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Abstract

In a properly vertex-colored graph GG, a path P is a rainbow path if no two
vertices of P have the same color, except possibly the two end-vertices of P.
If every two vertices of G are connected by a rainbow path, then G is vertex
rainbow-connected. A proper vertex coloring of a connected graph G that
results in a vertex rainbow-connected graph is a vertex rainbow coloring of G.
The minimum number of colors needed in a vertex rainbow coloring of G is
the vertex rainbow connection number vre(G) of G. Thus if G is a connected
graph of order n > 2, then 2 < vrc¢(G) < n. We present characterizations of
all connected graphs G of order n for which vre(G) € {2,n—1,n} and study
the relationship between vrc(G) and the chromatic number x(G) of G. For
a connected graph G of order n and size m, the number m — n + 1 is the
cycle rank of G. Vertex rainbow connection numbers are determined for all
connected graphs of cycle rank 0 or 1 and these numbers are investigated
for connected graphs of cycle rank 2.

Keywords: rainbow path, vertex rainbow coloring, vertex rainbow connec-
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1. INTRODUCTION

A proper vertex coloring of a graph G is a function ¢ : V(G) — N having the
property that whenever u and v are adjacent vertices of G, then c(u) # c(v).
A proper vertex coloring of G that uses k colors is a k-coloring of G and the
minimum integer k for which there is a proper k-coloring of G is the chromatic
number x(G) of G.

If ¢ is a proper vertex coloring of a graph G and w and v are two vertices
of G with distance d(u,v) = 2, where P = (u,w,v) is a u — v path of length 2
in G, then c(u) # ¢(w) and ¢(w) # c(v). Either ¢(u) = c(v) or c(u) # c(v) is
possible however. In other words, no two vertices on the path P = (u,w,v) are
colored the same except possibly the two end-vertices. This observation suggests
a generalization of proper vertex colorings of graphs introduced in [4, p. 441].

For a proper vertex coloring c of a connected graph G, a u—wv path P is called
a rainbow path if no two vertices of P have the same color, except possibly v and v.
In this context, G is vertez rainbow-connected or simply rainbow-connected (with
respect to ¢) if G contains a rainbow u — v path for every two vertices u and v.
In this case, c is a vertex rainbow coloring or simply a rainbow coloring of G. If k
colors are used, then cis a rainbow k-coloring of G. The vertex rainbow connection
number (or simply the vrc-number) vre(G) of G is the minimum positive integer
k for which there exists a rainbow k-coloring of G. Since each rainbow coloring
of a graph G is a proper coloring, vrc(G) > x(G). The concepts studied here
were suggested and inspired by the ideas introduced and studied in [1, 2, 3].

If the distance d(u,v) between vertices u and v in a connected graph G
equals the diameter diam(G) of G (the largest distance between two vertices of
G), then u and v are antipodal vertices of G. For each u — v geodesic P of G, a
rainbow coloring of G must assign at least diam(G) distinct colors to P. Thus
vre(G) > diam(G). Furthermore, if vre(G) = diam(G) = k and c is a rainbow
k-coloring of G, then c¢(u) = c¢(v) for every pair u,v of antipodal vertices of G.
We summarize these observations below.

Observation 1.1. For every nontrivial connected graph G,
vre(G@) > max{x(G),diam(G)}.

Furthermore, if vrc(G) = diam(G) = k and ¢ is a rainbow k-coloring of G, then
c(u) = ¢(v) for every pair u,v of antipodal vertices of G.

To illustrate these concepts, consider the 3-cube @3, whose vertices are labeled
as shown in Figure 1(a). The rainbow 4-coloring of ()3 in Figure 1(a) shows that
vre(Q3) < 4. Since x(Q3) = 2 and diam(Q3) = 3, it follows by Observation 1.1
that vre(Qs3) > 3. In fact, vre(Q3) > 3. To see this, suppose that there exists
a rainbow 3-coloring ¢ of @3, where say c(v;) = i for i = 1,2. Since d(vi,u3) =
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d(vg,ug) = 3, it follows that c¢(ug) = 1 and c¢(uq) = 2 by Observation 1.1. On
the other hand, observe that v, is adjacent to v; and w4 while vs is adjacent to
ve and ug and so {c(vs),c(vs)} N{1,2} = 0, that is, ¢(vs) = c¢(vq) = 3. However,
this is impossible since ¢ is a proper coloring. Hence, vre(Q3) = 4.

For the Petersen graph P, it follows since diam(P) = 2 and x(P) = 3
that vrc(P) > 3. Consider the proper 3-coloring ¢ of P of Figure 1(b). Since
diam(P) = 2, every two nonadjacent vertices v and v of P have a common
neighbor w. Because c(u) # c¢(w) and c¢(v) # c(w), it follows that (u,w,v) is a
rainbow u — v path. Thus ¢ is a rainbow coloring of P and so vrc(P) < 3, that
is, vrc(P) = 3. This illustrates the following useful observation.

Figure 1. A rainbow 4-coloring of the 3-cube and a rainbow 3-coloring of the Petersen
graph.

