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Abstract

For a connected graph G of order n > 3, let f : E(G) — Z, be an
edge labeling of G. The vertex labeling f’ : V(G) — Z, induced by f is
defined as f'(u) = >, ¢ () f(uv), where the sum is computed in Z,. If f/
is one-to-one, then f is called a modular edge-graceful labeling and G is a
modular edge-graceful graph. A modular edge-graceful labeling f of G is
nowhere-zero if f(e) # 0 for all e € E(G) and in this case, G is a nowhere-
zero modular edge-graceful graph. It is shown that a connected graph G
of order n > 3 is nowhere-zero modular edge-graceful if and only if n # 2
(mod 4), G # K3 and G is not a star of even order. For a connected graph
G of order n > 3, the smallest integer k > n for which there exists an edge
labeling f : E(G) — Zi — {0} such that the induced vertex labeling f is
one-to-one is referred to as the nowhere-zero modular edge-gracefulness of G
and this number is determined for every connected graph of order at least 3.

Keywords: modular edge-graceful labelings and graphs, nowhere-zero la-
belings, modular edge-gracefulness.
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1. INTRODUCTION

Over the past few decades the subject of graph labelings has been growing in
popularity. Gallian [7] has compiled a periodically updated survey of many kinds
of labelings and numerous results, obtained from well over a thousand referenced
research articles. The origin of the study of graph labelings as a major area of
graph theory can be traced to a research paper by Rosa [15]. Among the labelings
he introduced was a vertex labeling he referred to as a S-valuation. Let G be a
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graph of order n and size m. A one-to-one function f: V(G) — {0,1,2,...,m}
is called a B-valuation (or a B-labeling) of G if

{|f(u) = f(v)| :uwv € E(G)} ={1,2,...,m}.

In 1972 Golomb [9] referred to a S-labeling as a graceful labeling and a graph
possessing a graceful labeling as a graceful graph. Eventually, it was this termi-
nology that became standard. One of the best known conjectures in this area is
Graceful Tree Conjecture, due to Ringel and Kotzig.

Conjecture. Every tree is graceful.

In 1985 Lo [12] introduced a dual type of labeling — this one an edge labeling.
Let G be a connected graph of order n > 2 and size m. For a vertex v of
G, let N(v) denote the neighborhood of v. An edge-graceful labeling of G is a
bijective function f : E(G) — {1,2,...,m} that gives rise to a bijective function
f2V(G) = {0,1,2,...,n — 1} given by f'(v) = > ,cn(y) f(uv), where the sum
is computed in Z,. A graph that admits an edge-graceful labeling is called an
edge-graceful graph. In the definition of an edge-graceful labeling of a connected
graph G of order n > 2 and size m, the edge labeling f is required to be one-
to-one. Since, however, the induced vertex labels f’(v) are obtained by addition
in Zy, the function f is actually a function from E(G) to Z, and is in general
not one-to-one. Dividing m by n, we obtain m = nq + r, where ¢ = |m/n] and
0 <r <n—1. Hence in an edge-graceful labeling of G, ¢ + 1 edges are labeled ¢
for each 7 with 1 < i < r and ¢ edges are labeled i for each ¢ withr+1<i<mn
(in Zy). Thus this edge labeling f : E(G) — Z, is a one-to-one function only
when m =n—1or m =n.

In 2008 a vertex coloring of a graph was introduced in [13] in connection
with finding a solution to a checkerboard problem posted by Gary Chartrand.
For a graph G without isolated vertices, let ¢ : V(G) — Zi (k > 2) be a vertex
coloring of G where adjacent vertices may be colored the same. Then a vertex
coloring ¢’ of G is defined such that ¢/(v) is the sum in Zj of the colors of the
vertices in the neighborhood of v for each v € V(G). The coloring ¢ is called
a modular k-coloring of G if ¢/(u) # ¢ (v) in Zj for every pair u,v of adjacent
vertices of G. The modular chromatic number of G is the minimum k for which G
has a modular k-coloring. This coloring was studied further in [14], which led to a
complete solution of the checkerboard problem under investigation. Furthermore,
modular colorings are closely related to sigma colorings in graphs (see [4]). The
modular coloring described above led to an edge version introduced in [10], which
was inspired by the research of finding various methods to distinguish every pair
of adjacent vertices in a graph by means of edge colorings (see [1, 2, 6, 16] and [5,
p. 385], for example). For a graph G without isolated vertices, let ¢ : E(G) — Zj,
(k > 2) be an edge coloring of G where adjacent edges may be colored the same.
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Then a vertex coloring ¢’ is defined such that ¢/(v) is the sum in Zj, of the colors
of the edges incident with v for each v € V(G). An edge coloring c is a modular k-
edge coloring of G if ¢ (u) # ¢'(v) in Zy, for all pairs u, v of adjacent vertices of G.
The modular chromatic index of G is the minimum k for which G has a modular
k-edge coloring. Combining the concepts of graceful labeling and modular edge
coloring gives rise to a modular edge-graceful labeling, as we describe next.

Let G be a connected graph of order n > 3 and let f : F(G) — Z,, where f
need not be one-to-one. Let f': V(G) — Zj such that f'(v) = 3,y f(uv),
where the sum is computed in Z,. If f’ is one-to-one, then f is called a modular
edge-graceful labeling and G is a modular edge-graceful graph. Consequently, every
edge-graceful graph is a modular edge-graceful graph. It turns out that this
concept was introduced in 1991 by Jothi [8] under the terminology of line-graceful
graphs (also see [7]). It was known that if G is a connected graph of order n > 3
for which n = 2 (mod 4), then G is not modular edge-graceful. Furthermore, it
was conjectured that if 7" is a tree of order n > 3 for which n # 2 (mod 4), then
T is modular edge-graceful (see [7]). This conjecture was verified in [11]. In fact,
the conjecture is not only true for trees but for all connected graphs.

Theorem 1.1 [11]. A connected graph of order n > 3 is modular edge-graceful
if and only if n # 2 (mod 4).

