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Abstract

Let G = (V,E) be a graph. A total restrained dominating set is a set
S C V where every vertex in V' \ S is adjacent to a vertex in S as well as to
another vertex in V'\ S, and every vertex in S is adjacent to another vertex
in S. The total restrained domination number of G, denoted by 7%(G), is the
smallest cardinality of a total restrained dominating set of G. We determine
lower and upper bounds on the total restrained domination number of the
direct product of two graphs. Also, we show that these bounds are sharp by
presenting some infinite families of graphs that attain these bounds.
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1. INTRODUCTION

All graph theory terminology not presented in this paper can be found in [4]. Let
G = (V, E) be a graph with |V| = n. For any vertex v € V, the open neighborhood
of v, denoted by Ng(v), is {u € V | uwv € E}. The closed neighborhood of
v, denoted by Ng[v], is the set Ng(v) U {v}. Let S be a subset of V. The
neighborhood of S is the set N (S) = (J,cg N(v). The open packing number p°(G)
of GG is the maximum cardinality of a set of vertices whose open neighborhoods
are pairwise disjoint.

A set S is a dominating set of G if for every vertex u € V '\ S there exists
v € S such that uwv € E. The domination number of G, denoted by v(G), is the
minimum cardinality of a dominating set of G. We call a set S a y-setif S is a
dominating set with cardinality v(G).

A set S C V is a total dominating set if N(S) = V(G), and the total dom-
ination number v(G) is the minimum cardinality of a total dominating set of

A set S C V is a restrained dominating set if every vertex in V'\ S is adjacent
to a vertex in S and to another vertex in V' \ S. Let 7,.(G) denote the size of a
smallest restrained dominating set. A set S is called a ~,-set if S is a restrained
dominating set with cardinality ~,.(G).

A total restrained dominating setis a set S C V where every vertex in V'\ S is
adjacent to a vertex in S as well as to another vertex in V'\ S, and every vertex in
S is adjacent to another vertex in S. The total restrained domination number of
G, denoted by 7L(G), is the smallest cardinality of a total restrained dominating
set of G.

It is obvious that v(G) < v(G) < ALG).

The direct product G x H (some authors call it the cross product [1,3]) of two
graphs G and H is the graph with V(G x H) = V(G) x V(H) and (u,v)(u/,v") €
E(G x H) if and only if uwu' € E(G) and vv' € E(H).

In this paper we study the total restrained domination number of the direct
product of graphs. In Section 2, we give lower and upper bounds on 7%(G x H) in
terms of total and total restrained domination number and maximum degree of
G and H. Both bounds are best possible. In Section 3, we further investigate the
exact values of the total restrained domination number when one of the factors
is a path or cycle. Throughout the rest of the paper, all graphs are assumed to
be simple and have no isolated vertices.

2. UPPER AND LOWER BOUNDS FOR . (G x H)

Theorem 2.1. For any two graphs G and H, we have v.(G x H) < vL(G)yL(H).
Proof. Let Dy and Dy be a :(G)-set and a ~i(H)-set, respectively. We show
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that D = D1 x Dy is a total restrained dominating set of G x H. For any vertex
(z,y) € V(G x H), we have the following cases.

Case 1. x € V(G)\ Dy and y € V(H) \ Dy. Since D; is a total restrained
dominating set of G, there exist 1 € Dy and x2 € V(G) \ D1 such that zz; €
E(G) and zz9 € E(G). By a similar way, there exist y; € Dy and yy € V(H)\ Do
such that yy; € E(H) and yy2 € E(H). Hence, (x,y) is dominated by (x1,y1) €
D, and (z,y) is adjacent to a vertex (x2,y2) € V(G x H) \ D.

Case2. x € Dy and y € V(H)\ Ds. Since D is a total restrained dominating
set of G, there exists 1 € D; such that zz; € E(G). By a similar way, there
exist y1 € Dy and yo € V(H) \ D2 such that yy; € E(H) and yy2 € E(H).
Hence, (x,y) is dominated by (x1,y1) € D, and (z,y) is adjacent to a vertex
(I‘l,yz) S V(G X H) \D

Case 3. x € V(G) \ Dy and y € Ds. By a similar way as Case 2, it holds.

