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Abstract

A graph whose edges are labeled either as positive or negative is called
a signed graph. In this article, we extend the notion of composition of
(unsigned) graphs (also called lexicographic product) to signed graphs. We
employ Kronecker product of matrices to express the adjacency matrix of
this product of two signed graphs and hence find its eigenvalues when the
second graph under composition is net-regular. A signed graph is said to be
net-regular if every vertex has constant net-degree, namely, the difference of
the number of positive and negative edges incident with a vertex. We also
characterize balance in signed graph composition and have some results on
the Laplacian matrices of this product.
Keywords: signed graph, eigenvalues, graph composition, regular graphs,
net-regular signed graphs.
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1. INTRODUCTION

All graphs in this article are finite and simple. The objective of this paper is to
extend the notion and some results available in unsigned graph theory associated
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with the lexicographic product of graphs to signed graphs. Moreover we deal
with the balance of the lexicographic product of signed graph as the theory of
balance is an important aspect in the case of signed graphs. For all definitions in
(unsigned) graph theory used here, unless otherwise mentioned, reader may refer
to [5, 6]. Much has been discussed in literature about the lexicographic product
of graphs (for example, see [5, 6, 11, 12]). We denote by G = (V, E), a simple
(unsigned) graph with the vertex set V' and the edge set E. If Gy = (V1, E1) and
Go = (Va, E3) are two graphs, their lexicographic product G1[Gs] is defined as
the graph with the vertex set V; x V5 and the vertices u = (u;,vj) and v = (ug, v;)
are adjacent whenever u; is adjacent to uy or when u; = u; and v; is adjacent to
v;. We shall extend this definition to signed graphs.

Signed graphs (also called sigraphs), with positive and negative labels on the
edges, are much studied in the literature because of their use in modeling a variety
of physical and socio-psychological processes (for example, see [2, 3]) and also
because of their interesting connections with many classical mathematical systems
(see [15]). Formally, a sigraph is an ordered pair ¥ = (G, o) where G = (V, E) is
a graph called the underlying graph of ¥ and o : E — {+1,—1} called a signing,
is a function (also called a signature) from the edge set E of G into the set
{+1,—1}. We define the lexicographic product ¥1[¥2] (also called composition)
of two signed graphs X1 = (V4, E1,01) and Xg = (Va, E, 09) as the signed graph
(Vi x Vo, E,0) where the edge set F is that of the lexicographic product of
underlying unsigned graphs and the signature function o for the labeling of the
edges is defined by

1) o(useop ) = { 2 7

A signed graph is all-positive (respectively, all-negative) if all of its edges are
positive (respectively, negative); further, it is said to be homogeneous if it is
either all-positive or all-negative and heterogeneous otherwise. Note that a graph
can be considered to be a homogeneous signed graph. A signed graph 3 is said
to be balanced or cycle balanced if all of its cycles are positive, where the sign of
a cycle in a signed graph is the product of the signs of its edges.

To obtain certain results in lexicographic products of signed graphs, in the
sequel, we deal mainly with the adjacency matrix and Laplacian matrix of a
signed graph which are direct generalization of familiar matrices from ordinary,
unsigned graph theory. If ¥ = (G,o0) is a signed graph where G = (V, E) with
V = {v1,v9,...,v,} and if we denote an edge belonging to the edge set E of ¥
as ej; = v;vj, then its adjacency matrix A(X) = (a;j) is defined as,

0 o(vivy) if viv; € E,
Y10 otherwise.
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The Laplacian matrix of a signed graph ¥ = (G, o) is given by L(X) = D(X) —
A(X), where D(X) is the diagonal matrix of degrees of vertices of X.

The roots of the characteristic polynomial det(AI,, — A(X)) of the adjacency
matrix A(X) are called the eigenvalues of ¥. We denote the eigenvalues of a
signed graph of order n by A; for 1 < j < n and Laplacian eigenvalues by )\]L .
Eigenvalues of the adjacency and Laplacian matrices of a graph have been widely
used to characterize properties of a graph and extract some useful information
from its structure. When we have two signed graphs to deal with, say 31 and X,
the former is considered to be of order m and the latter to be of order n. Their
eigenvalues are taken, respectively, as A; and p;. We denote by J,, the square
matrix of order n with all ones and by j the column vector of all ones, and +K,
denotes the all-positive complete graph of order n.

