj(m; —1))(2|E(G)]).
A7 = Z?klo 0 d%(Bij, Brp) = Z?Eio( ;;(1) d3,(Bio, Bip)
i#k J#p 1 i#k p#0
+ Y ps0d% (B, Brp) + -+ 3 ko d3(Bir—1), Bip))
p;él p;ﬁr 1

—sz o(Zp omompdc(vuvk + Ym0 mamydg (vi, o) + -+

p#1
—|—ZT 10 m,» 1mpdG(vz,vk))
;ér 1
by Lemma 7, and hence

A7 = Z’L k= O(Za,p 0 mamp)dG(UZ7 vk)
itk a#p

r—1

(9) A7 = (Za;z

a#p

n—1
Omamp>(Zz I;k() dG(quk))-
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(10) As

Do O A By By) = (O Am(m; —1))
r—1

= 0} 4m;(m; - 1)),

]:
Using Theorem 1, and the equations (7), (8), (9) and (10) in (6), we have
WW(H) = 5((XjZgm] + Zap 0 Mamp) W (G) + 5 (X pmo mamy

#p a#p
+ 30020 2my(my — 1)) + (X2 T m; — 1) E@))
+H(Z)2 ém?)(ZZ,;;odé(vz,m)+n<za€£ 0 Mamy)
H(XZ0 3my(my — 1) 2IE(G)]) + (Cipmo Mamp) (S5 o d2 (vi, k)

1 1 7P 7
1350 4my(my — 1)) = (3252 m3 +Za1;0mamp)(éw(G)

+1 Z?%o dg;(vi, vi)) + (Zap o2mamp + 225 6mj(my — 1)

+2(Z§:(1) mj(m; —1))|E(G)| = (ZJ om? +Zap 0 Mamy) WW(G)
%(22,;; a3 8my my — 1)) + 25k m (m; = 1) EG)
(no —2q) + 2q)WW(G) 2(2q 4 3(ng — 2¢ — no)) + 2(ng — 2¢ — no)|E(G)|
=n§ WW(G) + %(3n§ — 4q — 3no) +2(nd — 2q — no)|E(G)|.

If m;=s, 0<i<r—1,in Theorem 2, we have the following

Corollary 8. If G is a connected graph with n vertices and m edges, then
WW(GR K, ) = r*s*WW(G) + %2(rs + 2s — 3) + 2rs(s — L)m

As K, = K, (1), the above corollary gives the following

Corollary 9. If G is a connected graph with n vertices and m edges, then

WW(GRK,) = r2WW(G) + % (r—1).

It can be easily verified, see also [8], that WW(K,) = "N Www(p,) =

2
nt*42n3—n2—2n

24 a 2( )( )
n*(n+1)(n+2 i
——ig > N iseven,
WW(C) = {71(712—42(" 4‘3), n is odd.

By [10], W(Q,) = n22(®~Y and hence WW(Q,,) = n(n + 3)22*~%.

Now using Theorem 2 and Corollaries 8, 9 and the hyper-Wiener indices of
K,, P,, C, and @Q,, we obtain the exact hyper-Wiener indices of the following
graphs.

1L WW(Kn®EKpgmy,ome_1) = (Snno 4ng—2nng—ny), where ng =y~ Olml
and ¢ is the number of edges of Kmo,mh..., N
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2. WW (K, B K,(y) = %2 (nrs + 2ns — 2n — 1).

3. WW(P, X Kpngmy,...me—1) = 34 (3 no + 2n? ”0 — nno + 82n0 — 84ng — 144q)
—2(n3 — 2q — np).

4. WW(P, R K, ) = 5E(nrs + 2n*rs — nrs + 10rs + 72s — 84) — 2rs(s — 1).
5. WW(P, R K,) = 525(n*r + 2n%r — nr + 10r — 12).
6. W (C IXKmOvmlv M — 1)

n(n +1)(n + 2)n3 + 168n2 — 288¢ — 168ny), if n is even,
T ((n* = 1)(n + 3)ng + 168n§ — 288¢ — 168ng), if n is odd.