Observation 1.2. If G is a connected graph with diam(G) = 2, then every proper
coloring of G is a rainbow coloring and so vre(G) = x(G).

2. GRAPHS WITH PRESCRIBED ORDER AND VERTEX RAINBOW
CONNECTION NUMBER

For every connected graph G of order n > 2,
2 <vre(G) < n.

We first characterize all connected graphs G of order n for which vrc(G) attains
one of these two extreme values.

Proposition 2.1. Let G be a nontrivial connected graph of order n. Then
(a) vre(G) =n if and only if G is a complete graph.
(b) vre(G) =2 if and only if G is a complete bipartite graph.
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Proof. We first verify (a). Clearly vrc(K,) = n by Observation 1.1. For the
converse, assume that G # K, and let v and v be antipodal vertices. Then
uwv ¢ E(G). Consider a proper coloring ¢ of G assigning the color 1 to both
and v and assigning the n — 2 colors 2,3,...,n—1 to the remaining n — 2 vertices
of G. Then every u — v path is a rainbow path. Also, if {v/,v'} # {u,v}, then
every u' — v’ geodesic contains at most one of u and v and therefore is a rainbow
path. Hence, ¢ is a rainbow coloring of GG, implying that vre(G) < n — 1.

Next, we verify (b). If G is a complete bipartite graph, then vrc(G) = 2 by
Observation 1.2. For the converse, suppose that G is a connected graph with
vre(G) = 2. It then follows by Observation 1.1 that x(G) = diam(G) = 2,
implying that G is a complete bipartite graph. [

The cliqgue number w(G) of a graph G is the order of a largest complete subgraph
in G. It is well known that if G is a nontrivial graph of order n, then

(1) X(G) =n—1 if and only if w(G) =n—1.

While this is not true in general for the vertex rainbow connection number (for
example, if n > 4, then vre(P,) =n — 1> 3 and w(P,) = 2), this is, in fact, the
case for 2-connected graphs.

Theorem 2.2. If G is a 2-connected graph of order n > 4, then
vre(G) =n—1 if and only if w(G)=n—1.

Proof. If w(G) = n — 1, then diam(G) = 2. It then follows by Observation 1.2
and (1) that vre(G) = x(G) =n — 1.

For the converse, let G be a 2-connected graph of order n with w(G) < n—2.
If diam(G) = 2, then vre(G) = x(G) < n — 2 by Observation 1.2 and (1). Thus
we may assume that diam(G) > 3 and then n > 6. Let w; and ws be antipodal
vertices. Since G is 2-connected, it follows by a well-known theorem of Whitney
[6] that wy and ws lie on a common cycle C. Let

C = (v1 = wi,v2,...,Vp = W2, Vt1,...,VUN,V1)

where N is the length of C. Since d(wi,wz) = diam(G) > 3, it follows that
k > 4 and neither v1v,_1 nor vy is an edge of G. Let w] = v_1, wh = vy and
W = {wy, we, w},wh}. Now we define a proper coloring ¢ : V(G) — N such that
c(w;) = c(w)) =i fori=1,2 and {c(v) ;v € V(G) — W} ={3,4,...,n—2}. We
verify that c¢ is a rainbow coloring by showing that for every pair u, v of distinct
vertices there is a rainbow u — v path.

If {u,v} C W, then at least one of the two u — v paths along C' is a rainbow
u—v path. Thus, suppose that {u,v} € W. Since G is 2-connected, there are two
internally disjoint u — v paths P; and P». If one of P| and P», say P, contains
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at most one of wy and w| and at most one of wy and w), then P; is a rainbow
uw — v path. If this is not the case, then we may assume that {w;, w;} C V(F;)
for i =1,2. Let wi € {wy,w]} and w} € {wq,w)} such that

dp, (u, wi) = min{dp, (u, w1), dp (v, wy)},

dp, (U7 w;) = min{dP2 (’Ua w2)7 dp, (’U, wé)}

Recall that there exists a rainbow w} —wj path along C', which we denote by P*.
Then the v — w] path along P, followed by P* and then followed by the w3 — v
path along P» is a rainbow u — v trail (in which no two vertices are assigned the

same color, except possibly v and v). This rainbow u — v trail contains a rainbow
u — v path. [

Next, we characterize all connected graphs G of order n with vre(G) =n—1. By
Theorem 2.2, it remains to consider connected graphs having cut-vertices. We
first present some preliminary results. For a connected graph G with cut-vertices,
an end-block of G contains exactly one cut-vertex of G. It is known that every
connected graph G with cut-vertices has at least two end-blocks.

Lemma 2.3. Let G be a connected graph of order n > 3 having cut-vertices. If
G contains k end-blocks, then

vrc(G) <n—k+ 1.
In particular, if G contains k end-vertices, then vre(G) <n —k + 1.

