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Abstract

D. Hart, A. Iosevich, D. Koh, S. Senger and I. Uriarte-Tuero (2008)
showed that the distance graphs has kaleidoscopic pseudo-random property,
i.e. sufficiently large subsets of d-dimensional vector spaces over finite fields
contain every possible finite configurations. In this paper we study the kalei-
doscopic pseudo-randomness of finite Euclidean graphs using probabilistic
methods.
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1. INTRODUCTION

Let F, denote the finite field with ¢ elements where ¢ > 1 is an odd prime power.
For a fixed a € F;, = F; — {0}, the distance graph G,(a) (also known as finite
Euclidean graphs in [7]) in FZ is defined as the graph with vertex set F¢ and the
edge set

Ey(a) = {(z,y) € FI xFe:x # y, ||z —y|| = a},

where |[.|| is the analogue of Euclidean distance ||z|| = 2% + - - + 22. Note that
Eq(a1) N Eq(az) = 0 for a1 # as.
In other words, consider the set of colors L = {ci,...,c4—1} corresponding

to elements of Fy. We color the complete graph K« with vertex set ]Fg by ¢ —1
colors such that (z,y) € Fg X Fg is colored by the color ¢; if || — y|| = i. Denote

this resulting family of graphs, with respect to the above coloring, by GqA where
g runs over powers of odd primes.


http://dx.doi.org/10.7151/dmgt.1597

280 L.A. VINH

In [7], Medrano et al. studied the spectrum of these graphs and showed that these
graphs are asymptotically Ramanujan graphs. In [2], Bannai, Shimabukuro and
Tanaka showed that the distance graphs over finite fields are always asymptot-
ically Ramanujan for a more general setting (i.e. they replace the Euclidean
distance above by nondegenerated quadratic forms). The author recently applied
these results to several interesting combinatorial problems, for example to tough
Ramsey graphs (with P. Dung) [8], to the Erdos distance problem [9], to inte-
gral graphs (with Si Li) [6], also to a Szemeredi-Trotter type theorem and to a
sum-product estimate [10] (see [11] for related results).

The definition of kaleidoscopic pseudo-randomness below follows Hart et al.
[3]. We say that the family of graphs {G;}32, with the sets of colors L; =

L, Lil i . » .
{c},cjz, e ,clj ]|} and the edge set £ = UL:ﬁ' &j, with & corresponding to the

color cz., is kaleidoscopically pseudo-random if there exist constants C,C" > 0
such that the following conditions are satisfied:

(1) |G| = coasj — oo.

For any j and 1 < 4,7 <|L;| then

1 7;/ ’L / ’i,
(2) @|5j|§‘5j|§C’5j"
G is asymptotically complete in the sense that

- i () - S

jm G =0

If1<k-1<mnand L) C Lj, with |[L}| < [L;| - (g) + n, then any subgraph H
of G of order greater than

k-1 n
(4) C|G;| = |L[*x,

contains every possible subgraph with &k vertices and n edges with an arbitrary
edge color distribution from L.
In [3], Hart et al. systematically studied various properties of the distance graph.
Using Fourier analysis, they proved the following result (see [3] for the motivation
and applications of this result).

Theorem 1. The family of a graph {GqA(d)} is kaleidoscopically pseudo-random.

The first three items in the definition of kaleidoscopically pseudo-randomness
above are easy special cases of the following lemma (which is implicit in several
papers, for example, see [3, 4, 7, 9]).
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Lemma 2. For anyt € Fy, then

domd (o [ @Fo(W)PT ifd=2,t=0,
{(z,y) € Ty x Fg : [z —yl| =t} = { (1+0(1))21  otherwise.

where o(1) means that the quantity goes to 0 as q goes to infinity.

Hart et al. ([3]) derived the item (4) from the following estimate. (This estimate
is just a graph theoretic translation of Theorem 1.4 in [3].)

Theorem 3. Consider the color set L = {c1,...,cq—1} corresponding to elements
of Fy. Color the complete graph Ky by the Euclidean distance as the above. Let

ECFg,dZZ Suppose that 1 <k —1<n<d and
E| > Cq"F ¢F

with a sufficiently large constant C' > 0 (C does not depend on q). Then for any
subgraph H with k vertices and n edges with an arbitrary edge color distribution
from L' C L (|L'| < |L| - (g) +n), we have

(1+0(1))|ElFq ™
copies of H (with vertex ordering) in E.

In this paper, we will study more general families of distance graphs. Let Q be
a non-degenerate quadratic form on Fg. Note that a quadratic form Q on JFg is
said to be non-degenerate, if its associated bilinear form:

B(z,y) = 3(Q(z + y)Q(2)Q(y))

is non-degenerate. The finite Euclidean graph GqQ(a) is defined as the graph with
vertex set Fg and the edge set

EQ(a) = {(x,y) € By x Fy: w # y,Q(z — y) = a}.

Similarly, consider the set of colors L = {cy,...,cq—1} corresponding to elements
of ;. We color the complete graph K« with vertex set Fg by ¢ — 1 colors such
that (z,y) € Fg X Fg is colored by the color ¢; if Q(z —y) = ¢. Denote this
resulting family of graphs, with respect to this coloring, by G? where ¢ runs over
powers of odd primes.