Case 4. x € Dy and y € Dy. Since D; is a total restrained dominating set
of G, there exists x1 € D; such that zz; € E(G). By a similar way, there exists
y1 € Dy such that yy; € E(H). Hence, (z,y) is adjacent to a vertex (z1,y1) € D.

Therefore, D is a total restrained dominating set of G x H. So v:(G x H) <

YHG)VE(H). u

To present a nontrivial infinite family of graphs that achieve the above bound,
we will make use of the following inequality.

Lemma 2.2 [6]. For any two graphs G and H, we have
(G x H) = max{p®(G)y(H), p"(H)%(G)}.

Theorem 2.3. Let G be a graph with p°(G) = +L(G) and H be a graph with
W (H) =v.(H). Then v,(G x H) = 7(G)y(H).

Proof. By Theorem 2.1 and Lemma 2.2 we obtain
V(G (H) 2 7(G x H) 2 (G x H) 2 p°(G)n(H) = 7,(G)y(H),
and hence v.(G x H) = vL(G)yL(H). |

Since p(G) < %(G) holds for an arbitrary graph G (see [6]), the assumption
concerning G in the above proposition implies p°(G) = v(G) = 4L(G). This
family of graphs includes paths P, where n =2(mod 4), cycles C, where
n = 0(mod 4), etc. The complete characterization of trees with equal total and
total restrained domination numbers is given in [2].

Apart from the upper bound, we give a lower bound on the total restrained
domination number of G x H, which is a direct consequence of the following
theorems [3].
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Theorem 2.4. For any two graphs G and H, we have v,(G x H) >

Theorem 2.5. For any two graphs G and H, we have

(G x H) > maX{A’ﬂ)%(G), A'i‘;)%(ff)}-

3. Propucts orF PATHS AND CYCLES

Let P, and C), denote respectively a path and a cycle of order n. In this section,
we determine the total retrained domination number of direct products of graphs
involving paths and cycles. These graphs attain the bounds given in the previous
section. From Theorems 2.1 and 2.5, we have:

(1) WQ(G) < W (Pr % G) < 9 (Pu)n(G),
2 ") < (0 x 6) <AHCE)

Before proving Theorems 3.4 and 3.6, the following results should be stated in
advance.

Lemma 3.1 [3]|. Let P,, and C,, be a path and cycle with n vertices, respectively.
Then
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n+1 —
22 forn=1(mod 4),
P)=%(Cp) =< 2
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Lemma 3.3 [7]. Let G be a graph without isolated vertices and n > 2. Then
V(P X G) = 71(Pa) i (G).

Theorems 3.4 and 3.5 show that the upper bound in (1) is attained when P, is
such that n = 2(mod 4) and (G) = 74(G), or when G is Ko.

Theorem 3.4. Let G be a graph with v(G) = +L(G) and let P, be such that
n = 2(mod 4). Then VE(P, x G) = AL(Py)VE(G).

Proof. From Lemma 3.1 and Theorem 3.2, we have ~:(P,) = v(P,) for
n = 2(mod 4). Since v(Pp)%(G) = (P x G) < AP, x G) < ALP)VEG) =
Y (Pp)yv(G), it follows that Y4 (P, x G) = AL(P,)YL(G). u

Theorem 3.5. Ifn > 2, then YL (P, x K3) = 27L(P,).
Proof. P, x Ky consists of two disjoint copies of P, so the result follows. |

The upper and lower bounds in (2) agree when n = 0(mod 4) and v(G) = 4(G).
The following theorem shows that the lower bound in (2) is attained when G is
a complete graph K,, for m > 3, while the upper bound is attained when G is
Ky and n # 3(mod 4). Note that v(K,,) = 2 for m > 2.