Proof. Let By, Bo, ..., By be k end-blocks of G. For each integer ¢ with 1 <14 <
k, suppose that B; contains the cut-vertex u; and v; is a vertex in B; farthest
from u;. Thus S = {v1,v9,...,vx} is an independent set of vertices in G. Define
a proper coloring ¢ of G by assigning the color 1 to the vertices in .S and assigning
the n — k colors 2,3,...,n — k + 1 to the remaining n — k vertices in V(G) — S.
For each pair x, y of the vertices of G, an x — y geodesic is a rainbow x —y path in
G. Thus c is a rainbow coloring with n — k 4 1 colors and so vre(G) < n—k+ 1.

|

A block of order 3 or more in a graph is called a cyclic block. By Lemma 2.3, if
a graph G of order n contains two end-blocks, then vrc(G) < n — 1. In the case
where two end-blocks of G are cyclic, more can be said.

Lemma 2.4. Let G be a connected graph of order n > 5 having cut-vertices. If
G contains two cyclic end-blocks, then

vre(G) <n —2.
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Proof. Let By and By be two cyclic end-blocks of G. For i = 1,2, let u; be the
cut-vertex of B;, let v; be a vertex in B; farthest from w; and let w; # u; be a
vertex adjacent to v;. Define a proper coloring ¢ of G by assigning the color 1 to
the vertices in {v1, wsy}, the color 2 to the vertices in {ve,w;} and assigning the
n—4 colors 3,4, ...,n—2 to the remaining n—4 vertices in V(G) —{v1, v2, w1, wa }.
Let V; = V(B;) —{u;} for i = 1,2. For each pair z, y of the vertices of G, let P be
an x —y geodesic in G. If {z,y} NVi =0 or {z,y} N Vo =0, say {z,y} NV =0,
then P is a path in G — V] and so P is a rainbow z — y path in G. Thus we may
assume that {z,y} NV; # 0 for i = 1,2, where say € V] and y € V5. There are
two cases.

Case 1. {c(x),c(y)} Nn{1,2} = 0. It then follows by the definition of v; and
vg that P is a path in G — {v1,v2} and so P is a rainbow z — y path in G.

Case 2. {c(z),c(y)} N{1,2} # 0. We consider two subcases.

Subcase 2.1. [{c(x),c(y)}| =1, say c(x) = ¢(y) = 1. Thus x = v; and y = ws.
Again, it follows by the definition of vy that vy ¢ V(P) and so P is a rainbow
x —y path in G.

Subcase 2.2. [{c(z),c(y)}| = 2, say c¢(z) =1 and c(y) = 2. Thus z = v; and
y = ve. Furthermore, P : P, Q, Ps, where V(P;) C V1, V(Q) CV(G) — (V1 U Va)
and V(P,) C V. Since B; (i = 1,2) is 2-connected, there is a v; — u; path P| in
By that does not contain wy and there is a uz — vy path P} in Bs that does not
contain wy. Thus P’ : P{, @, Pj is a rainbow = — y path in G. Therefore, ¢ is a
rainbow (n — 2)-coloring of GG, which implies that vre(G) < n — 2. [ |

Lemma 2.5. If x is a cut-verter of a nontrivial connected graph G and c is a
rainbow coloring of G, then c(x) # c(v) for every vertex v in G—x. In particular,
if X is the set of cut-vertices, then

(2) vre(G) > | X| + 1.

Proof. Let X be the set of cut-vertices. For a vertex x € X, suppose that c is
a rainbow coloring such that ¢(z) = ¢(v) for some vertex v € V(G) — {x}. Since
x is a cut-vertex, there exists a vertex v’ such that v and v’ belong to different
components in G — z. Then every v — v’ path contains  and so there is no
rainbow v — v path, which is a contradiction. Since every graph contains at least
one vertex (in fact two vertices) that is not a cut-vertex, it then follows that
vre(G) > | X| + 1. |

For each integer n > 3, let JF;, be the class of connected graphs of order n such
that G € F, if and only if either w(G) = n — 1 or G is obtained by joining an
end-vertex of a nontrivial path to some vertices of a nontrivial complete graph.
Therefore, P, € F,, while K,, ¢ F,,. We show that these graphs in F,, are the
only connected graphs of order n having vertex rainbow connection number n— 1.
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Theorem 2.6. If G is a connected graph of order n > 3, then vre(G) =n —1 if
and only if G € F,.

Proof. Suppose that G € F,. Then vrc(G) < n — 1 by Proposition 2.1(a) since
G is not complete. It remains to show that vre(G) > n—1. If w(G) = n—1, then
vrc(G) > x(G) = w(G) = n — 1. Otherwise, we may assume that G is obtained
from a path P, and a complete graph K}, where a,b > 2 and n = a + b, by
joining an end-vertex of P, to some vertices of K. Let ¢ be a rainbow coloring
of G. Then ¢ must assign b distinct colors to the b vertices of K} since ¢ must be
proper. Furthermore, ¢ must assign a — 1 additional distinct colors to the a — 1
cut-vertices of G belonging to P, by Lemma 2.5. This implies that ¢ must use
at least (a — 1) + b = n — 1 distinct colors and so vrc(G) > n — 1. Therefore,
vre(G) = n — 1 in each case.