Kronecker product of an m x n matrix A = (a;;) and a p X ¢ matrix B is
defined to be the mp x ng matrix A ® B = (a;;B).

Lemma 1 [16]. If A and B are square matrices of order m and n respectively,
then A ® B is a square matriz of order mn. Also (A® B)(C ® D) = AC ® BD,
if the products AC and BD ezist.

Lemma 2 [16]. If A and B are square matrices of order m and n respectively
with eigenvalues A; (1 < i < m) and p; (1 < i < n), then the eigenvalues of
A® B are \ijpj and that of A® I, + I, ® B are A\; + pu;.

2. PRELIMINARIES

For the definitions and the eigenvalues of the following graph products available
for (unsigned) graph, one may refer to [5] and the same for signed graphs can be
found in [8].

Given two signed graphs 31 = (V4, F1,01) and X9 = (Va, B9, 09), their Carte-
stan product X1 x 3o is defined as the signed graph (V} x Vi, E, o) where the edge
set F is that of the Cartesian product of underlying unsigned graphs and the
signature function o for the labeling of the edges is defined by

01 (uzuk) lf_] = l,
oa(vjv) if i =k.

o (s o)) = {

The strong product ;X ¥, of two signed graphs ¥; = (Vi,Ej,01) and
Yo = (Va, By, 09) is defined as the signed graph (Vi x Vi, E, o) where the edge
set F is that of the strong product of the underlying unsigned graphs and the
signature function o for the labeling of the edges is defined by

a((ui, vj)(uk, UZ)) =01 (uiuk)ag (Q}j’l)l).
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In the examples given in the main section, we use the following lemmas found in
[7] and [8]. We follow the notation, [r|, for an integer r, such that [r] = 0 if r is
even and [r] = 1 if it is odd. We denote by PT(LT), where 0 < r < n — 1, signed
paths of order n and size n — 1 with r negative edges where the underlying graph
is the path P,. Also Cff), for 0 < r < n, denotes signed cycles with r negative
edges.

Lemma 3 [7]. The signed paths PT(LT), where 0 <r < n—1, have the eigenvalues
(independent of r) given by A\j = 2cos iy for j=1,2,...,n.
Lemma 4 [8]. The eigenvalues \; of CT(LT) forj=1,2,....nand 0 <r <n

25 —
are given by \j = 2cos M
n

The following three results on Cartesian product and strong product of signed
graphs are found in [8].

Lemma 5 [8]. Given two signed graphs ¥1 = (Vi, E1,01) and Yo = (Va, Ea, 02)
where |Vi| = m and |Va| = n, then the adjacency matriz A(X1 x Xa) of the
Cartesian product 31 x 3o is A(X1) ® I, + I, ® A(X2). Hence eigenvalues of
Y1 X Yo will be the sum of the eigenvalues of X1 and .

Lemma 6 [8]. The Cartesian product 1 X ¥, of the signed graphs X1 and g,
is balanced if and only if X1 and Yo are both balanced.

Lemma 7 [8]. The adjacency matriz of the strong product 31 X ¥o will be the
Kronecker product of the adjacency matrices of X1 and Yo and its eigenvalues
will be the product of the eigenvalues of %1 and 3.

3. ADJACENCY EIGENVALUES OF LEXICOGRAPHIC PRODUCT

In this section, we generalize to signed graphs the expression for the adjacency
matrix of the composition of two unsigned graphs given in [5]. This expression
provides a way to calculate their eigenvalues in the sequel.

Theorem 8. If ¥y = (Vi,E1,01) and X9 = (Va, B, 09) are two signed graphs
where |Vi| = m and |Va| = n, then the adjacency matriz A(X1[X2]) of the lexico-
graphic product 31[X9] is A(X1) @ Jp, + L @ A(X2).