Throughout this paper we use Z, = {1,2,...,n} to be the vertex set of C,,.
That means computation involving the name of vertices is taken in modulo n.

Theorem 3.6. If m > 2 and n > 3, then

29E(Cy)  if m =2 and n # 3 (mod 4),

H(Cn x Kpy) =
(G ) {n if m > 3.

Proof. Let m = 2. If n is even, then the graph C,, x K5 consists of two disjoint
copies of Cy,. So YL(Cy, x Ka) = 294(Cy).

If n is odd, then the graph C), x Ko 2 Cy,, and we have v£(Cy, x K3) = 7L (C2y,).
Since n # 3(mod 4), we have n = 1(mod 4) and v:(Ca,) = n + 1 = 27.(C,,) by
Theorem 3.2.

Suppose m > 3. We shall construct a total restrained dominating subset
D of C,, x K, with |[D| = n. Let the vertex set of K, be {1,2,...,m}. It
is possible to choose a mapping f : Z, — {1,2,3} such that f(i) # f(i + 2)
for each i € Zy,. Let D = {(i,f(i)) | 1 < i < n}. For example, let D =
{(1,1),(2,1),(3,2),(4,2),(5,3),(6,3),(7,2)} when n =17.

Consider any vertex (i, 7). Since f(i—1) # f(i+1) (for i = 1, we take n as i — 1),
at least one of them is different from j, say f(i—1) # j. Then (i, j) is adjacent to
(i—1, f(i—1)) € D. This shows that D is a total dominating set of C), x K,,. For
(i,7) € D, (3,7) is also adjacent to (i +1, f(i—1)) € D. So D is a total restrained
"En) < 51(Cx K) < 1D = . 1D)
is minimum and 7%(C,, x K,;,) = n. |

dominating set of C,, x K,,,. Since n =
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After showing that the lower and upper bounds established in Section 2 are the
best possible, we are now going to determine the total restrained domination
number of direct product of cycles. Consider the direct product of cycles, then
(2) becomes

@ max{ [ [N < ot x 63 < SHCG)

Theorem 3.12 shows that the lower bound in (3) is attained when n = m. Before
we present the proof, the following lemma and definition from [3] should be stated.
Consider the graph G x H. For x € V(G), H, is the graph induced by

{(z,9) |y e V(H)}.

Lemma 3.7 [3]. Let D be a total dominating set of G x H and let u € V(QG).
We have |D N (UUGN(u) H,)| > vw(H).

Definition 3.8 [3]. Let D be a total dominating set of Cy, x Cy,. An S-sequence
corresponding to D is a sequence S = (S1,S52,...,5y,), where S; = {j | (i,]) €
D} CV(Cy,) for i € Zy,.

The above definition together with Lemma 3.7 give the following result:
(4) S; U Sji0 is a total dominating set for C,,, where i € Z,,.

The condition in (4) is also sufficient to define a total dominating set for Cy, x Cy,
in the sense that if S = (51, 52,...,5,) is a sequence of subsets of V(C,,) such
that (4) is satisfied, then D = {(i,7) | j € Si,1 < i < n} is a total dominating
set of C), x Cy,.

We define another sequence, the T-sequence, which depends on the S-sequence.

Definition 3.9. Given an S-sequence S = (S1,S52,...,5y), the correspond-
ing T-sequence is defined as T = (S1,55,55,...,5,52,54,...,5,-1) if n is
odd. If n is even, then the T-sequence degenerates into two subsequences T =
(Sl, 53, ce ,Sn—l) and T" = (SQ, 54, ey Sn>

Let T = {Ty,Ts,...,T,} denote a T-sequence of length n. From (4), we have
(5) T; UT;1q is a total dominating set for C,,, where i € Z,.

Condition (5) is necessary and sufficient for a sequence {11, T5,...,T,} to be a
T-sequence corresponding to a total dominating set for C,, x Cy,.