For the converse, let G be a connected graph of order n > 3 with vre(G) =
n — 1. If G is 2-connected, then w(G) = n — 1 by Theorem 2.2 and so G € F,,.

Hence, suppose that G contains a cut-vertex. Then by Lemmas 2.3 and 2.4,
there are exactly two end-blocks, at least one of which must be Ks. Therefore,
if G contains k blocks (k > 2), then we may label these blocks as By, By, ..., By
such that (i) By and By are the two end-blocks and B; = K9 and (ii) two blocks
B; and Bj share a cut-vertex if and only if |i — j| = 1. That is, the structure of
G must be the on shown in Figure 2. Let v; € V(B1) and v € V(By) such that
v1 is the end-vertex in GG and vy is a vertex in By, farthest from vq. Also, let x;
be the cut-vertex belonging to B; and B;;1 for 1 <¢ <k — 1.

Figure 2. A step in the proof of Theorem 2.6.

We first claim that B; = Ko for 1 < i < k—1. Assume that k > 3 since B; = K>.
If there exists a vertex u; € V(B;) — {x;—1,x;} for some i (2 <i <k — 1), then
S = {v1, vk, u;} is an independent set and so any coloring ¢ : V(G) — N such
that c(v) = 1if v € S and {c(v) : v € V(G) — S} = {2,3,...,n — 2} is proper.
Furthermore, it is straightforward to verify that ¢ is a rainbow coloring of G.
However, this is certainly a contradiction since vre(G) = n — 1. Thus, B; = K»
for 1 <i <k —1, as claimed.

It remains to determine the structure of By. Note that |V (Bg)| =n —k+ 1.
If By is complete, then certainly G € F,,. Otherwise, since By is 2-connected,
it follows that either w(By) = n — k or vre(Bg) < n — k — 1 by Theorem 2.2.
If vie(Bg) = £ < n—k — 1, then let ¢ be a rainbow ¢-coloring of By, using the
colors 1,2,...,¢. Define ¢ : V(G) — N by c(v) = ¢/(v) if v € V(By) — {xr-1},
c(v1) = d(vg), and ¢(x;) =€+ for 1 <4 < k — 1. Then ¢ is not only a proper
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coloring but also a rainbow coloring of G that uses ¢ + k — 1 colors. However,
{4+ k—1<mn-—2 and so this cannot occur.

Hence, w(By) = n — k. If there are two vertices wi,ws € V(By) — {xx_1}
such that wywy ¢ E(G), then we may assume, without loss of generality, that
By, — w; is complete. Then one can verify that a coloring ¢ : V/(G) — N such that
c(vy) = c(wr) = c(wz) = Land {c(v) : v € V(G)—{v1,w1,wa}} ={2,3,...,n—2}
is a proper rainbow coloring of G, which is again impossible. Therefore, By —xp_1
must be complete, implying that G € F,. [

By Observation 1.1, if G is a nontrivial connected graph of order n with x(G) = a
and vrc(G) = b, then 2 < a < b < n. Define a triple (a,b,n) of integers to be
realizable if 2 < a < b < n and there exits a connected graph G of order n such
that x(G) = a and vrc(G) = b. We determine all realizable triples.

Theorem 2.7. A triple (a,b,n) of integers with 2 < a < b < n is realizable if
and only if (a,b,n) ¢ {(a,b,b) : a < b}.

Proof. Let (a,b,n) be a realizable triple. Then there is a connected graph of
order n such that x(G) = a and vrc(G) = b. By Observation 1.1, 2 < x(G) <
vrc(G) <nandso 2 <a<b<n.Ifb=n,then G = K, by Proposition 2.1 and
so a = b = n. Thus we may assume that b < n. Hence (a,b,n) ¢ {(a,b,b) : a < b}.

For the converse, assume that (a,b,n) # (a,b,b) where a < b. Thus either
a=b=nor2<a<b<mn Ifa=0>b=n,then G = K, has the desired
properties. Thus we may assume that 2 < a < b <n. Let G1 = K11, 10—
be complete a-partite graph of order n — (b — a + 1) and let Gy be the path
Py_gi1 = (v1,v2,...,0p_q+1) of order b — a + 1. The graph G is obtained from
(1 and G4 by joining v1 of G2 to a vertex u of G1. Then the order of G is n. Let
Vi, Va, ..., V, be partite sets of Gy, where u € V, say. We show that x(G) = a
and vrc(G) = b. Since x(G1) = a and G; C G, it follows that x(G) > a. Define
a coloring ¢ of Gy by ¢1(v) =i if v € V; (1 <i < a) and a coloring ¢z of Ga by
ca(v;) = 1if 7 is odd and ca(v;) = 2 if i is even. Then the coloring of G defined
by c¢(v) = ¢;(v) if v € V(Gy) for j = 1,2 is a proper coloring of G using a distinct
colors. Thus, x(G) = a. Next, we show that vrc(G) = b. Defined a coloring
¢y V(Ga) = {a+1,a+2,...,b} by

o) a+i if1<i<b—a,
ColVU;) =
S 1 ifi=b—a+1.