The main result of this paper is the following similar result of Theorem 3 for
finite Euclidean graphs.

Theorem 4. Consider the color set L = {c1,...,cq—1} corresponding to elements
of F. Color the complete graph K i by the non-degenerate quadratic form Q) as
the above. Let E C Fg, d>2. Suppose that 1 <k —1<n<d and
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d—1

|E| > q =z TF L

Then for any subgraph H with k vertices and n edges with an arbitrary edge color
distribution from L, we have

(1+o(W)|ElFg™"
copies of H (with vertex ordering) in E.

The result is only non-trivial in the range d > 2(k — 1). Note that Theorem 4
is stronger than Theorem 3 in this range. Moreover, different from Hart et al.
[3], our proof uses probabilistic methods. The rest of this paper is organized as
follows. In Section 2, we establish a theorem about the number of small colored
subgraphs in pseudo-random coloring of a complete graph. Using this theorem,
we give a proof of Theorem 4 and also discuss similar results in more general
settings in the last section.

2. PSEUDO-RANDOM COLORING

We call a graph G = (V, E) (n,d,\)-graph if G is a d-regular graph on vertices
with the absolute values of each of its eigenvalues but the largest one is at most
A. It is well-known that if A < d, then a (n,d, \)-graph behaves similarly as a
random graph Gy, 4/,- Precisely, we have the following result (see Corollary 9.2.5
in [1]).

Theorem 5. Let G be an (n,d, \)-graph. For every set of vertices B and C of
G, we have

le(B.C) = 2IBIIC|l < AVIBI|C,

where e(B,C) is the number of edges in the induced bipartite subgraph of G on
(B,C) (i.e. the number of ordered pairs (u,v) where w € B, v € C and uv is an

edge of G).

Let H be a fixed graph of order s with r edges and with automorphism group
Aut(H). It is well-known that for every constant p the random graph G(n,p)
contains
3)-r__"

1 Dp"(1—p)2)™"——

(1+o(1))p"(1=p) At (H)]
induced copies of H. Alon extended this result to (n,d, A)-graph. He proved that
every large subset of the set of vertices of a (n,d, \)-graph contains the “correct”

number of copies of any fixed small subgraph (Theorem 4.10 in [5]).
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Theorem 6. Let H be a fixed graph with r edges, s vertices and maximum degree
A, and let G = (V,E) be an (n,d, \)-graph, where, say, d < 0.9n. Let m < n
satisfies m > A (%)A. Then, for every subset U C V of cardinality m, the number
of (not necessrily induced) copies of H in U is

(1+ o(1)) ey (4)"

Suppose that a graph G of order n is colored by ¢ colors. Let G; be the induced
subgraph of G on the i*" color. We call a t-colored graph G, (n,d, \)-regularly
colored graph (shortly (n,d, \)-rc graph) if G; is a (n, d, \)-regular graph for each
color i € {1,...,t}. We present here a variant of Theorem 6 that very large
subset of the vertex set of a (n,d, A)-rc graph contains the “correct” number of
copies of any fixed small colored graph.

Theorem 7. Let H be a fixed t-colored graph with r edges, s vertices, mazximum
degree A with automorphism group ( with respect to coloring) Aut.(H), and let
G be a t-colored graph of order n. Suppose that G is an (n,d, \)-rc graph, where,

say, d < n. Let m < n satisfies m > A (%)A. Then, for every subset U C V of
cardinality m, the number of (not necessarily induced) copies of H in U is

o0 iy ()

If we take the ordering of vertex set into account then the number of copies of H

in U is )
(14 o(1))m* (Z) .

The proof of this theorem is similar to the proof of Theorem 4.10 in [5]. We give
a detail proof here for the sake of completeness.

Proof. To prove the theorem, consider a random one-to-one mapping of the set
of vertices of H into the set of vertices U. Let M(H) denote the event that every
edge of H is mapped on an edge of K, with corresponding color. We say that
the mapping is an embedding of H in such a case. It suffices to prove that

5) Pr(M() = (1+o(1) (1)

We prove (5) by induction on the number of edges r. The base case (r = 0) is
trivial. Suppose that (5) holds for all colored graphs with less than r edges. Let
uv be an edge of H. Let Hy, Hy, Hy, ) be the induced subgraph of H on the
vertice set V(H) — {u}, V(H) — {v}, V(H) — {u, v}, and let H,, be the graph
obtained from H by removing the edge uv. We have

Pr(M(Huy)) = Pr(M (Huy) | M (Hy,0})) Pr(M(Hy,y))-
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Let 71 be the number of edges of Hy, ). Since (5) holds for Hy, and Hy, .y,

we have Pr(M (Hy,)) = (1 + o(1)) (%)T_l and Pr(M(H{um}) = (1+0(1)) (%)Tl.
Thus, we have

PH(M (Hon) M (o)) = o) (4)