7. WW(CLBE, )= {Z%S(nrs(n +1)(n+ 2) 4 24rs +144s —168), if n is even,

DS ((n? — 1)(n+ 3)rs + 24rs + 144s — 168), if n is odd.

s +1)(n+2)r 4 24r — 24), if n is even,

8. WW(C,KK,)=
( ) {Z’g((n2 —1)(n+3)r +24r — 24), if n is odd.

9. WW(Qn® Komgmy....m, 1)
=nin(n+ 3)22~4 4 21 (3n2 — 4q — 3ny + 2nn¢ — 4ng — 2nny).
10. WW (QnR K, () = n(n+3)22"4r2s? 42"~ (rs(rs + 25 — 3) + 2nrs(s — 1)).

11 WW(Qn R K,) = n(n+ 3)22" 42 + 2" 1p(r — 1).

4. LOwWER BOUNDS FOR WIENER AND HYPER-WIENER INDICES OF THE
STRONG PRODUCT OF GRAPHS

In this section, we establish lower bounds for Wiener and hyper-Wiener indices
of GXR G
As the proof of the following lemma is trivial, we just quote the statement.

Lemma 10. W( m07m17 T 1) = —ng—q and WW( MQ,M1 40y M — 1) = 2nO
2ng — 3q, where Zi:() m; = ng and q is the number of edges of Kmg my,...mp_1-

The following lemma follows as G C Ky my,...m, ;-

Lemma 11. Let G be a connected graph on n vertices with chromatic number
X(G) =1 > 2. If € is the decreasing x(G)-coloring of G with sizes of the colour
classes mo, ma, ..., my_1, then W(G) > W(Kpmymy,..mr_1) = n2 —nog—q and
WW(G) > WW (Kumgma,...mn_1) = 2n& — 2ng — 3q, where Y i 0 m; = ng, where
no s the number of vertices of G and q is the number of edges of Kyym,.....m,_; -
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Proof of Theorem 3. By Lemma 11, W(G') > W (K m,y....m, ,)- As G’ is a
subgraph of Ky, m,,...m,_,, we have W(GXG’) > W(G K Ky my,....m._1 ), Since
tices (z1,41) and (z2,y2) of GRG'. Thus, W(GRG') > W(GK Ky m,
n3 W(G) + n(n? — g — no) + (nd — 2¢ — no)m, by Theorem 1.
Similarly, dgge ((21,91), (22,92)) = d2mpc,, i (@1,51); (@2,52)) for
any pair of vertices (x1,41) and (22, y2) of GRG’. Consequently, WW(GXG') >
WW (G Ky ,.omy—y) =13 WW(G) + 2(3n3 — 4q — 3ng) + 2(nf — 2¢ — ng)m,
by Theorem 2. n

5. VERTEX PI INDEX OF G X K m,,....mey

In this section, we compute the vertex PI index of H = G X Ky .. omyp s -

First we introduce some notations for our convenience. Let G be a con-
nected graph and E' C E(G); let Ng(E') = > .. Na(e), where Ng(e) is the
number of vertices equidistant from the edge e in G. For e = v;up € E(G) let
E? = E(Bij, Byp), where B;;® are as defined above. We denote Ny (E) =
Ze/eE{,f NH(e/)'
For e = vyv, € E(G), we define four sets, namely, Si(e), Sa(e), S3(v;) and
Sz(vg) as follows: let Si(e) = {z € V(G) | d(z,v;) = 1 = d(x,vg)}, that
is, the set of vertices which are lying on a triangle containing the edge e; let
|S1i(e)] = si(e). Let Sa(e) = {z € V(G) | d(z,v;) = d(x,vr) = k > 1}, that
is, the set of vertices which are at distance & > 1 from both the ends v; and
v of e; let |Sa(e)| = sa(e). Clearly, Ng(e) = si(e) + sa(e). Let Ss(v;) = {z €
(vi) | = is not an isolated vertex in (N(v;))a}; let [S3(v;)| = s3(v;). Similarly,
(vg) = {x € N(vg) | « is not an isolated vertex in (N (vg))a}; let [S3(vk)| =
83 Uk). Let S(Ul) = Sg(vi) - Sl(e) - {Uk} and S(Uk) = Sg(vk) - Sl(e) - {Ui},
where e = v;vy,.