To facilitate the proof of Theorem 3.12, we need the following lemmas about
the total domination number of direct product of cycles.
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Lemma 3.10 [3]. For odd m > 3,we have

%(mecm):{(4k+3)(k+l) if m = 4k + 3,

4k* + 3k + 1 if m = 4k + 1.

Theorem 3.11 [3]|. For odd k, we have v¢(Co X Cp,) = 29:(Cr X Cpy).

Theorem 3.12. For m > 3, we have

(4k2 + Tk + 3 if m = 4k + 3,

A2 +3k+1 ifm=4k+1,

V(O x Crp) = { 4k2 if m = 4k,

4k? + 6k +4 if m =4k +2 and k is even,
4k? + 6k +2 if m =4k +2 and k is odd.

Proof. Considering different values of m, we have the following cases.

Case 1. Suppose m = 4k + 3 for some k > 0. We define a T-sequence of
length 4k + 3 by

(a) i ={45+1| 0<j<k}and
(b) Tx1 ={j+1(mod 4k +3) | j € T;}, 1 <i < 4k +2.

It is obvious that T; U T;4; is a total dominating set of Cyxy3. That is, the
condition (5) is satisfied. So D = {(i,75) | j € Si,1 < i < 4k + 3} is a total
dominating set for Cyp43 X Cagys.

Next we will show that D is a total restrained dominating set of Cygy3 X
Cui+3. For any vertex (i,7) € D, (i,7) is adjacent to four vertices (i — 1,7 — 1),
(t—1,74+1), (i+1,j—1)and (¢ + 1,7 + 1). Since D is a total dominating set
of Cypt3 X Cyx3, at least one of them is in D, say (i — 1,5 — 1) € D. By the
construction of the T-sequence, we have (i —1,j+ 1) € D.

(i, )
Figure 1. Neighbors of the vertex (i, 7).

Thus, D is a total restrained dominating set of Cypi3 X Cyr4+3 and we have
Y(Caiys X Cupys) < |D| = (4k + 3)(k + 1).



636 W.C. SHIU, H.-Y. CHEN, X.-G. CHEN AND P.K. SUuN

On the other hand, from Lemma 3.10, we have v:(Cuprs X Cupr3) > Ve(Caprs ¥
C4k+3) = (4]434‘3)(:1{3-{—1). Hence, ’yﬁ(C4k+3><C4k+3) = (4k+3)(k+1) = 4k%?4+-7k+3.

Case 2. Suppose m = 4k + 1 for some k > 1. We define a T-sequence of
length 4k + 1 by

(a) Ty = {4j+1] 0<j <k},
(b) Ty ={4j | 1 <j <k},

(c) Tisa={j+2(mod 4k +1)|jeTi}, 1 <i<d4dk—1.

With a similar proof as in Case 1, D = {(4,7) | j € S;i, 1 <i <4k + 1} is a total
restrained dominating set for Cyx11 X Cyiy1. Thus we have

(4k +1)(2k + 1)
2

1
Y (Cppg1 X Caps1) < |D| = [ 1 = {4# + 3k + 2} = 4k*+3k+1.
Conversely, from Lemma 3.10, we have 7%(Cyrt1 X Cars1) > 1 (Capa1 X Cagey1) =
4k% + 3k + 1. Hence, 7.(Cupy1 X Capy1) = 4k + 3k + 1.

_ : : (4k)71(Cak)
Case 3. Suppose m = 4k for some k > 1. Equation (3) gives =18~k <

Y (Cupe x Cug) < AL(Cyp)VE(Cag), Lemma 3.1 gives % = 4k (%) = 4k% and
Theorem 3.2 gives 7 (Cu )75 (Cax) = (%) (%) = 4k2. Therefore, v(Cup, x Cag) =
4k2.

Case 4. Suppose m = 4k +2 for some k > 1. The vertex set of Cyx10 X Cypqo

can be divided into four parts as showed in Figure 2. Each part contains (2k+1)2
vertices.