Now we define a coloring ¢ : V(G) — {1,2,...,b} by

o) = { c(v) ifveV(Gy),
a ch(v) if v e V(Gy).
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Observe that ¢’ is a rainbow coloring of G using b distinct colors, which implies
that vrc(G) < b. On the other hand, any rainbow coloring of G must assign a
distinct colors to the vertices of GG1 and additional b — a distinct colors to the
b — a cut-vertices of Ga by Lemma 2.5. This implies that vrc(G) > a+b—a =b.
Therefore, vre(G) = b. |

By Observation 1.1, if G is a connected graph of order n and diameter d with
vre(G) =k, then 1 < d < k < n. We now determine all triples (d, k, n) of positive
integers with d < k < n that can be realized as the diameter, vertex rainbow
number and order, respectively, of a connected graph.

Theorem 2.8. A triple (d,k,n) of positive integers with d < k < n is realizable
as the diameter, vertex rainbow number and order, respectively, of a connected
graph if and only if (d,k,n) ¢ {(d, k,k) : d > 2}.

Proof. If G is a connected graph of order n and diameter d with vre(G) = k,
then 1 < d < k < n by Observation 1.1. Furthermore, if d = 1, then G = K,
and vrc(G) = k = n by Proposition 2.1(a), while if d > 2, then &k < n — 1 by
Proposition 2.1(a) again. Thus (d, k,n) ¢ {(d,k, k) : d > 2}.

For the converse, let (d, k,n) be a triple of positive integers with d < k <n
such that (d,k,n) ¢ {(d,k, k) : d > 2}. We show that there is a connected graph
G of order n and diameter d such that vrc(G) = k. If d = 1, then k = n. Let
G = K,, and so vrc(G) = k = n by Proposition 2.1(a). Thus we may assume
that d > 2 and then 2 < kK < n—-1. If d =n—1, then k = n — 1. Let
G = P, € F,, and so vrc(G) = n — 1 by Theorem 2.2. For 2 < d < n —2, we
begin with three graphs G1, G and G3. First, let G; = Ki_412 be a complete
graph of order k —d + 2 > 2 where V(G1) = {u1,ug,...,ug—g2}. Hh=n—1,
let Go = K7 with V(K1) = {vo}; while if k <n —2, thenn —k—1>1 and let
G2 = K n—k—1 be astar where V(G2) = {vo, v1,...,vp—k—1} and vg is the central
vertex of Ggo. Next, let G3 = Py = (wp,w1,...,wq—1) be a path of order d > 2.
The graph G is obtained from G, Gs and G3 by identifying the three vertices
u1, Vg, wo and labeling the resulting vertex in G by u;. Then the order of G is
(k—d+2)4+(n—k—1)+(d—1) = n and diameter of G is d. It remains to show that
vic(G) = k. If k =n — 1, then G € F,, and so vrc(G) = n — 1 by Theorem 2.2.
Thus we assume that k& < n —2. We first show that vrc(G) > k. If d = 2, then a
rainbow coloring of G must assign k distinct colors to the vertices of Kj and so
vre(G) > k. If d > 3, then a rainbow coloring of G must assign k£ — d + 2 distinct
colors to the vertices of Kj_442 and an additional d — 2 distinct colors to the cut-
vertices wa, . .., wq—2 of G by Lemma 2.5. Thus vre(G) > (k—d+2)+(d—2) = k.
To show that vrc(G) < k, define a proper coloring ¢ : V(G) — {1,2,...,k} as
follows. If d = 2, then define

o(z) = i ifx=uwu; for 1 <i<k,
|k ifxe{v,ve, .., U g1, W 1);
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while if d > 3, then define

1 ifr=wu;forl <i<k-—d+2,
cle)=< k—d+2+j ifz=wjforl<j<d-2,
k—d+2 ifz e {vl,vg,...,vn_k_l,wd_l}.

In either case, ¢ is a rainbow k-coloring of G and so vrc(G) < k. Therefore,
vre(G) = k. |

3. GRAPHS WITH CYCLE RANK AT MOST 2

For a connected graph G of order n and size m, the number of edges that must
be deleted from G to obtain a spanning tree of G is m — n + 1. The number
m —n —+ 1 is called the cycle rank of G. Thus the cycle rank of a tree is 0, the
cycle rank of a unicyclic graph (a connected graph containing exactly one cycle)
is 1 and the cycle rank of a connected graph of order n and size m =n + 1 is 2.
In this section we study the vertex rainbow connection numbers of connected
graphs having cycle rank at most 2. As an immediate consequence of (2) and
Lemma 2.3, we obtain a formula for the vertex rainbow connection number of a
tree.

Corollary 3.1. If T is a tree of order n with k end-vertices, then vrc(T) =
n—=k+1.

By Corollary 3.1, it remains to consider connected graphs having either cycle
rank 1 (unicyclic graphs) or cycle rank 2. First, we present a useful lemma.