Let T'(e) C V(G) be set of vertices which are equidistant from the edge
e € E(G). For e = vjuy, € E(G) and a € T(e) we define N{,(¢’) as the number
of equidistant vertices of ¢ € E(X;, Xj) lying in X, (C V(H)). Consequently,
N (BE(Xi, Xp)) = Ze’eE(Xi,Xk) N (€).

Now we define Ny (E(X;, Xp)) = Ygere) Ni(E(Xi, Xy)). For e € E,

Ng/(e) denotes the number of equidistant vertices of the edge e in G.

In GR Ky my....mr_r» define, By ={(u,v)(z,y) € E(GR Ky ma,...m,_1)|uz €
E(G) and v =y}, Ea={(u,v)(z,y) € E(GR Ky m,,...m,_1)|ux € E(G)and vy e
E(Kmgma,...me_1 )} and Ez={(u,v)(z,y) € E(GRKpnym,,...m._,)|[u=x and vy €
E(Kmo,ml ----- m’!‘*l)}.

Clearly, FiUEyU E3 = E(G X Kmo,m1,~~~7mr—1)'

=2
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AISO’ ‘El‘ = |E( )HV(Kmo,mhm,mrﬁ)‘? |E2’ = 2‘E(G)|’E<Km07m11~~-7m'r71)| and
|Es| = [V(GIE(Kmgmi,...mp—1)]-

Theorem 12. Let G be a connected graph on n vertices, then

PI(GXRKmgmy....mp_y) = no(no+2q) PI(G) — (nd +ng—no—2noqg—4q—>_}_ Omh)
(ZeeE(G)(S?)(Uz)'FSs(Uk) 251(e)—2))—2(2¢— no+2noq+2h Omh)(EeeE(G) s1(e))
— (2nd —2n0 + 16n0g — 6§ + 8¢+ 6 >-1,— m}) | E(G)| +n(nd — 2noq — 54 m}).

Proof. An edge e = vjvy € E(G) contributes edges for Eq, Fs and F3 C E((X; U
X})) in H. We compute N5 (¢'), for an ¢’ € EyNE(X;UXy)m), N&*(¢'), for an
¢ € ByNE((X;UXy)g) and NE'(e'), for an ¢ € E3NE((X;U X)), separately,
in the items (1), (2) and (3) below.

Case 1. If ¢ € E1 N E((X; U Xy)n), then € € E(B;j, By;) for some j.

Case 1(i). If vy € Si(e), then every vertex in X, is an equidistant ver-
tex (of distance one or two) from € € E((X; U Xj)p). Hence, NSl(e)( " =

(Xhoo ma)ISi(e)] = (5= ma)si(e).

As there are m; edges of E; between B;; and By;,

Si(e) ( pidy _ Si(e) 1y _ Tt
(11) N3O (EIT) = ZE,EE% N ey =m; (3, ma)si(e).

Case 1(ii). If vy € Sa(e), then every vertex of X, is an equidistant vertex, of
distance dg (v, v¢) = dg(vk, ve), from €' € E((X; U X)) ). Hence,

r—1

N = (X mi)lSa(e)l = (3 ma)sa(e).

As there are m; edges of Ey in E(B;;, By;), we have

Sa (e jj Sa (e r—1
(12) N B =37y Nit (€)= ms (0, mn)sae).