1 2k+1| 2k+2 --- 4k +2
1
: part 1 part 2
2k + 1
2k + 2
: part 3 part 4
4k + 2

Figure 2. Vertex distribution of Cyp o X Cypia.

We divide it into two subcases.

Case 4.1. Suppose k = 2l for some [ > 1. For part 1 and part 3, we define a
TM-sequence of length 4k + 2 by
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(@) TV = {4j+1]0<j <1},
(b) TSV = {4j|1<j <1},
() T4, = {j+2(mod 2k + 1) | j € TV}, 1 <i < 2k —1,

(d) T T(I) for 2 <i <2k + 2.

2k+1
For part 2 and part 4, we define a T®-sequence of length 4k + 2 by

D=+ @2k+1)|jeTVy, for 1 <i<dk+2.
For example, when k = 2, the TM-sequence and T?)-sequence are
1) = {1,5}, 2; = {6,10}, TE; TIE ; TéQ; = 1! ;
={4}, 17 ={9}, ;7 =1,
D32y, 1= (g7, BV =1, 10 =10,
1) = {1}, Tf) ( ) ) )
)_{5 4}, 1 = {10,9}, 1(3) = () 7@ =1
Let T-sequence be T' = {11, T, ..., Tyxt2}, where T; = Ti(l)UTi(Q)7 1<t <4k+2.
The T-sequence degenerates into two subsequences:
T'={T,Ty,...,Tors1} = {51, 53, .., Sar+1},
T" = {Topy2, Toky3, - - - Takso}
= {Sok+2, S2k+4; - - - Sak+2, 52,54, ..., Sox }.

It is obvious that T; U T;4; is a total dominating set of Cyxy2. So D = {(4,7) |
Jj €8, 1 <i<A4k+2}is a total dominating set for Cyp o X Cypr2 (see Figure 3
for k = 2).

2 3 4 6 7 8 9 10
1 ° °
2 °
3 °
4 ° ° °
5 ° ° ° °
6 ° ° °
7 °
8
9 ° °
10 ° ° ° °

Figure 3. A total dominating set of Cig x Cyp.
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Similarly to the proof of Case 1, D is also a total restrained dominating set
of Curra X Cypya. Therefore, 7f.(Cyppo X Capy2) < |D| = 4 [ww =

4 [7(2’““;(’““)] = 4k? + 6k + 4.
On the other hand, by Theorem 3.11 and Lemma 3.10, we have

VE(Caps2 X Cair) > e (Cagy2 X Capr2) = 4%(Cor1 x Copp1)
= 4(41% + 31 + 1) = 4k + 6k + 4.
Hence, V£ (Cypyo X Cupro) = 4k% + 6k + 4.

Case 4.2. Suppose k = 2+ 1 for some [ > 0. For part 1 and part 3, we define
a T(M_sequence of length 4k + 2 by

() TV = {4 +1]0<j <1},
(b) z+1_{]+1(m0d2k’+1)|]€T } 1<i<2k,

(c) T T(l) for 2 <i <2k + 2.

2k+1 —

For part 2 and part 4, we define a T(®-sequence of length 4k + 2 by
Do+ 2k+1)|j €TV} for 1 <i < dk+2.
For example, when k = 1, the T()-sequence and T(®-sequence are

T<”—{2} 7 —{5} = )
7Y = {3}, T§ — {6}, V=1, T® =1

Let T-sequence be T' = {11, T, ..., Tyxto2}, where T; = ﬂ(l)uﬂ@)? 1 <4 <4k+2.
The T-sequence degenerates into two subsequences:

T ={1",Ts,....,Tokt1} = {S1, 53, ..., Sap+1},
T" = {Tok+2, Tokts, - - - » Takt2}
= {Sok+2, S2k+4, - - -, Sak+2, 52,84, ..., Sor }.

It is obvious that T; U T;41 is a total dominating set of Cyxio. Thus D =
{(4,7) | j € Si,1 < i < 4k + 2} is a total dominating set for Cyxyo X Cygio
(see Figure 4 for k =1).