Lemma 3.2. Let G be a connected graph that is not a tree. If the cycle rank of
G is at most 2, then any rainbow coloring of G assigns the same color to at most
two vertices belonging to a common cycle in G.

Proof. Assume, to the contrary, that there is a rainbow coloring ¢ of a connected
graph G of cycle rank 1 or 2 that assigns the same color to three distinct vertices
v1, v, and vy belonging to a cycle C in GG. Since c¢ is a proper coloring, C' —
{v1,v9,v3} consists of three vertex-disjoint subpaths of C'. Suppose that C' —
{v1,v2,v3} = Py U P, U P3 where v; is adjacent to a vertex in V(FP;) if and only
if 1 #£ j for 1 <4,j < 3. Since there exists a rainbow u — v; path in G for every
u € V(P), there exist vertices uy € V(P;) and ug € V(P2) UV (P3) U {v1} such
that G contains a u; —ug path whose edges do not belong to C. (Hence, the cycle
rank must be 2.) Without loss of generality, suppose that us € V(P2) U {v1}.
Then for every vertex u € V(Ps), there is no rainbow u — v3 path in G. |

We now determine the vertex rainbow connection numbers of unicyclic graphs.
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Theorem 3.3. If G is a connected unicyclic graph of order n > 4 containing
k cut-vertices and ¢ end-vertices, then vrc(G) = [(n+k —{)/2] + 0, where § €
{0,1} and § = 0 if and only if (i) G is a cycle of order n or (ii) the subgraph
induced by the set of vertices that are neither cut-vertices nor end-vertices is
isomorphic to a path of odd order.

Proof. First, assume that G = C,, = (v1,v2,...,0p,v1). Then k = ¢ = 0. By
Lemma 3.2, vre(Cy) > [n/2]. On the other hand, the coloring ¢ : V(C),) — N
defined by
i if 1<i<[n/2],
c(vi) =9 . . .
i—[n/2] if[n/2]+1<i<n

is an [n/2]-rainbow coloring. Therefore, vrc(Cy,) = [n/2] and so the statement
holds when G = C,,.

Next, assume that G # C),. Then k,¢ > 1. Let C' = (v1,v9,...,vN,v1) be
the cycle in GG. Also let X and Y be the sets of cut-vertices and end-vertices,
respectively, and assume, without loss of generality, that v1 € X. If n > k + £,
then let U = {uj,ug,...,up—k—¢} € V(C) be the set of vertices that are not
cut-vertices. Furthermore, assume that u; = V(s for 1 <i<n-—k—/{, where
2<o(l)<o(2)<---<op(n—k—¥) <N.

Consider the coloring ¢ : V(G) — N such that {c(v) : v € X} ={1,2,...,k},

ki if1<i<[(n—k—10))2],
)= ki (k03] i [(n—k—0)/2] +1<i<n—k—¢

and for each v € Y,

] [(n+k—=10)/2] it (U) is a path of odd order,
ev) = [(n+k—20¢)/2]4+1 otherwise.

One can verify that ¢ is a rainbow coloring of G using [(n + k — ¢)/2] 4+ 0 colors.
Thus the result is immediate if U = () since vr¢(G) > k + 1 by Lemma 2.5 and
n==k+{ If U+#0, on the other hand, then by Lemmas 2.5 and 3.2,

vic(G) > {e(v) ;v e UUXY > [(n—k+0)/2] +k=[(n+k—1)/2].

Therefore, if vrc(G) = [(n+k —¢)/2] and ¢ is a rainbow coloring of G us-
ing [(n+k —{)/2] colors, then there exists an end-vertex y; € Y such that
c(y1) = c(u) for some uw € U C V(C). Without loss of generality, assume that
min{d(v,y1) : v € V(C)} = d(v1,y1). If there are two vertices u,u € U such that
c(y1) = c(u) = c(u'), then let u = v;; and v’ = v, where 2 < iy <i1+2<iy <N
and observe that there is no rainbow y; — v;,+1 path, which is a contradiction.
Therefore, there exists exactly one vertex ug € U that is assigned the color ¢(y1),
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which then implies that |U| must be odd. This also implies that ¢(y) = ¢(ug) for
every end-vertex y.

Finally, if the induced subgraph (U) is not connected, then we may assume
that there exists a cut-vertex x € V(C) — {v1} and a vertex u € U such that
U = v, T =, and ug = v;,;, where 2 < i1 < i3 < 73 < N. Furthermore, let yo
be an end-vertex such that min{d(v,y2) : v € V(C)} = d(v;,,y2). Since |U| > 3,
there exists v’ € U — {up, u} such that c(u) = c(u').

If v = v; for some i with 2 < i < iy — 1, then there is no rainbow y; — 92
path; otherwise, either a rainbow 1; — u/ path or a rainbow 1, — v’ path does not
exist. Thus, ¢ cannot be a rainbow coloring of G. |

Theorems 2.6 and 3.3 illustrate an interesting feature of vertex rainbow colorings
of a graph. It is well known that x(H) < x(G) if H is a subgraph of G. In
general, this is not the case for the vertex rainbow connection numbers of graphs.
For example, P, C C,, for every n > 3 but vre(P,) = n — 1 by Theorem 2.6;
while vre(Cy,) = [n/2] by Theorem 3.3.
Therefore, vre(P,) > vre(Cy,) for n > 4.