Proof. A direct computation shows that A(X1) ® J,, + I, ® A(X2)
0J, or(ugug)d,  or(wius)dy, ... or(uium)dy
g1 (uQul)Jn OJn 01 (U2U3)Jn e 01 (uQum)Jn

o1(umur)dy  o1(umuz)dn  o1(upug)d, ... 0J,
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A(X9) 0 0o ... 0
A .
+ 0 (X2) O 0
0 0 0 ... A(X)
A(X9) or(uiug)d,  or(uwius)dy, ... o1(uium)dy
_ Ul(UQUl)Jn A(EQ) 01 (U2U3)Jn . 01(UQum)Jn
o1(umur)dy  o1(umuz)dn  o1(upug)d, ... A(X9)

Now let us examine the (u;,vj)(ug,v;) elements of this matrix. We find them
as

o1(ujug)  if u; # ug and vug € Ey,

O'Q(Uj'l)l) if VU € Es and u; = uy,

0 otherwise.

They are exactly what appear in the (u;,vj)(ug,v;) positions of A(X1[¥2]). =
Corollary 9. The adjacency matriz of 31[X2] can also be expressed as
(2) A(El[zg]) = A(Zl X 22) + A(El X (—i—Kn))

Proof. We have J, = I, + A(+K,). Applying this in the expression for the
adjacency matrix of X1[¥9] given in Theorem 8, we have the result. [

Before we proceed further, we need some more definitions and notations. The net-
degree d%(v) of a vertex v of a signed graph ¥ is defined as di (v) = di (v) —dyg (v),
where d;(v) and dg; (v) denote, respectively, the number of positive edges and the
number of negative edges incident with v. If no confusion arises, we may omit the
suffix and write them as d*(v) and d~(v). Also as usual, d(v) denotes the total
number of edges incident at v and of course, d(v) = d*(v) + d~(v). Properties
of the degree sequence of a signed graph can be seen in [4, 9, 10]. A signed
graph Y is called net-reqular if every vertex has the same net-degree and in that
case, we write the common value of net-degree as d*(X). We define, a signed
graph ¥ = (G, 0) to be co-regular, if the underlying graph G is r-regular for
some positive integer r and X is net-regular with net-degree k for some integer
k. In this case we also define the co-regularity pair to be the ordered pair (r, k).

)

For example, the alternately signed cycle C’;Z is a co-regular signed graph with
co-regularity pair (2,0).

In general, though we cannot come up with a precise formula for the cal-
culation of the eigenvalues of the lexicographic product of two signed graphs,
which is the case even with (unsigned) graphs (see [5]), we have Theorem 12,
using Lemma 10 and Lemma 11, which generalizes a similar result given in [5]

for (unsigned) graph composition.
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Lemma 10 [14]. If X is a net-regular signed graph, then d*(X) is an eigenvalue
of ¥ with j as an eigenvector.

Also, since the adjacency matrix of a signed graph is real and symmetric, from
the general spectral theory, we know that other eigenvectors will be orthogonal
to j. For emphasis, we state the result in the following lemma to fit it suitable
for the proof of Theorem 12.

Lemma 11. If ¥ is a net-regular graph, then the eigenvector Y;= [y1, 2, .. ., Y] T
corresponding to the eigenvalue pj # d*(X) satisfies > p_, yx = 0.

Theorem 12. Let ¥y and Yo be two signed graphs such that the latter is net-
reqular. If the eigenvalues of X1 and Yo are, respectively, \y > Ay > -+ > Ay
and py = d¥(S2), 2, . . ., fin, then X1[Xa] has eigenvalues A\in + d*(Xs), Aan +
d*(29), ..., Amn + d¥(22) (each of multiplicity one) and pa, 3, . . ., i (each of
multiplicity m).

Proof. Let X; be the eigenvector corresponding to the eigenvalue \; of A(3)
and Y be the eigenvector corresponding to the eigenvalue p; of A(3y) for 1 <
i1 <mand 1 < j <n. By Lemma 10, we have Y; = j which is the eigenvector
corresponding to pu; = d¥(Xs). Since J, has rank 1, there is only one non-zero
eigenvalue which will be its trace= n. That is, J,, has one non-zero eigenvalue n
(with multiplicity 1) with the eigenvector j and 0 (with multiplicity n — 1) as the
other eigenvalues. Then,

A [S2])(X; @) = (A(S1) @ Jn + Ly © A(S2))(X; )

= (\in +d*(%2))(X; @)
showing that \;n + d*(X3) is an eigenvalue of A(X([¥5]), for 1 < i < m. Again
when j # 1,