Case 1(iii). Let vy € S(v;) U S(vx). Without loss of generality, we assume
that vy € S(v;), the case vy € S(vg) is similar. Let e/ = ! :vk] € E(Byj, By;) for

some j, where x - and xk] are the t*"

vertices in B;; and By, respectively; the
ends of ¢ are equ1dlstant (of distance two) from all the vertices of By; — {xzj}

USRI () _

but not all other vertex of X,. Consequently, we have NI{{s
(mj — D)|S(vi) U S(ug)| = (my — 1)(|S3(vi)] + [S3(vr)| = 2[S1(e)| = 2) = (m; —
1)(s3(v;) + s3(vg) — 2s1(e) — 2).
As there are m; edges in F(B;;, By;), we have
S(v; )US(v e i 7 S(v; )US(v e
NFSEN gy = § NSO

(13) = mj(m; —1)(s3(vi) + s3(vk) — 2s1(e) — 2).
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Case 1(iv). We compute N{vi’v’“}(e)( '), where ¢’ = xfx} . € E(Bjj, By;) for
some j. All the vertices of X; U X}, — {x”,:ck]} are equidistant, of distance one or
two, from the ends of ¢’. Hence N{v“v’“}(e)( N=|X;UX|-2= Q(Zh —oMh) —

As there are m; edges of Ey in E(B;j, Byj), we have

r—1

{vi,v}(€)  pidy _ {vi vk} (€) oy _ _
(1) Ny OB = 3 N ) = my 203, ) — 2).

Adding (11), (1 ) ( 3) and (1 ) we get
NE1(E]J> 6)(E )+ ( )(E”)—i—N;IS(vi)US(vk)}(e)(Egg) +N§f“”’“}(e)(E§,§)
=m;(3_ omh)sl(e) + my@h o mn)s2(€) +m;(m; — 1)(s3(v:) + s3(vx)
~2s1(€) — 2) + my(2(h 2 ma) — 2) = my (520 mn) Na(e) + (my — 1)(ss(vi)
+s3(vg) — 2s1(e) — 2) +”2(Z;:é my) — 2), since Ng(e) = s1(e) + sa(e).
In particular, if €’ € EZJIg, then

r—1

N () = (D, mn)Na(e) + (mj —1)(s3(v) + ss(vr)
r—1
(15) — 2s1(e) —2) + Q(tho mp) — 2,

. ; Jj
as there are m; edges in Ej.

Case 2. If ¢ € Eo N E((X;, Xk ) i), then €' = aj;a}? € E(Bij, Brp) j # p, for
some t and m.

Case 2(i). If v, € S1(e), then every vertex in Ug;,Bra(C X¢) is an equidis-
tant (of distance one) vertex from e’; further, the two vertices ij and xzp are

also equidistant (of distance one) from ¢’ in H. Consequently, Nzl(e)(e’) =

(2 iz Lo mn) +2)|S1(e)] = (X% }; o mn) +2)s1(e).
#5.p 3P
AS there are mjm,, edges of Ey in E(B;j, Bip), j # D,

Si(e j Si(e
(16) Ny OB =3y Vit () = mymy Z@é o ) + 2)s1(e).
ke 7P

Case 2(ii). If v, € Sy(e), then every vertex in Xy is an equidistant, of distance
dc(vi, ve) = dg(vk, ve), vertex from e’. Hence,

N (e') = (Shzyma)|Sa(e)] = (S5 ma)sa(e).
As there are mjm,, edges of Ey in E(Bj, Byy), j # p,

r—1

Sa(e j Sa(e
(17) NHQ( )(Eflf) = Ze’EEZ,f NH2( )(6’) = mjmp(zhzo mh)SQ(e)-
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Case 2(iii). If v, € S(v;), then every vertex of By; — {:Uﬁj} is an equidistant
of distance two from e’ = :rgszzj and no other vertex of X is equidistant from ¢’.
Consequently, we have Ng(vi)(e’) = (m; —1)|S(vs)| = (m; —1)(|S3(vs)| —|S1(e)| —
1) = (mj —1)(s3(vi) — s1(e) = 1).

As there are m;m,, edges of Eo in E(B;j, Byy), j # p,

S(vi) (i _ {S(vi)}(e)
Ny (Ezj/f) = Ze,eng Ny (6/)

mjmp(m; —1)(s3(vi) — s1(e) —1).