For every connected graph G of order n, there is a smallest integer k > n for
which there exists an edge labeling f : F(G) — Zj, such that the induced vertex
labeling f’ : V(G) — Zj defined by f'(v) = > ,cn f(uv), where the sum is
computed in Zj, is one-to-one. The number k is defined in [11] as the modular
edge-gracefulness meg(G) of G. Thus meg(G) > n and meg(G) = n if and only
if G is a modular edge-graceful graph of order n and if GG is not modular edge-
graceful, then meg(G) > n + 1. In fact, meg(G) is known for every connected
graph (G, as we state next.

Theorem 1.2 [11]. If G is a nontrivial connected graph of order n > 6 that is
not modular edge-graceful, then meg(G) =n + 1.

If G is a modular edge-graceful spanning subgraph of a graph H, where G and
H are connected, then a modular edge-graceful labeling of G can be extended to
a modular edge-graceful labeling of H by assigning 0 to each edge of H that does
not belong to G. Thus modular edge-graceful labelings of a graph that assign 0 to
some edges of the graph play an important role in establishing Theorems 1.1 and
1.2. For this reason, we now investigate those modular edge-graceful labelings in
which 0 is not permitted. This gives rise to a new concept along with additional
challenging problems. More formally, for a connected graph G of order n > 3 let
f: E(G) — Z, — {0}, where f need not be one-to-one and let f' : V(G) — Zj,
be defined by f'(u) = > veN(u) f(wv), where the sum is computed in Zy. If 1
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is one-to-one, then f is called a nowhere-zero modular edge-graceful labeling and
G is a nowhere-zero modular edge-graceful graph. In this work, we first show (in
Section 2) that if G is a connected graph of order n > 3 where n # 2 (mod 4), then
there is a modular edge-graceful labeling f : E(G) — Zj, such that f(e) # 0 for all
e € E(G) with at most one exception. In Section 3 we determine all nowhere-zero
modular edge-graceful trees. Finally, we present a characterization of all nowhere-
zero modular edge-graceful graphs in Section 4 and determine the nowhere-zero
modular edge-gracefulness of every connected graph in Section 5. We refer to the
book [3] for graph theory notation and terminology not described in this paper.
Henceforth, we assume all graphs under consideration are connected graphs of
order at least 3.

2. ONE ZERO IS SUFFICIENT

In this section, we show that if G is a modular edge-graceful graph of order
n > 3 that is not nowhere-zero, then there is a modular edge-graceful labeling
f : E(G) — Zy, such that f(e) # 0 for all e € F(G) with one exception, that
is, one zero is sufficient. Furthermore, for each prescribed edge e* of GG, there
is a modular edge-graceful labeling f* : E(G) — Z, such that f*(e) # 0 for all
e € E(G) — {e*}. First, we present a lemma.

Lemma 2.1. Let G be a connected modular edge-graceful graph of order n > 3,
where n # 2 (mod 4) and let f : E(G) — Zy, be a given modular edge-graceful
labeling of G. If Py = (v1,ve,...,vk) is a path of order k > 3 in G, then there is
a modular edge-graceful labeling g : E(G) — Z,, of G that satisfies the following
four conditions:

(1) gle) = f(e) for all e ¢ E(Fy),

(2) ¢'(v) = f'(v) for allv & V(Py),

(3) {g'(vi) :1<i<k}={f"(vy):1<i<k} and
(4) g(vivig1) #0 for all i with 1 <i <k —2.

Proof. We proceed by induction on k. For k = 3, let P3 = (vy,vq,v3). If
f(vivg) # 0, then let ¢ = f. Thus, we may assume that f(vivz) = 0. Suppose
that f'(v1) = a, f'(v2) = b and f’(v3) = ¢. Define a labeling g : E(G) — Z, by

fle) if e ¢ E(P3),

gle)=4q fle)+(c—a) ife=uvive,

fle) = (c—a) if e =wvqus.
By the definition of g, conditions (1) and (2) hold. Since g(v1ve) = f(vive)+(c—a)
= c—a and a # c, it follows that g(viv2) # 0 and so (3) holds. Furthermore,
g (v1) = ¢, ¢'(v2) = b and ¢'(v1) = a and so (4) holds.
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Assume for some integer k > 4 that the result holds for all paths of order &' in
G where 3 <k’ < k. Let P, = (v1,v9,...,v) be a path of order £k > 4 in G.
First, consider the subpath Py_1 = (v1,v2,...,vk_1) of Pr. By the induction
hypothesis, there is a modular edge-graceful labeling h : E(G) — Z,, of G that
satisfies the following four conditions:

(1) h(e) = f(e) for all e ¢ E(Py_1),

(2") B'(v) = f'(v) for all v ¢ V(Pgx_1),

3 {h(vi):1<i<k}={f'(vi):1<i<k—1}and
(4") h(vivig1) # 0 for all ¢ with 1 <i <k — 3.

If h(vg—ouk—1) # 0, then let g = h. Thus we may assume that h(vg_ovg_1) = 0.
Now consider the subpath P3 = (vgp_g,vk—1,v;) of Py. Applying the induction
hypothesis to P3 and the modular edge-graceful labeling h of G, we conclude that
there is a modular edge-graceful labeling g : E(G) — Z, such that

(1*) g(e) = h(e) for all e ¢ E(P3),

(2*) ¢'(v) =W (v) for all v ¢ V(Ps),

(3%) {9'(vk-2), 9" (vk—1), ¢'(vk) } = {I'(Vk—2), W' (vk—1), W' (vx)} and
(4) g(vk—2vk—1) # 0.

Observe that for each integer j with 1 < j < 4, conditions (j') and (j*) give rise
to condition (j). Therefore, g and f satisfy conditions (1)—(4). |

We now present the main result of this section.

Theorem 2.2. Let G be a connected modular edge-graceful graph of order n > 3,
where n # 2 (mod 4). Then there is a modular edge-graceful labeling f : E(G) —
Zy, such that f(e) # 0 for all e € E(G) with at most one exception. Furthermore,
for a fized edge e* of G, there is a modular edge-graceful labeling f : E(G) — Zp,
such that f(e) #0 for all e € E(G) — {e*}.