A [E2))(Xi @Y;) = (A(X1) @ Jp + Im @ A(32))(X; @ Y)

= AX)X; @ Y+ 1, X @ A(X2) Y = ANXs @ (O p—y ww)i + X @ Y

=AX; ®0j+ X @ p Y5 = p;(X; @ Y)
which gives the result that p; for 2 < j < n are the eigenvalues of A(3;[¥3]). m

4. BALANCE OF THE LEXICOGRAPHIC PRODUCT OF TwO SIGNED GRAPHS

Before we prove the criterion for the balance of a lexicographic product of two
signed graphs, we need an important notion called switching of signed graphs
(for more details refer to [14]). If 6 : V' — {41, —1} is a function called switching
function, then switching of the signed graph ¥ = (G, o) by 6 means changing o
to of defined by:

of (uv) = O(uw)o (uv)b(v).
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The switched graph denoted by %?, is the signed graph ¥¢ = (G,0%). We call
two signed graphs X1 = (G,01) and Xy = (G, 02) to be switching equivalent, if
there exists a switching function 6 : V' — {+1, —1} such that ¥; = X4. It can be
seen that switching preserves many features of the two signed graphs including
the eigenvalues [14]. Indeed, the following is a very important result.

Lemma 13 [14]. A signed graph is balanced if and only if it can be switched to
an all-positive signed graph.

Theorem 14. If XY, and X9 are two signed graphs with at least one edge for each,
then their lexicographic product or composition ¥1[Xs], is balanced if and only if
1 s balanced and Y5 is all-positive.

Proof. If ¥ is balanced and Y is all-positive, then by Lemma 13, it is possible
to switch ¥ to an all-positive signed graph 3, say and let 6 : V/(3;) — {+1,—1}
be the corresponding switching function. Define 6; : V(X1[32]) — {+1,—1} by
61(u;,v;) = 0(u;). Then we claim that ¥;[¥s] is switching equivalent to the all-
positive signed graph 3 [Xs]. To see this, let the signatures of X1, X9 and X;[X9],
respectively, be o1, 09 and o.. As ¥ is switching equivalent to X}, we have

o1 (wur) = 0(us)or (i) (uy)

which implies that oy (uug) = 0(u;)0(uy), since 017 is the all-positive signature.
Also, for uv = (u;, vj)(ug, v;) € E(X][X2])
¥t (uv) = 6 (0)o.(uv)by (v) = 0(u;)o(uv)(uy).

Using the definition of the composition of two signed graphs, see Equation (1),
this gives

o1 (av) = { 0(us)o1 (uiur)f(uk) = (H(Ui)g(uk))Q =1 ifi#k,

O(ui)oz(vjv)f(u;) = (0(us)” =1 ifi =k,

since oy is the all-positive signature which thus leads to ¢% (uv) = 1 for all
uv € E(X|[X2]) = E(X1[X2]), as required. Conversely, assuming that 3;[Xs]
is balanced, we have Cartesian product ¥; x X3 as a subgraph of ¥;[¥s]. So
Lemma 6 is applicable and hence ¥; and ¥ must be at least balanced. Now, we
claim that > cannot have any negative edge. On the contrary, if we assume that
Yo contains a negative edge, say v;v;, then we claim that it would result in an
unbalanced triangle in 31 [35], as per the definition of signed graph composition,
leading to a contradiction. To prove this claim consider the following cases.

Case 1. If there is a negative edge u;ug in ¥;. In this case the required
negative triangle, for example, is (u;, v1)(ug,v;), (U, v5)(uk, vr), (ug, v)(us, v1),
with three edges being negative.

Case 2. If the edge w;uy, is positive, then the same triangle in Case 1 will be
negative with one negative edge, giving an unbalanced triangle, as required. =
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Example 15. Consider the lexicographic product Pr(nr 1) [Céz)} of the signed path

Pgl) and the co-regular signed cycle C’éz) such that d‘i(CSZ)) = 0. Then the
eigenvalues of this signed graph product are: 4ncos(;f5) for 1 < i < m with

+1
multiplicity one and QCOS(W) each of multiplicity m for 1 < j < 2n such

that j # %["] Also, by Theorem 14, Pﬁfl)[(}é?] is unbalanced, since C’éz)
)

contains negative edge, though PT(,: Y is balanced.