(18)

Case 2(iv). If vy € S(vg), then every vertex of By, — {zj}} is equidistant
t
iy
¢/ Consequently, we have No ") (¢/) = (m, — 1)[S(vx)| = (mp — 1)(|S5(vp)] —
1S1(e)] = 1) = (mp — 1) (s3(vk) — s1(e) — 1).

As there are m;m,, edges in E(B;j;, Byp), j # p,

S(v j S(v e
Na B = 3 Vi)
ik

(19) = mymp(my — 1)(s3(vx) — s1(e) — 1)

(of distance two) from e’ = x xy, and no other vertex of X is equidistant from

Case 2(v). In (X; U X}), all the vertices of B;s, s # j,p and Bys, s # j,p are
equidistant (of distance one) from ¢€’; further, the two vertices :L'fC and 7, are also

equidistant (of distance one) from e’. Thus ngvi’vk}(e)(e )= (2> h 0 mp) + 2).

#5.p

As there are m;m,, edges of Eo in E(B;j, Brp), j # D,

(20) ng-vi)vk}(e)(Egk]?) — Ze/eEj: N;Iv ’Uk}(e) m]mp Z };é 0 mh + 2
i JsD

Adding (16), (17), (18), (19) and (20), we get
NP (BF) = N (B + N (El) + N OO El) + NP OO (Bl
N OB = mmy (e mi) +2)s1(€) + mimy (852 ma)sa(e)
J.p
Fmgmy(m; — 1)(s3(vi) = s1(e) = 1) + mymy (my — 1)(s3(vk) = s1(e) —1)
+(mmy) (2(327 ;;é o mn) +2) = mimp((3,—gma)Na(e) + (2 = m; —my)si(e)
Jp
+(m; — 1)(53(1;1) —s1(e) = 1) + (mp — 1)(s3(vx) — s1(e) = 1)
—1—2(2}];0 mp —m; —myp) +2), since si(e) + sa2(e) = Ng(e).
In particular, if €’ € Eglf, then

r—1

N2 (€)= (), mn)Na(e) + (2 —mj —mp)si(e) + (m; —1)(s3(vi) — s1(e) — 1)

(21) (my — 1) (ss(0g) = s1(e) = 1) + 23

L —my) + 2.
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Case 3. For every vertex v; € V(G), and every edge ¢ = xﬁjxw € E3nN
E({X;, XK)n), j # p, in (X;), we obtain the equidistant vertices of ¢’ in H.

First we find the equidistant vertices of ¢/ = l‘fj.%lp, in H, where v;u;, € E(G).

(i) In X;, the ends of €' are commonly adjacent to the vertices of X; —
{Bij, Bip}, that is, the ends of ¢ are commonly adjacent to Zrh;lo my, vertices

. h#j,p
in X;.

(ii) In X}, the ends of €’ are commonly adjacent to all the vertices of X}, —
{ByjUBy,}; further, the two vertices x}; y and x’ﬁ) are also equidistant, of distance
one, from €', where v;vp € E(G). As dg(v;) edges are incident with v; in G, the
ends of ¢’ are commonly adjacent to dg(v;)(( rh—:10 my) + 2) vertices in H.

h#j,p
Next we find the equidistant vertices of ¢’ € F3 in H, where dg(v;, vg) > 2.

The ends of €’ are equidistant to all the vertices of X} ; that is, EZ;B my, vertices of
X}, are equidistant from e’. As there are n—dg(v;) —1 vertices with dg(v;, v;) > 2,
(n —dg(v;) — 1)(22;%) my,) vertices are equidistant from e’.

Hence

NE(BIP) = Ze/eEjPNH(e) mjmy( Zhh;égopmh)erG(m)

(0 Ly ) +2) + (0 —da(w) — )Y

h#j,p h=0

(22) = mymy((nY i —my —my) +de(v)(2 = m; —my)).

r—1 mh))

Now we obtain the vertex PI index of the graph H.

piH) = 3 (VI = Nu(€) = Y (V)] = Nu(e')

Y (VED = Nu() + 37, (V(H)| = Na())
(23) = A+ Ay + As,

where Ay, Ay and Ajz are the sums of the above term, in order.
We shall calculate Ay, As and Ajz separately.