Proof. It suffices to show that for a fixed edge e* of G, there is a modular edge-
graceful labeling f : E(G) — Z, such that f(e) # 0 for all e € E(G) — {e*}.
Among all modular edge-graceful labelings of G, let f : E(G) — Z, be one
for which the set S = {e € E(G) — {e*} : f(e) = 0} has the smallest possible
cardinality. We claim that S = (; for otherwise, let ¢’ € S. Since G is connected,
there exists a path P, = (v1,v2,...,v;) of order k& > 3 such that e; = wvv9
and es = vg_1vk. By Lemma 2.1, there is a modular edge-graceful labeling
g: E(G) = Z, of G that satisfies

(i) g(e) = f(e) for all e ¢ E(Py) and

(i1) g(vivig1) # 0 for all 4 with 1 <i <k —2.

Therefore, g(e) # 0 for all e € E(G)—{e*}, which contradicts the defined property
of f. ]
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3. TREES

In this section we establish a characterization of nowhere-zero modular edge-
graceful trees. More precisely, we show that a tree T of order n > 3 with n # 2
(mod 4) is nowhere-zero modular edge-graceful if and only if 7" is not a star of
even order. We begin with a lemma that determines all nowhere-zero modular
edge-graceful paths, stars and double stars.

Lemma 3.1. Let n > 3 be an integer with n # 2 (mod 4). Then
(a) Ewvery path P, is nowhere-zero modular edge-graceful.

(b) A star of order n is nowhere-zero modular edge-graceful if and only if n is
odd.

(¢) Ewvery double star of order n > 4 is nowhere-zero modular edge-graceful.

Proof. Since the proofs of (a) and (b) are relatively straightforward, we only
prove (c). Let T be the double star of order n = a + b+ 2 > 4 whose central
vertices are v and v where degu = a4+ 1 and degv = b+ 1. Let uy, ug,...,u, be
end-vertices of T' that are adjacent to u and let v1,vs, ..., vy be end-vertices of T'
that are adjacent to v.

First, suppose that n > 5 is odd. We may assume, without loss of generality,
that a is odd and b is even. Define a labeling f : E(T) — Z,, — {0} by

% if e=wuu;, 1 <i<aandiis odd,
-3 if e=wuu;, 1 <i<aandiis even,
fle) = —aTH if e = ww,
afl 4 jtl ife=wvv;,1<7<band jisodd
. : =ov;, 1 <j<band jis odd,
—(aTl—i-%) if e=wvvj, 1 <j <bandjis even.
Observe in Z, that f'(u) =0, f'(v) = —%:! and
—1 1
{(Fw):1<i<a} = {jzl,j:2, ..,j:a2 ,“; }

ez - () (5]

Therefore, f’ is one-to-one and so f is a nowhere-zero modular edge-graceful
labeling.

Next, suppose that n > 4 is even. Since n = a + b+ 2, it follows that a and
b are of the same parity. We consider two cases.

Case 1. a and b are both odd. We may assume, without loss of generality,
that a < b. First, suppose that a = 1. By (a), we may assume that b # 1.
Since n = b+ 3 = 0 (mod 4), it follows that b > 5. Now define a labeling
f:E(T)— Z, — {0} such that
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(i) {fvvy): 2<i<b}={&1,+2,.. 2} {2}

(where then f(vv;) # £5 for 2 <7 <b) and
(i) f(uwr) =7 and f(uv) = f(vvr) = 5.

By the definition of f, {f/(v;):2<i <b} = {il, £2,..., 28 {2 inZ
and f/(’l)) =0, f/(ul) = %7 f/( ) = n + 3 2 % = —% and f/(vl) = % in Zy.
Thus f is a nowhere-zero modular edge graceful labeling of T'.

Next, suppose that @ > 3. Let a = 2p + 1 and b = 2¢ + 1 for some positive
integers p and ¢ where p < q. Now define a labeling f : E(T) — Z, — {0} such
that

(i) {fluw;):2<i<a}={£l1,£2,...,£p},

{flovj) :2<j<by ={x(p+1), =P +3),.... £+ g+ 1)} — {£]}.

(where then f(uu;) # £% and f(vv;) # :l:f for 2<i<aand2<j<b)

and

(i) f(uur) =% and f(uv) = f(vv) = 5.
By the definition of f,

{f(u):2<i<a}U{f(vj):2<j<bl=7,— {02,238 =_-2} in7Z,
Furthermore, f'(u1) =%, f'(v1) = 5, f'(u) = =% and f'(v) = 0 in Z,. Thus f

is a nowhere-zero modular edge-graceful labeling of T.

Case 2. a and b are both even. Because n = 0 (mod 4) and n = a+b+ 2, we
may assume, without loss of generality, that a = 0 (mod 4) and b = 2 (mod 4).
Since a > 0 and b > 0, it follows that a > 4 and b > 2. Define the sets U and W
of edges of T by

U={e=uu;:3<i<aland W ={e=wvv;: 1 <i<b}.

Then |U| = a—2 and |W| = b are both even and so [UUW|=a+b—2=n—4.
Furthermore, let S = Z, {0, 4,’2‘, T } and so |S| = n—4 =|UUW|. Let
g:UUW — S be any bijective function with the property that g(uu;) =r € S
where 3 < ¢ < a if and only if g(uu;) = —r € S for some j with i # j and
3 < j < a. This implies that g(vv;) = 1" € S where 1 < i < b if and only if
g(vvj) = —r’ € S for some j with ¢ # j and 1 < j < b. Now define a labeling
[+ E(T) = Zy, in terms of g by f(uu1) = §, f(uuz) = %, f(uv) = 0 and
f(e) =g(e) for e € U UW. By the definitions of f and g, it follows that

{f/(w):3<i<a}U{f(v;):1<j<bl=8=17,—{0,2,2 3]

Furthermore, f'(u1) = 5, f'(u2) = %, f'(u) = =% and f'(v) = 0 in Z,. Thus f
is a modular edge-graceful labeling of T but f is not nowhere-zero.
We now construct a nowhere-zero modular edge-graceful labeling h of T' from

f as follows. Suppose that f(vv;) = s for some s € S. It follows by the definition
of the set S that s # 2 in Z,,. Define h : E(T) — Z, — {0} by
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f(e) if e # wv and e # vy,
hie) =< s—3  ife=uv,
%T” if e = vvy.