We now consider connected graphs of cycle rank 2. If G is a connected graph
whose cycle rank is 2, then either (i) G contains exactly two cycles with at most
one vertex in common or (ii) G contains a unique pair v,,vg of distinct vertices
and three internally disjoint v, — vg paths. If G satisfies (i), then G is said to
be of type I; while if G satisfies (ii), then G is of type II. We next determine the
vertex rainbow connection numbers of graphs of type I.

Theorem 3.4. Let G be a connected graph having cycle rank 2 and of type 1.
For the two cycles C1 and Cy of G, let U; C V(C;) be the set of vertices that are
not cut-vertices for i = 1,2. If G is of order n containing k cut-vertices and ¢
end-vertices, then vrc(G) = [(n+k—1{)/2] + 6, where § € {0,1} and 6 = 0 if
and only if one of the following two situations (A) and (B) occurs:

(A) One of Uy and Us is empty and the other induces a path of odd order.

(B) Both Uy and Uy are nonempty and at least one of (Ur) and (Us) is connected,
say (Uy) is connected. Moreover, either |Ui| # |Ua| (mod 2) or (Us) is
connected.

Proof. Let X and Y be the sets of cut-vertices and end-vertices, respectively.
Also, let U = Uy UUs and V(C) = V(C1) UV (Cs). Necessarily, U is a proper
subset of V(C'). Suppose that c is a rainbow coloring of G. Then it is straightfor-
ward to verify that no three distinct vertices belonging to V' (C') can be assigned
the same color by c¢. Hence vre(G) > |X| + [|U]/2] = [(n+ k — €)/2].

First assume, without loss of generality, that U; = (). Then ¢ > 1. Let
e € E(C1) and consider the graph H = G — e, which is a connected unicyclic
graph. Since U; = (), it follows that c is a rainbow coloring of G if and only if ¢
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is a rainbow coloring of H and so vrc(G) = vre(H). Therefore, the result follows
by Theorem 3.3.

Next assume that neither U; nor Us is empty. Let C; = (vi1,vi2,...,0iN,,Vi1),
where N; is the length of C; for i = 1,2. Assume also that d(vii,v21) =
min{d(u,v) : (u,v) € V(Cy) x V(C2)}. Necessarily, both v1; and v belong
to X (where it is possible that vy = v ).

Let U; = {u; 1, ui2, ... ¢ui,\U¢\} such that u; j = v; 4,(
2 < (bz(l) < (Z)Z(Q) < -0 < ¢z(’Uz‘) <N, for i = 1,2.
If |U;] is odd, then for 1 < j < |U;| and j # [|U;]/2], let

j) for 1 < j < |Uj|, where

Fu) :{ j if 1 <j<|[|Uil/2],
j—Uil/21 i [|U3]/2] +1 < <|U;l.

If |U;] is even, then for 1 < j < |U;| and j ¢ {|U;|/2,|Ui|/2 + 1}, let

(i) J if1 <j<|Ul/2 -1,
g\uij) =
’ J—|Ul/2—1 it |Uil/2+2<j<|Ui.
Observe that 1 < f(u;;) < [|Ui]/2] and 1 < g(u;;) < |Uil/2 — 1. We now
consider the following two cases.
Case 1. (Uy) is connected. Then (U1) = (u1,1,u12,--,U|y;|) is a path.

Subcase 1.1. |Ui| # |Uz| (mod 2). If |Uy| is odd, then let ¢o : V(G) — N be
a coloring such that {co(v) :v € X} ={1,2,...,k} and

co(ui) =k + f(ui,) if 1 < <|Up| and i # [|U1]/2],
k4 ||Uh)/2] + i it1<i<|Us/2,

oluzi) = { ke Uil/2) - [Usl/2+i i |Uslj2+ 1< < |03,

co(v) =T(n+k—10)/2] ifove {uLHUﬂ/Q]}UY.

If |Un] is even, then let ¢o : V(G) — N be a coloring such that {cp(v) : v e X} =
{1,2,...,k} and

co(uu) =k —i—g(ul,i) Hf1<i< |U1| and 7 ¢ {‘U1|/2, |U1’/2+1},
CO('LLQ’Z‘) =k+ |U1‘/2—1—|—f(U27Z‘) f1<q¢< |U2‘ and 7 7& HUQ‘/?‘,

c (U) _ ((n+k_€)/2~‘ -1 ifve {ul,\U1\/27u2,HU2|/21}7
0 [(n+k—20)/2] if v € {uy 0 231} VY.