AL =Y uep (VH)| = Nu(e)) = ZeeE@)((zr*é m;)(V(H) — Nj' (€)))
:zeem((z] o M) ([V (G hZo mn) — (S hZg mn) Nal(e))
—(0 2 my)((my — 1) (ss(ve) + s3(vx) — 2s1(e) — 2) + 2(XhZp ) — 2))
=Y eene (o mi)(ChZe ma)([V(G)| = No(e)))

— Y eme (Cjom?) = (520 my)) (sa(vs) + sa(v) — 2s1(e) — 2))
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+ 3 eemie (“2(5 2o my) (Shzo m) + 2( =g my))
= 13X IV (G)] = Na(e) — (nd —no — 29)
)

(X v=een(a) (83(vi) + s3(vk) = 251(€) = 2)) = 2no(no — D|E(G)].

Hence

Ay = ngPI(G) — (ng —no —2¢)(>
(24) = 2no(no — 1)|E(G)].

'Ui'UkZGEE(G)(SES(,UZ') + 83(vk) - 281(6) — 2))

Ay = eep,(IVH)| = Nu(e') = X ccpe) Zﬂ;}o mymyp(|V(H)| — Ny (')
= ZeEE(G) Z] z;é o mimy([V(G)] Z; %)mh (ZZ;}) mp)Ng(e)

—(2 - my - myJs(e) - ( D)(s3(vi) = s(e) — 1) — (mp — 1)(ss(ve) — s1(€)—1)
~2(320 2 mn —m; — —2) = (X5 pmo mimy) (ChZo mn) Lee s (IV(G)]

sﬁp
—Na(e)) = (2 X o mymy, — sz ommp om0 Mm2) Y e gy $1.(€)

J#p

j#p

(ZJ p- 0 QOp Zy p- 0 mjmy) vak:eeE(G)(SS(Ui) —s1(e) = 1)

(ng -0y ij Omjmp) D vvn—cen(c)(s3(vk) — s1(e) —1)
r—1 r—1 r—1

—2 ZeGE (( h—0 h) Zj,_pzo mgmp — —o MMy = 35 p—0 MMy,

J#p J#p J#p
+ Za p=0 MM ).
J#p

Thus

r—1
Ay = 2qnoPI(G) — 2(2q — njy + 2noq + Zi:O m?) ZeeE(G) s1(e)
r—1

—  (ng —2n0q — (Zi:O m3) — 2q) vak:eeE(G)(Sg,(vi) + s3(vg) — 2s1(e) — 2)
(25) — 4(3nog—nd+ (Y md) +QEG)|

Az = ZE/EES(\V(H)\ — Nu(e)) = ZviEV(G %((Z]p Omjmp)

J#p
(‘V( )| Z:iol m; — n2170 my; erj + mp — (2 —my; — mp)dg(vi)))

=0 ev(a@) 2((2; ;;6 0 M imyp) + (Z;,__pl:U mjm;%) - (2(22,;1:0 m;mp)

J#P J#p
(Z]z; Omzmp) (Z]p om;m 2))dG(Ui))

j#p
= ZvleV(G) 2( ( —2noq — Z: olm ) — (4q — 2(”6 - 2”0‘1 - Zz oMy ))dG( i)
= n(ng — 2noq — ZZ Zomd) = (24— (n§ = 2n0g = Y12y mi)) 2, cv @) da (v3)-