Observe that A/ (u) = s, '(v) = 0, h'(v1) = 3 and K (w) = f'(w) if w # u,v1.
Therefore, h is a nowhere-zero modular edge-graceful labeling of T'. [

We now consider trees in general whose diameter is at least 4.

Theorem 3.2. If T is a tree of order n > 5 with n # 2 (mod 4) and diameter at
least 4, then T is nowhere-zero modular edge-graceful.

Proof. Assume, to the contrary, that there is a tree T" of order n > 5 with n # 2
(mod 4) and diameter at least 4 but 7" is not nowhere-zero modular edge-graceful.
Let vy be an end-vertex of T" for which the eccentricity e(vg) of vy is at least 4
and let P = (vg,v1,v2,v3,v4) be a vg — vy path in T. By Theorems 1.1 and 2.2,
there is a modular edge-graceful labeling f : E(T) — Z, such that f(e) # 0
for all e € E(T) — {vov1}. Since T is not nowhere-zero modular edge-graceful,
f(vov1) = 0 and so f’(vg) = 0. Suppose that f'(v;) = x; for 1 < i < 4. Then
x; # 0 for 1 <4 < 4. We now construct a sequence of four edge labelings g, h, 1, j
of T recursively as follows.
First, define g : E(T') — Z,, from the labeling f by

T9 if e = vou1,
gle) =< fle) —xzy if e =v1vy,
f(e) otherwise.

Because ¢'(vg) = x2 = f'(v2), ¢'(v2) = 0 = f'(v9) and ¢'(v) = f/(v) for all

v € V(G) — {wvo,v2}, it follows that g is a modular edge-graceful labeling of T

Since f(e) = g(e) for all e € E(T) — {vov1,v1v2} and g(vovy) = x2 # 0, it follows

that g(e) # 0 for all e € E(T) — {vive}. Again, since T is not nowhere-zero

modular edge-graceful, g(vive) = f(viv2) — 2 = 0, implying that f(vive) = zo.
Secondly, define h : E(T) — Z, from the labeling g by

T3 — I1 if e = vyv9,
hie) =< g(e) — (x3 —x1) if e = vous,
g(e) otherwise.

Then 1 (v) = ¢'(v) = f/(v) for all v € V(G) — {v1,v2,v3} and

W(vi) = g'(v)+ (x3—21) =21+ (23 — 21) = 23 = ¢'(v3),
W(va) = ¢'(v2) + (w3 —x1) — (23 — 21) = ¢ (v2) = 0,
h/(U?)) = 9’(”3) —(r3 —w1) =23 — (v3 — 1) =11 = 9/(?11)'

+
+

—~
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Hence h is a modular edge-graceful labeling of T. Since h(e) # 0 for all
e € E(T) —{vaus} and T is not nowhere-zero modular edge-graceful, h(vavs) = 0
and so f(veu3) = x3 — x1.

Next, define i : E(T') — Zj, from the labeling h by

T4 if e = v9us,
i(e) =< h(e) —xy4 if e =wv3vy,
h(e) otherwise.
Then ' (v) = k/(v) for all v € V(G) — {v2,v4} and
i'(va) = h'(v2)+x4=0+m4=124=h(04),
i'(vy)) = h'(v4) —x4 =24 —24=0=h(09).

Hence i is a modular edge-graceful labeling of T'. Since i(e) # 0 for all
e € E(T) — {vsvs} and T is not nowhere-zero modular edge-graceful, i(vsvs) =0
and so f(vsvy)=x4. Therefore, f(vivy)=x2, f(vovs) =23 — 21 and f(vzvy) =24.
Since f is a modular edge-graceful labeling of T', x1 # x4 and hence x4 — x1 #0.
Thus z3+x4—x1 # 23, which implies that degvs # 2. Let vs € V(T')—V (P) that
is adjacent to vs and let f/(vs) = x5. Applying the same argument to the path
(vo, v1,v2,v3,v5) and the modular edge-graceful labeling f in which f(e) # 0 for
all e € E(T) — {vov1}, we obtain that f(vsvs) = x5. Now observe that at most
one of x3 —x1 —x2 + x4 and x3 — x1 — T2 + x5 is 0. We may assume, without loss
of generality, that x3 — x1 — x9 + 24 # 0.
We now define a labeling j : E(T) — Z,, from the labeling f by

T4 if e = vyu,
To — T4 if e = v1v9,
jle) =< zy+x3—20— 21 if € = VU3,
T if e = w3y,
fle) otherwise.

Since z3 — x1 — 2 + x4 # 0 by assumption and f(e) # 0 for all e € E(T) — E(P),
it follows that j(e) # 0 for all e € E(T). Furthermore, j'(v) = f/(v) for all
veV(T)—V(P) and

-/

J'(vo) = w4,
j'(w1) = fl(v1) =24 +xs = f'(01) = a1,
J'(v2) = fl(va) — x4+ (24— 22) = 22 — x4 + (24 — x2) = 0,
J'(v3) = fl(v3) 4 (z2 — 24) + (24 — 22) = f'(v3) = 3,
7 (vg) = fl(va) + (x2 — 24) = 24 + (32 — 74) = T0.
Thus {j/(v) : v € V(P)} = {f'(v) : v € V(P)} = {0,21,22,23,24} and so

{j/(v) :v e V(T)} ={f'(v) : v € V(T)}. Therefore, j is a nowhere-zero modular
edge-graceful labeling of T', which is a contradiction. |
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Combining Lemma 3.1 and Theorem 3.2 establishes the main result of this section.

Theorem 3.3. A tree T of order n > 3 with n # 2 (mod 4) is nowhere-zero
modular edge-graceful if and only if T is not a star of even order.