Similarly to the proof of Case 1, D is a total restrained dominating set
of Cyrt2 X Cypyo. Therefore, 7/(Cypqa X Capy2) < [D| = 42k +1)(1 +1) =
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4(2k—|—1)(%—|—1) = (4k+2)(k+1). Moreover, by Lemma 3.10 and Theorem 3.11,
we have

YE(Cugeya X Cagra) > 1(Cuaprz X Carz) = 47 (Copy1 X Coprn)
=42k +1)(1+1) =42k +1) <k;1 + 1)

= (4k +2)(k + 1).

Hence, v.(Capq2 X Cagg2) = (4k + 2)(k + 1) if k is odd. |

1 2 3 5 6

1 °

2 ° °

3 ° °

4 ° °

5 ° °

6 ° °

Figure 4. A total dominating set of Cg x Cj.

Theorem 3.13. Let n and m be odd and n > m. Then YL(C, x Cp,) =
[n%(c’m)-‘

2

Proof. Consider the following two possibilities.

Case 1. Suppose m = 4k + 3. Let T = {11, T>,...,T,,} be the T-sequence
of C), x C,, defined in the proof of Case 1 of Theorem 3.12. It is obvious that
ST = m (k1) = [ 22 ]

From the construction of the T-sequence, we have |T1| + |Ta]| = %(Cy,). We
insert n — m terms between T} and 75 which are alternately equal to T5 and T7.
We obtain a sequence

S={S,...,S}={N1, T2, T, Ts, ..., T1,To, T3, Ty, ..., Tpn,}
of length n. Thus D = {(i,5) | 7 € Si, 1 < i < n} is a total dominating set
for C,, x C,,. Similarly as in Case 1 of Theorem 3.12, D is a total restrained
dominating set for C,, x Cp,. As a consequence, v.(Cy, X Cp,) < |D| = [%—‘ :

Case 2. Suppose m = 4k+1. Let T' = {11, T, ..., T} be the T-sequence for
Cm X Cy, defined in the proof of Case 2 of Theorem 3.12. Similarly to the proof
of Case 1, we have vL(C,, x Cy,) < |D| = {%1 The result follows from (2).

|
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Theorem 3.14. Let n and m be even and n > m. Then

(A) %(Cp x Cr) = §3(Cm) if m = 4k.

(B) 7E(Cp % Cp) = 59(Cr) if m = 4k + 2 for odd k.

(C) 27%(Cm) < AL(Ch x Cr) < 5%(C) + 2 if m = 4k + 2 for even k.

Proof. Consider the following three cases.

(A) Suppose m = 4k. Let T = {11, Ts, ..., T} be a T-sequence for Cy, x Cyp,,
where

(a) 1 ={4j+1|0<j<k—1}and
(b) Tix1 ={j+ 1(mod 4k) | j € T3}, 1 <i <4k —1.

Similarly as in Case 1 of Theorem 3.13, we have 7.(Cp, x Cp,) < 5%(Cp,) and the
result follows from (2).

(B) Suppose m = 4k + 2 for odd k. Let T' = {T1,T»,...,T,} be the T-
sequence of C, x O, defined in the proof of Case 4.2 of Theorem 3.12. Similarly
as in Case 1 of Theorem 3.13, we have v£(Cy, x Cp,) < 5%(Cy,) and the result
follows from (2).

(C) Suppose m = 4k + 2 for even k. Let T = {T1,T5,...,T;,} be the T-
sequence of Cy, x C), defined in the proof of Case 4.1 of Theorem 3.12. Similarly
as in Case 1 of Theorem 3.13, we have

— (4k + 2
"}/ﬁ(cn X Cm) < n(2+) . ’yt(C'4k+2) + (4]{?2 + 6k + 4)

=[n— (4k +2)](k + 1) + (4k* + 6k + 4)
—n(k+1)+2= g%(cm) +2.