r—1

(26) Az =n(nf —2nog — ) m) —2(2q — nj + 2noq + Z m})|E(G)|.
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Using (24), (25) and (26) in (23), we have
PI(H) = Ay + Ay + A = n2PI(G) — (n2 — ng — 2q)
(X vivp—ecr(c)(83(vi) + s3(vr) — 2s1(€e) — 2)) — 2no(no — 1)|E(G)|
+2qno PI(G) — 2(2q — 13 + 2noq + S 7_t m3)
(Xeen@ 1(6) = (n§ = 2n0g — (X524 mi) — 20)
(o —ec (e (38 (Vi) + sa(vx) — 2s1(€) — 2) = 4(3noq — ng + q + Xj_o mn) | E(G)]
+n(ng — 2noq — So5Zp i) —2(2q — 1 +2n0q + 357 m)|E(G)|
=ng(no + 2¢)PI(G) — (n3 +ng — no — 2noq — 4q — Z;;(l) m})
(Cropmeem(a (53(vi) + s3(vk) = 2s1(€) = 2)) = 2(2q — n + 2n0g+ 25— m3)
(Xeen(a s1(€)) —(2nd — 2no+ 16nog — 603 + 8¢ +6 3", _y m3)|E(G)|

r—1
+n(nd — 2noq — > heo mf’b)

Ifm; =s, 0<i<r—1,in Theorem 12, we have the following

Corollary 13. If G is a connected graph on n vertices and m edges, then
PI(GR K, ) =1?s*(rs —s + 1)PI(G) —rs(rs* —rs —2s — s> — 1)
(Cvsopmeenic) (33(vi) +s3(vr) = 2s1(e) = 2)) = 2rs*(r —rs+5 = 1)(X e p(q) s1(e))
— 2rs(r?s? — 4rs? + 3rs — 25 + 352 — I)m + nrs?(rs — 1).

As K, = K, (1), the following corollary follows from the above corollary.

Corollary 14. If G is a connected graph with n vertices and m edges, then
PI(GRK,) = r3PI(G)+4r(3,., —cc p(c)(53(vi) +s3(vk) — 251(e) = 2)) — 21 (r —
Lm + nr(r—1).

Theorem 12 gives the following corollary, since s3(v;), s3(vk) and sq(e) are all
zero for a triangle free graph.

Corollary 15. If G is a triangle free graph on n vertices and m edges, then
PI(G ™ Kmgmy,....m,—1) = no(no + 2q)PI(G) — (27%% — 2ng + 16npq — 6718 + 8q +
6350 mip)m + n(nf — 2n0g = 3252y m}).

If m; =s, 0<i<r—1,in the above corollary, we have the following

Corollary 16. If G is a triangle free graph on n vertices and m edges, then
PI(GR K, () =rs(r?s> +rs —rs*) PI(G) — 2rs(r?s* — 4rs® 4+ 3rs + 3s* — 25 —
Dm + nrs3(r — 1).

If s =1 in the above corollary, we obtain the following

Corollary 17. If G is a triangle free graph on n wvertices and m edges, then
PI(GRK,) = r*PI(G) — 2r*(r — 1)m + nr(r — 1).
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To obtain the exact vertex PI indices of some graphs given below we just quote
the following lemma.

Lemma 18. [8] Forn > 3,
nin—1), if nis odd,

(1) PI(Cn):{ 5 S

n*, if nis even.

(2) Forn>2, PI(P,) =n(n—1).

(3) Forn>2, PI(K,)=n(n—1).

Now using Corollary 17 and Lemma 18, we obtain the exact vertex PI indices of
the graphs C), X K. and P, X K.
nr(nr? —3r2 + 3r — 1), if n > 3 is odd,

PIC, X K,)=
(G ") {nr(nr2—2r2+3r—l), if n >4 is even.

PI(P, R K,)=7r%(n—1)(nr — 2r +2) +nr(r — 1).
Let @, and T,, denote the hypercube of dimension n and a tree with n vertices,
respectively. From [14], PI(Q,) = 22"1n and PI(T,) = n(n — 1).

Now using Corollary 17 and PI(Q,),PI(T,), we obtain the exact vertex PI
indices of the following graphs:

PI(Q, X K,) = n22""1 — 2"(nrr — 1)r(r — 1).

PI(T, R K,) = (n—1)r*(nr —2r +2) + nr(r — 1).
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