4. CONNECTED GRAPHS WITH CYCLES

We now consider connected graphs of order n > 3 that are not trees, that is,
connected graphs with cycles. We first determine those connected graphs with
even cycles that are modular edge-graceful. We begin with a lemma.

Lemma 4.1. Let G be a connected modular edge-graceful graph of order n > 4
containing an even cycle C and let f be a modular edge-graceful labeling. Suppose
that there is a € Z,, that satisfies one of the following two conditions:

(1) f(e) # %a for each e € E(C),

(2) if a # —a, then f(e) = a for exactly one e € E(C) and f(e) # —a for each
e€ E(C).

Then G has a modular edge-graceful labeling g for which

(i) g(e) = f(e) for each e ¢ E(C),
(ii) g(e) #0 for alle € E(C) and
(iii) ¢'(v) = f'(v) for allv € V(G).

Proof. 1f a = 0, then g = f satisfies conditions (i)—(iii). Thus, we may assume
that a # 0. Let C' = (v1,v2, ..., 0, Vg1 = v1) where k > 4 is even.

First, suppose that condition (1) holds, that is, f(e) # +a for each e € E(C).
Define a labeling g : E(G) — Z, by

f(e) ife ¢ E(C),
(1) gle)=1< f(e)+a ife=wvv;41 and i is odd,
fle) —a if e =wvv;41 and i is even.

Thus g(e) = f(e) = a # 0 for each e € E(C) and ¢'(v) = f'(v) for all v € V(G).
Thus g satisfies conditions (i)—(iii).

Next suppose that (2) holds, that is, f(e) = a for exactly one e € E(C).
We may assume, without loss of generality, that e = viva. Then the labeling g
defined in (1) satisfies conditions (i)-(iii). |

Theorem 4.2. Let G be a connected modular edge-graceful graph of order at
least 4 that contains an even cycle C. For each modular edge-graceful labeling g
of G, there is a modular edge-graceful labeling f : E(G) — Zn of G such that
f(e) =g(e) for each e € E(G) — E(C) and f(e) # 0 for each e € E(C).
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Proof. Suppose that the order of G is n > 4. Let C' = (v1,v9, ..., V%, Vkr1 = V1)
be an even cycle in G, where then k > 4 is even and let g : E(G) — Z, be a
modular edge-graceful labeling of G. Since G is modular edge-graceful, n # 2
(mod 4).

First, assume that n is odd. Since k is even, k < n. For each integer ¢ with
0 <i < 271 let S; be the set of edges e in C for which g(e) = i or g(e) = —i.
If Sy = 0, then let f = ¢g. Thus we may assume that Sy # (. We claim that
there is an integer ¢ with 1 < ¢ < 27! such that |S;| < 1. Assume, to the
contrary, that |S;| > 2 for all i with 1 <14 < 271 Since |Sy| > 1, it follows that

n—1
k=32 |S]>2- (%) +1=n. Since k < n in this case, a contradiction is
produced. Thus, as claimed, there is an integer ¢ with 1 < i < ”T_l such that
|S;| < 1. It then follows by Lemma 4.1 that there is a modular edge-graceful
labeling f of G such that f(e) # 0 for each e € E(C) and f(e) = g(e) for each
e¢ E(C).

Next, assume that n is even. For each integer 7 with 0 <14 < § —1, let S; be
the set of edges e in C for which g(e) =i or g(e) = —i and let Sz be the set of
edges e in C for which g(e) = §. If Sy = (), then let f = g. Thus we may assume
that So # () and so |Sp| > 1. We consider two cases, according to whether k < n

or k=n.

Case 1. k < n. We claim that there is an integer ¢ with 1 < < § such that
|Si| < 1or \Sg| = 0. If this is not the case, then [S;| > 2 for all 4 with 1 <7 < g,

[Sz| > 1, and |Sp| > 1. However then, k = SiolSi > 1+ Zf:_ll |Si|+1 >
242 (% — 1) = n which is impossible. Thus, as claimed, if k < n, then |S;| <1
for some integer i with 1 <i < § or |Sn| = 0. Hence by Lemma 4.1, there is a
modular edge-graceful labeling f of G such that f(e) # 0 for each e € E(C) and

f(e) = g(e) for each e ¢ E(C).

Case 2. k =n. Then C = (v1,v9,...,Upn,Upt1 = v1) is a Hamiltonian cycle
of G. By the discussion above, if [So| # 0, [Sz| # 0 and [Sz| = 2 for all i
with 1 <7 < § —1, then [So| = [Sz| = 1 and [S;| = 2 for all ¢ with 1 <4 <
5 — 1. Assume, without loss of generality, that g(vive) = 0. Consider the set
A={g(vvi41): iisodd and 1 <i <n —1}.
Notice that [A] < 5. Since 0 € A, there exists a € Z, — A such that
1 <a < 3. Define a labeling f : E(G) — Zj, by
g(e) ifed¢ E(C) or e =wvviy1, i iseven and 1 <i < n,
fo={ 49 _, gEroe ven
gle) —a ife=wvwi1,iisoddand 1 <i<n-—1.
Clearly, f(e) = g(e) for each e ¢ E(C). Since C is a Hamiltonian cycle of G,
f'(v) = ¢’ (v) —a for each v € V(G) and so f is a modular edge-graceful labeling
of G. Furthermore, since g(v;v;+1) # a for all odd integers ¢ with 1 <i <n—1, it
follows that f(vivi11) = g(viviy1) —a # 0 for all odd integers i with 1 < i <n—1.
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Finally, since |Sp| = 1, we have g(v;v;+1) = 0 if and only if i = 1. Hence f(e) # 0
for each e € E(C). |

The following corollary is an immediate consequence of Theorem 4.2.

Corollary 4.3. If G is a connected modular edge-graceful graph of order at least 3
and g : E(G) — Zy is a modular edge-graceful labeling of G, then there is a
modular edge-graceful labeling f of G such that f(e) # 0 for each edge e that lies
on an even cycle of G and f(e) = g(e) for each edge e that does not lie on an
even cycle of G.