The result follows from (2). |

We conclude this section with an upper bound for v4(G x K,,) which is in terms
of the total 2-tuple domination number.

S C Vis a k-tuple dominating set of G if for every vertex v € V, [IN[v]NS| >
k. The k-tuple domination number v*(G) is the minimum cardinality of a k-tuple
dominating set of G. S C V is a total k-tuple dominating set of G if for every
vertex v € V, |[N(v) N S| > k, that is, v is dominated by at least k neighbors in
S. The total k-tuple domination number vF(G) is the minimum cardinality of a
total k-tuple dominating set of G.

Theorem 3.15. Let G be a graph with 6(G) > 2 and let n > max{3,77(G)}.
Then 14(G x Kn) < 22(G).
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Proof. Let S = {s1,...,St} be a minimum total 2-tuple dominating set of G
and let V(K,) = {vi,...,v,}. We claim that T = {(s;,v;) | 1 <7 < k} is a
minimum total restrained dominating set of G x K,,. Note that T is well-defined
since n > 72(G) = k. Let (x,v;) be an arbitrary vertex of G x K,, and assume
that x is dominated by vertices s; and s;. Then s;, s; and z are distinct vertices.
Suppose without loss of generality that [ # i. Then (x, v;) is dominated by (s;, v;)
and hence T is a total dominating set of G x K,,. Suppose (z,v;) € V(G x K,)\T.
Since n > 3, there is a vertex v, € V(K,) \ {vi,v}. Thus (x,v;) is dominated
by (si,vn) € V(G x K;,) \ T and hence T is a total restrained dominating set of
G x K,. We conclude that v:(G x K,) < 72(G). |

Theorem 3.6 is a direct consequence of Theorem 3.15 and we give another proof
of it.

Theorem 3.16. v£(C,, x K,,) = n for n,m > 3.

Proof. Clearly, v2(C,) = n, hence :(C,, x K,;,) < n by Theorem 3.15. On the
other hand, the lower bound directly follows from Theorem 2.5. [

REFERENCES

[1] R. Chérifi, S. Gravier, X. Lagraula, C. Payan and I. Zigham, Domination number
of cross products of paths, Discrete Appl. Math. 94 (1999) 101-139.
doi:10.1016/S0166-218X(99)00016-5

[2] X.G. Chen, W.C. Shiu and H.Y. Chen, Trees with equal total domination and total
restrained domination numbers, Discuss. Math. Graph. Theory 28 (2008) 59-66.
doi:10.7151/dmgt.1391

[3] M. El-Zahar, S. Gravier and A. Klobucar, On the total domination number of cross
products of graphs, Discrete Math. 308 (2008) 2025-2029.
doi:10.1016/j.disc.2007.04.034

[4] T.W. Haynes, S.T. Hedetniemi and P.J. Slater, Fundamentals of Domination in
Graphs (Marcel Dekker, New York, 1998).

[5] D.X. Ma, X.G. Chen and L. Sun, On total restrained domination in graphs,
Czechoslovak Math. J. 55 (2005) 165-173.
doi:10.1007/s10587-005-0012-2

[6] D.F. Rall, Total domination in categorical products of graphs, Discuss. Math. Graph
Theory 25 (2005) 35-44.
doi:10.7151/dmgt.1257

[7] M. Zwierzchowski, Total domination number of the conjunction of graphs, Discrete
Math. 307 (2007) 1016-1020.
doi:10.1016/j.disc.2005.11.047

Received 26 April 2011
Revised 28 November 2011
Accepted 30 November 2011


http://dx.doi.org/10.1016/S0166-218X\(99\)00016-5
http://dx.doi.org/10.7151/dmgt.1391
http://dx.doi.org/10.1016/j.disc.2007.04.034
http://dx.doi.org/10.1007/s10587-005-0012-2
http://dx.doi.org/10.7151/dmgt.1257
http://dx.doi.org/10.1016/j.disc.2005.11.047



http://www.tcpdf.org