On the other hand, if the cycle —C,, = CT(LH) is the all-negative cycle, where
n > 3 so that the eigenvalues of —C,, are —2 = d*(—C,,) and —2 cos(2%) for

n

1 < j < n —1, then the eigenvalues of Pg 1)[—C’n], by applying the result in

Theorem 12, are n(2cos(m7il)) + (-2) = 2(ncos(m7il) —1)for1 <i<m

with multiplicity one and —2 COS(%) each of multiplicity m for 1 < j <n — 1.

Here also, as all the edges of —C,, are negative, by Theorem 14, P,SI 1)[—Cn] is

unbalanced.

5. LAPLACIAN EIGENVALUES OF LEXICOGRAPHIC PRODUCT

Lemma 16. For a verter u = (u;,vj) in $1[X2], d*(u) = nd*(u;) + d*(v;) and
d(u) = nd(u;) + d(vj).

Proof. From the definition of ¥ [3s], the number of edges (positive or negative)
adjacent with u = (u;,v;) can be counted by first taking into account the number
of edges (u;,vj)(uk,v;), incident with (u;,v;) when i = k, which is either d*(v;)
or d(v;), as the case may be, and then as the edges of ¥; has a major role in
the composition, we count the edges originating from (u;,v;) and incident with
(ug,v;) when 4 # k, which is nd® (u;) or nd(u;), as the case may be. By using
the phrase ‘as the case may be’, we mean that the counting strategy may be to
count the positive and negative edges adjacent to the vertices separately or the
edge as such without considering the label on it. Thus we have the results in the
lemma. ]

Corollary 17. If 31 and X9 are net-reqular signed graphs with net-degrees, re-
spectively, d*(31) and d* (%), then $1[Ss] is a net-reqular signed graph with
net-degree d*(21[¥2]) = nd*(31) + d*(X2).

Proof. From Lemma 16, we have for a vertex u = (u;,v;) in $1[32], d*(u) =
nd*(u;) + d* (v;). By assumption, d*(u;) = d*(¥;) for any vertex u; in ¥; and
d*(vj) = d* (%) for any vertex vj in Xg. Therefore, d*(u) = nd* (1) + d*(32)
which is a constant for any vertex u = (u;,v;) in 31[¥s]. So, this constant value
is the net-degree of ¥1[¥s], making it a net-regular signed graph. [
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Theorem 18.
(4) L(%1[%5]) = nD(%:1) ® I, — A(31) @ Jp + Iy @ L(22)

Proof. We have from Lemma 16, d(u) = nd(u;) + d(v;) for a vertex u = (u;, v;)
in 31[X3]. As such, noting the fact that D(X;[¥9]) is a diagonal matrix of order
mn, we first get that it can be written as a block partitioned diagonal matrix
with diagonal entries nd(u;)I, + D(X2) for 1 < i < m. This when simplified leads
to Equation (3). To get Equation (4), apply Equation (3) and the expression for
the adjacency matrix A(X1[X2]) given in Theorem 8 and note also the fact that
L(%1[%s]) = D(31[%2]) — A(31[%2]). u

Theorem 19. If the underlying graph of %1 is reqular of degree r1 and Yo is a
co-reqular signed graph with the co-regularity pair (r2, d*(32)), then L(X1[2]) =
(nr1 4+ r2) Lmn — A(X1[X2]) and the Laplacian eigenvalues of ¥1[X2] are

Moo= nAE + pf = nd\E + vy — dE(S9) with multiplicity one, for 1 <i <m
and

)\L

1j=nri+ HJL with multiplicity m, for 2 < j <n.

Proof. As Y1 is regular of degree 11, its Laplacian eigenvalues and adjacency
eigenvalues are related by the equation )\iL = r1 — A;. Similarly for s, we have
,uf =1y — pj and p¥ = ry — d*(X2). Moreover the underlying graph of ¥1[%s] is
regular of degree nry + ro. Therefore, by the definition of the Laplacian matrix,
L(31[X2]) = (nr1 4 72)Lmn — A(Z1[X2]). As such, the remaining results follow
from Theorem 12 and Lemma 16. [
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