With the aid of Theorem 2.2 and Corollary 4.3, we can now establish the following
result on connected graphs with even cycles.

Theorem 4.4. If G is a connected modular edge-graceful graph of order n > 4
that contains an even cycle, then G is nowhere-zero modular edge-graceful.

Proof. Let G be a connected modular edge-graceful graph of order n > 4, where
then n # 2 (mod 4), such that G contains an even cycle C' and let e* € E(C).
By Theorem 2.2, there is a modular edge-graceful labeling g : E(G) — Z,, such
that g(e) # 0 for all e € E(G) — {e*}. By Corollary 4.3, there is a modular
edge-graceful labeling f of G such that f(e) # 0 for each edge e that lies on
C and f(e) = g(e) for each edge e that does not lie on C. Since g(e) # 0 for
all e € E(G) — {e*}, it follows that f(e) # 0 for all e € E(G). Hence G is
nowhere-zero modular edge-graceful. [

We now consider connected graphs with cycles in general. First, we present two
lemmas. The proof of the first lemma is relatively standard and is therefore
omitted.

Lemma 4.5. For each integer n > 3, the cycle C, is nowhere-zero modular
edge-graceful if and only if n > 4 and n # 2 (mod 4).

Lemma 4.6. Let G be a modular edge-graceful graph of order n > 3 that is not
nowhere-zero modular edge-graceful. Let vivy be an edge of G and let f : E(G) —
Zy, be a modular edge-graceful labeling of G such that f(vive) = 0 and f(e) # 0
for all e € E(G) — {vive}. If P, = (v1,v2,...,v) is a path of order k > 3 in G
such that f'(v;) = x; for 1 < i <k and f(vviy1) = y; for 1 <i <k —1 where
y1 =0, then

(2)

S m f2<i<k—1andi is even,
Yi = Tiv1— 22 if3<i<k—1andi is odd.

Furthermore, there is a modular edge-graceful labeling g : E(G) — Zy, of G that
satisfies the following conditions:
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g(e) #0 for all e € E(G) — {vg—1vk} and g(vi—1vg) =0,
e g(e) = f(e) foralle € E(G) — E(Py), and
o if k is odd, then ¢ (vg) = x1 and ¢ (vg—1) = wmo; while if k is even, then

g'(vk) = 22 and g'(vg-1) = 1.

Proof. We proceed by induction on k. We first consider the two base cases when
k=3and k =4.

First, suppose that k = 3. Let f : E(G) — Z, be a modular edge-graceful
labeling of G such that f(viv2) =0 and f(e) # 0 for all e € E(G) — {viv2} and
let P3 = (v1,v2,v3). Suppose that f/(v;) = x; for 1 < i < 3. We shall show that
f(vovs) = yo = x3 — x1. Define a labeling g : E(G) — Z,, of G by

f(e) if e # viv2,vous,
gle) =<¢ x3—11 if e=wvvo,
ys — (x3 —x1) if e = wvyvs.

Observe that ¢'(v) = f'(v) if v € V(G) — {v1,v2,v3} and
g'(v1) = f'(v1) + (23 — 21) = 21 + (23 — 21) = 23,
g'(v2) = f'(v2) + (w3 — 1) — (23 — @1) = f'(v2) = 22,
g'(v3) = f'(v3) — (x5 —m1) = 23 — (v3 — 71) = 71.

Thus {¢'(v;) : 1 <@ <3} = {f'(v;) : 1 <i <3} ={x1,29,23} and so g is a
modular edge-graceful labeling of G. Since g(e) = f(e) foralle € E(G)—E(Fs), it
follows that g(e) # 0 if e # v1ve, vovs. Also, x3 # x1 and so g(vivs) = x3—x1 # 0.
Since G is not nowhere-zero modular edge-graceful, g(vovs) = yo — (x3 —21) =0
and so y2 = x3 — x1. Thus (2) holds. Furthermore, the modular edge-graceful
labeling g : E(G) — Zy, of G satisfies the following conditions:

e g(e) #0 for all e € E(G) — {vavs} and g(vav3) = 0,

e g(e) = f(e) for all e € E(G) — E(P3), and

o ¢'(v3) = x1 and ¢'(v2) = 72.
Hence the result holds for & = 3.

Next suppose that k = 4. Let f : E(G) — Z, be a modular edge-graceful
labeling of G such that f(vive) = 0 and f(e) # 0 for all e € E(G) — {viva}
and let Py = (v1,v9,v3,v4). Again, suppose that f/'(v;) = z; for 1 < i < 4 and
f(viviz1) = y; for 1 < i < 3, where then y; = 0. By the case when k = 3, there
is a modular edge-graceful labeling g : E(G) — Z, of G such that g(e) # 0 for
all e € E(G) — {vavs}, g(vsvy) = y3 = f(vsva), ¢'(v1) = a3, ¢'(v3) = x1, and
g (v) = f'(v) for all v € V(G) — {v1,v3}. Define a labeling h : E(G) — Z,, of G
from the modular edge-graceful labeling g of G by

g(e) if e # vavs, v3vy,
h(e) = @4 — 22 if e =wous,
ys — (v4 —x2) if e =wv3vy.
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Observe that
W(v)=4¢'(v) if v e V(G) — {va,v3,v4} and

(v2) = g'(v2) + (x4 — w2) = w2 + (74 — 22) = 24,
W(vs) = g'(vs) + (x4 — x2) — (24 — x2) = ¢'(v3) = 21,

( 9'(va) = (x4 — w2) = 14 — (¥4 — @2) = 22
Thus {h/(v;) : 2 < i <4} = {g(v;) : 2 < i < 4} = {x1,29,24} and so h is
a modular edge-graceful labeling of G. Since h(e) = g(e) for all e € E(G) —
{vous,v3v4}, it follows that h(e) # 0 if e ¢ {vovs,vsvs}. Also, x4 # x9 and
so h(vovs) = x4 — w9 # 0. Since G is not nowhere-zero modular edge-graceful,
h(vsvy) = y3 — (x4 — x2) = 0 and so y3 = x4 — x2. Thus (2) holds. Furthermore,
the modular edge-graceful labeling h : E(G) — Z, of G satisfies the following
conditions:

o h(e) #0 for all e € E(G) — {vsvs} and h(vsvy) =0,

e hie) =g(e) = f(e) for all e € E(G) — E(Py), and

o 1'(vy) = x9 and h'(v3) = 1.
Hence the result holds for k = 4.