For an embedding f1 of Hy, .} in U, let ¢(u, f1), ¢(v, f1) and ¢(uv, f1) be the
number of extensions of f1 to an embedding of H,,, H, and H,, in U, respectively.
Note that an extension f, of fi to an embedding of H, and an extension f, of
f1 to an embedding of H, give us a unique extension of f; to an embedding of
H,, except that the image of u in f, is the same as the image of v in f,. Thus,
we have

QS(ua f1)¢(va fl) - min(¢(uv fl)a (ZS(U, fl)) < ¢(UU, fl) < ¢(ua fl)(b(U? fl)

Averaging over all possible extensions of f; to a mapping from H,, to U, we have

¢(U,f (b(vvf )_mln(d) u7f ),¢(U7f) ¢ u?f )¢(U,f)
sty 2 < Pr(M(Hu) 1) < eyt

Taking expectation over all embedding fq, the middle term becomes

r—ri—1
Pr(M (How)|M (i) = (14 0(1)) (d) |

n
Note that min(¢(u, f1), (v, f1)) < m, so we get
Epy (6(u, F1)6(0, 1M (Hin)) = (L+ o(1)m? (£) ™7 4 5, where [o] < m.
We have r —r; <2(A—1)+1and m > A (%)A = Q(V4d) (%)A, thus
r—ri—1 2(A-1)
m? (Z) > m? (i) > Q(d) (%)2 = Q(n?/d) > n > m.

So ¢ is negligible and we get

n

r—ri—1
Ef (¢(u, f1)d(v, f1)|M(Hyon)) = (1+ o(1))m? <d> '

Now, let f be a random one-to-one mapping of V(H) into U. Let f; be a fixed
embedding of Hy, ,}. Let Band C be the set of all possible images of u and v over
all possible extensions of f; to an embedding of H, and H, in U, respectively.
Since G is an (n,d, \)-r.c. graph, by Theorem 5, the number of possible pairs
(u,v) with u € B and v € C such that wv is correctly colored is bounded by

(© L o, 100, 1) £ M/, 00, ).
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Thus, we have
PI‘f( ( )|f\V H)\{u,v} —fl) g m(s;f;;?:v("z) J;lll) +9,

where [0] < A n—s12)(m—s11) P f)ew.f1)

m—s12) (m D) Averaging over all possible embeddings f;, we get

E+ (é(u, J1)IM(Hy,
Pr(M(H)|M (H')) = £E0 ML) | By, (5)

=1+MD)%Y'“+Eﬁ®L

where the second lines follows from 6. By Jensen’s inequality, we have

‘Efl )‘

n

\ VEG I F) _ WGk
A —s+2)(m —S+1)_(1+0(1))m<>

which is negligible to the first term (as m > A (%)A > A (%)(T_”H)/Q). Thus,
we have

Pr(M(H)) = Pr(M(H)|M(Hy ) Pr(M(Hpy) = (14 o(1)) (j) |

This completes the proof of the theorem. [

3. FINITE EUCLIDEAN GRAPHS

3.1. Proof of Theorem 4

In [2], Bannai, Shimabukuro and Tanaka studied the spectrum of distance graph
GqQ (a) and showed that these graphs are asymptotically Ramanujan graphs. They
proved the following result.

Theorem 8 [2|. Let Q be a non-degenerate quadratic form on ]Ff]l. The finite
Euclidean graph G?(a) is reqular of valency (1+0(1))g?~" for any a € Fy. Let A
be any eigenvalues of the graph GqQ(a) with X\ # valency of the graph then

A <247

From Theorem 8, if we color the complete graph G = K« with vertex set Fg by
a non-degenerate quadratic form @ as in Section 1 then the colored graph G is
a (q% (1 + o(1))g? 1, 2q%)—r. graph. The Theorem 4 now follows immediately
from Theorem 7.
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3.2. General distances

The proof in [3] shows that the conclusion of Theorem 3 holds with the Euclidean
norm ||.|| is replaced by any function F' on IFZ with the property that the Fourier
transform of F', defined by

Ft(m)‘: a? D x(—am)

z€Fd:F(x)=t

where y(s) = > T*()/7 and m € Fg (recall that for y € [F,, where ¢ = p” with p
prime, the trace of y is defined as Tr(y) =y +y?+---+ prl € F,), satisfies the
decay estimates

(7)

A

Ft(a:)‘ < Qg /2 and

A

8 F(0,...,0)| < Cq¢7 Y, where z # (0,...,0) € F?.
q

Now we define the F-distance graph Gp(q,d,j) with the vertex set V = IF'Z and
the edge set E(f(j) ={(z,y) eVxV:ix#y Flx —y)=j}
Then the exponentials for x,m € Fg (or characters of the additive group ]Ff]l)
2miTr(x.
o) = (22T
p

are eigenfunctions of the adjacency operator for the F-distance graph
Gr(q,d,j) corresponding to the eigenvalue

A= 3 em(a) = ¢'F5(—m).
F(z)=j
Thus, the decay estimates (7) and (8) are equivalent to
A < Cgld=1/2, for m # (0,...,0) GIF';l

and
A@©,...0) < Cq®L.

Therefore, we can apply Theorem 8 to obtain similar results.
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