Now suppose that the result holds for some integer k > 4. Let f : E(G) — Zy,
be a modular edge-graceful labeling of G such that f(vive) =0 and f(e) # 0 for
all e € E(G) — {viv2} and Py41 = (v1,v2,...,vk41) be a path of order k+1 > 5
in G. Suppose that f/'(v;) = x; for 1 <i <k+1and f(vvir1) =y; for 1 <i<k
where y; = 0. Let P, = (v1,v2,...,v;) be the subpath of order k in Pyy1. We
consider two cases, according to whether k is even or & is odd.

—

Case 1. k is even or k + 1 is odd. By the induction hypothesis of f on the
path P, we have

3)

) w1 if 2<i<k-—2andiis even,
Y=\ @i —ao if3<i<k—1andiisodd.

Furthermore, there is a modular edge-graceful labeling g : E(G) — Z,, of G such
that

e g(e) #0 for all e € E(G) — {vg_1v;} and g(vg_1vx) = 0,

e g(e) = f(e) for all e € E(G) — E(Py), and

o ¢'(vg) =z and ¢'(vg—1) = 1.
Hence g(vkvgt1) = yr = f(vkvg+1). Define a labeling h : E(G) — Z,, of G from
the modular edge-graceful labeling g of G by

g(e) if e# vp_1Vk, VEUk+1,
h(e) =< xp41 — 21 if e=wvp_1vk,
Ye — (@1 — 1) i e = vpvpsa.

Observe that
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(i) W(v)=g'(v)ifv e V(G) — {vg_1, vk, vky1} and

(ii) by (3),
B (vg—1) = ¢ (vk—1) + (@1 — 1) = 1 + (Tp1 — 1) = Tpt1,
B (v) = 9g' (k) + (Tk+1 — 1) — (Tp41 — 1) = g' (k) = 22,
W (vkg1) = g'(p41) — (Thg1 — 1) = T — (T — @1) = 31

Thus {h'(v;) : k—1<i<k+1} ={¢(v)) : k—1<i<k+1} and so h is
a modular edge-graceful labeling of G. Since h(e) = g(e) for all e € E(G) —
{Vgp_10, VkVE+1 }, it follows that h(e) # 0 if e # vg_1vk, VEVKL1. Also, Try1 # 1
and so h(vg_1vg) = 41 — x1 # 0. Since G is not nowhere-zero modular edge-
graceful, h(vgvg41) = Yk — (Tp+1 — 21) = 0 and so y, = x4 — z1. Hence (2)
holds. Furthermore, the modular edge-graceful labeling h : E(G) — Z, of G
satisfies the following conditions:
h(e) # 0 for all e € E(G) — {vkvgs1} and h(vgvge1) = 0,

e hie)=g(e) = f(e) for all e ¢ E(Pyy1), and

o 1 (vky1) = 21 and A/ (vg) = xa.
Hence the result holds for k is even (or k£ + 1 is odd).

Case 2. k is odd or k + 1 is even. By the induction hypothesis of f on the
path P, we have

(4)

| Tipi—m if 2<i<k—1 and i is even,
Yi = xig1 — 29 if3<i<k—2andiis odd.

Furthermore, there is a modular edge-graceful labeling g : F(G) — Z,, of G such
that
g(e) #0 for all e € E(G) — {vk—1vx} and g(vg_1v,) =0,
g(e) = f(e) for all e € E(G) — E(Py), and
J g'(vk) =1 and ¢'(vg—1) = 72
Hence g(vkvg+1) = yr = f(vkvg+1). Define a labeling h : E(G) — Z,, of G from
the modular edge-graceful labeling g of G by

g(e) if € # Vg 1k, VkVR41,
h(e) =< xg41 — x2 if e = vp_qvg,

Y — (Tpt1 —22)  if e = vpupy.

Observe that
(i) '(v) =¢'(v) if v € V(G) — {vk_1,k, Vk41} and
(ii) by (4),
b (vg—1) = ¢ (vk—1) + (1 — 22) = 2 + (Tp1 — 2) = Tpt1,
R (vk) = g'(v) + (Trt1 — 22) — (Tpt1 — 22) = g'(vg) = 21,
W (vkt1) = ¢/ (Vk41) — (Try1 — 2) = Tpp1 — (T — 22) = T2
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Thus {P'(v;) :k—1<i<k+1}={¢(vi) : k—1<i < k+1} and so h is
a modular edge-graceful labeling of G. Since h(e) = g(e) for all e € E(G) —
{vk—1Vk, VkVE+1}, it follows that h(e) # 0 if e # vg_1Vk, VRVK41. Also, Tt # T2
and so h(vg_1vg) = 41 — x2 # 0. Since G is not nowhere-zero modular edge-
graceful, h(vkvgy1) = yp — (Tgr1 — v2) = 0 and so yx = w11 — x2. Hence (2)
holds. Furthermore, the modular edge-graceful labeling h : E(G) — Z, of G
satisfies the following conditions:

e h(e) #0 for all e € E(G) — {vgvr+1} and h(vgvky1) =0,

e h(e) =g(e) = f(e) for all e ¢ E(Px4+1), and

o I(vgpy1) = x2 and B (vg) = 1.
Hence the result holds for k is odd (or k + 1 is even). |

Theorem 4.7. If G is a connected modular edge-graceful graph of order n > 4
that is not a star, then G is nowhere-zero modular edge-graceful.

Proof. Assume, to the contrary, that there is a connected modular edge-graceful
graph G of order n > 4 that is not a star such that G is not nowhere-zero
modular edge-graceful. By Theorem 3.3, G is not a tree. By Theorem 4.4, G
does not contain an even cycle. By Lemma 4.5, G is not an odd cycle. Since G
is connected, it follows that GG contains a unicyclic subgraph H that is obtained
from an odd cycle by adding a pendant edge. We may assume that V(H) =
{v1,v9,v3, ..., U342}, where Cor11 = (va,v3, ..., VK12, v2) is the odd cycle of H
and vive is the pendant edge of H.

Since G is not nowhere-zero modular edge-graceful, by Lemma 4.6, there is
a modular edge-graceful labeling f : E(G) — Z,, of G such that f(vive) =0 and
f(e) #0for all e € E(G)—{viva}. Furthermore, if Popio = (v1,v2,v3,...,V2512)
such that f/(v;) = z; for 1 < i <2k +2 and f(vvit1) =y; for 1 <i <2k +1
where y; = 0, then

()

Now consider the two paths Q1 and ()2 with initial edge vivo in H, namely,

- wipr—m i 2<4 <2k and i is even,
Y= g1 —o if3<i<2k+1andiis odd.

Ql = (U17U27U37U47'"7Uk+27vk‘+3)a

Q2 = (V1,V2, V2k42, V2kt 1, V2ks - - - » Ukt35 Vk42)-

Thus, ’V(Q1)| = ‘V(Qg)’ =k+3and E(Q1)N E(Qg) = {'017)2, Uk+2’l)k+3}.

First, assume that k+2 is odd. By traversing along the path @J1 and applying
(5), we obtain yxy2 = Tg+3 — x1. On the other hand, by traversing along the
path @2 and applying Lemma 4.6, we obtain yg+2 = x+2 —x1. This implies that
Tk4+3 = Tk42, Which is a contradiction.

Next, assume that k+2 is even. Then a similar argument shows that zp, 3 =
Tk+2, which is a contradiction. [ |
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Theorems 3.3, 4.4 and 4.7 then provide a characterization of connected nowhere-
zero modular edge-graceful graphs.

Theorem 4.8. A connected graph G of order n > 3 is nowhere-zero modular
edge-graceful if and only if

(i) n# 2 (mod 4),

(ii) G # K3 and

(iii) G is not a star of even order.

5. NOWHERE-ZERO MODULAR EDGE-GRACEFULNESS

For every connected graph G of order n, there is a smallest integer k& > n for which
there exists an edge labeling f : E(G) — Z; — {0} such that the induced vertex
labeling f' : V(G) — Z defined by f'(v) = 32,y f(uv), where the sum is
computed in Zg, is one-to-one. This number k is referred to as the nowhere-zero
modular edge-gracefulness of G and is denoted by nzg(G). Thus nzg(G) = n if
and only if G is nowhere-zero modular edge-graceful. Next, we determine nzg(G)
for those graphs G that are not nowhere-zero modular edge-graceful. We first
consider connected graphs of order n > 3 where n # 2 (mod 4). By Theorem 4.8,
it suffices to determine the nowhere-zero gracefulness of K3 or a star of even
order. Since nzg(K3) = 4, it remains to consider a star of even order.

Corollary 5.1. For each odd integer s > 3, nzg(K; s) = s + 3.

Proof. By Theorem 4.8, nzg(K ) > s+ 2. First, we show that nzg(K; ) #
s + 2 for all odd integers s > 3. Assume, to the contrary, that there is an
edge labeling f : E(Kis) = Zsr2 — {0} such that the induced vertex labeling
'+ V(K1) — Zsyo is an injective function. Since every edge of K  is incident
with an end-vertex, it follows that f is injective as well. Because |Zsy2 — {0} =
s+1=|E(K;s)| + 1, there is a unique a € Zgyo — {0} such that f(e) # a for
all e € E(K1). Since s +2 is odd, a # —a for all @ € Zs12. This implies that
there is e = uv € E(K; ) such that f(e) = —a. Suppose that u is an end-vertex
of K1 and v is the central vertex of K 5. Then f'(u) = f'(v) = —a, which is a
contradiction. Therefore, nzg(K; ) # s+ 2 and so nzg(Ki ) > s + 3.

To show that nzg(K; ) < s+ 3, we define an edge labeling g : E(K; ) —
Zsi3 — {0} such that the induced vertex labeling ¢’ : V(Ki ) — Zsyg is an
injective function. Let V(K ) = {v,v1,v2,...,vs} where v is the central vertex
of K. For s = 3,5, let g(vv;) =i for 1 <i <'s; while for s > 7, let

i+1 if1<i< st -2

“W”_{i+2 if 5l 1<i<s.

In each case, ¢’ is injective and so nzg(K; ) = s+ 3. |
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By Theorem 4.8, nzg(K3) = 4 and Proposition 5.1, we have the following.

Theorem 5.2. If G is a connected graph of order n > 3 with n # 2 (mod 4)
that is not nowhere-zero modular edge-graceful, then nzg(G) € {n + 1,n + 2}.
Furthermore, nzg(G) = n+ 1 if and only if G = K3 and nzg(G) = n+ 2 if and
only if G is a star of even order.

By Theorem 1.1, if G is a connected graph of order n > 6 where n = 2 (mod 4),
then G is not modular edge-graceful. Consequently, G is not nowhere-zero modu-
lar edge-graceful and so nzg(G) > n+1. Proceeding as above under the hypothesis
that n = 2 (mod 4) rather than n #Z 2 (mod 4), then with a similar argument,
both in length and method, the following can be established.

Theorem 5.3. If G is a connected graph of order n > 6 where n = 2 (mod 4),
then nzg(G) € {n+ 1,n+2}. Furthermore, nzg(G) =n+ 2 if and only if G is a
star.

In summary then, we have the following,.

Theorem 5.4. If G is a connected graph of order n > 3, then nzg(G) € {n,n +
1,n + 2}. Furthermore,
e nzg(G) = n if and only if G is nowhere-zero modular edge-graceful,
e nzg(G) =n+1 if and only if G = K3 or n =2 (mod 4) and G is not a star
of even order.

e n7g(G) =n+ 2 if and only if G is a star of even order.
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