One can verify that ¢y is a rainbow coloring of G using [(n + k — ¢)/2] colors.
Therefore, vre(G) = [(n+ k — £)/2].
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Subcase 1.2. (Us) is connected. We may assume that |U;| = |Uz| (mod 2).
If both |Ui| and |Us| are odd, then let ¢y : V(G) — N be a coloring such that
{co(v) ;v e X} ={1,2,...,k} and

co(uri) =k + fluiy) if 1 <4 <|Uy| and i # [|U1|/2],
co(uzq) =k + [|U1]/2] + f(uz;) if 1 <i <|Us| and i # [|Us]/2],
co(v) = [(n+k—1)/2] if v € {uy, o, |/21, Ya,fvs)21F VY-

If both |U;| and |Us| are even, then let ¢y : V(G) — N be a coloring such that
{co(v) ;v e X} ={1,2,...,k} and

Co(uLi) =k —l—g(ul,i) if 1 < ) < |U1‘ and ¢ ¢ {’U1|/2, ‘U1’/2+1},
Co(’uli) =k+ |U1‘/2—1+9(U2’Z’) i1 << |U2‘ and 17 g {’U2|/2, |U2’/2+1},

(n+k—£)/2 if v S {U17‘U1‘/2+1"[,L2,|U2|/2+1}UY‘

Then in each case ¢y is a rainbow coloring of G using [(n + k — £)/2] colors.

Subcase 1.3. (Us) is disconnected and |Ui| = |Usz| (mod 2). Let ¢y be the
coloring considered in Subcase 1.2 according to the parity of |U;| and |Usz|. The
coloring ¢ : V(G) — N defined by ¢(v) = ¢o(v) for v € V(G) =Y and c¢(v) = (n+
k—1{)/2+1 for v € Y is a rainbow coloring of G. Thus vrc¢(G) < (n+k—¥)/2+1.

Now assume, to the contrary, that there exists a rainbow coloring ¢ of G
using (n + k — ¢)/2 colors. We may then assume that {c(v) : v € V(G) —
X} ={1,2,....,(n—k—1£)/2} and let V1, Va,..., V(;,_p_g /2 be the color classes
partitioning the set V(G) — X. Then |V;NV(C)|=2for 1 <i< (n—k—1{)/2.
Also, since (Us) is disconnected, we may assume that there are vertices u; € Uq,
ug, uy € Uy and an end-vertex y € Y, as shown in Figure 3.

ul u2
C1 QY
h
Figure 3. Illustrating the proof in Subcase 1.3.

If ¢(y) = 1, say, then observe that no two distinct vertices belonging to a common
cycle can be colored 1. Therefore, we may assume that c(u;) = ¢(uz) = 1 and
c(uf) = 2. Let uw € U — {u1,ug,uy}. Then observe that c(u) # 2 or ¢ is not a
rainbow coloring of GG, which contradicts our assumption. Thus, there is no such
cand so vrc(G) = (n+k—¥¢)/2+ 1.
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Case 2. Both (U;) and (Us) are disconnected. Then |Uy|, |Usz| > 2. To see
that vrc(G) < [(n+k —£)/2] +1, let ¢: V(G) — N be a coloring of G such that
c(v) = co(v) for v € V(G)—Y, where ¢ is the coloring considered in Subcases 1.1
and 1.2 according to the parity of |Ui| and |Us|, and ¢(v) = [(n+k —£)/2] +1
for v € Y. Then c is a rainbow coloring of G using [(n + k — ¢)/2] 4+ 1 colors.

If |U1| = |Uz| (mod 2), then the argument used in Subcase 1.3 shows that
there is no rainbow coloring of G using (n + k — £)/2 colors. Therefore, suppose
that |U1| is odd and |Us| is even and assume, to the contrary, that there exists a
rainbow coloring ¢ of G using [(n + k — £)/2] colors. Assume further that {c(v) :
v € V(G) — X} = {1,2, ce, [(n — k- @/21} and let Vi, V5, ... 7V[(nfkf€)/21 be
the color classes partitioning the set V(G) — X. Then we may assume that
[VinV(C)| =1and |[V;NV(C)| =2for2 <i < [(n—k — ¢)/2]. Since neither (U;)
nor (Us) is connected, there are vertices uy,u) € Uy, ug,u), € Uz and y1,y2,€ Y,
as shown in Figure 4.

Ul u2

Y1 Cq Y2
i
ul Uy

Figure 4. Illustrating the proof in Case 2.

First suppose that c(u1) = ¢(y1) = ¢(y2) = 1 and ¢(u}) = 2. Then it is straight-
forward to verify that v € U and c¢(u) = 2 if and only if u = w} in order
for ¢ to be a rainbow coloring. However, this contradicts our assumption that
|[VaNV(C)| = 2. Therefore, suppose that c¢(y1) # 1, say c¢(y1) = 2. Then we may
assume that c(ui) = ¢(ug) = 2. Furthermore, if u € U, then by the argument
used in Subcase 1.3 we see that ¢(u) = c(u}) if and only if u = v} and so ¢(u}) = 1.
Since there must be a rainbow y; — y2 path, we may assume that c¢(y2) = 3 and
c(ub) = 4. However then, either at least one of V3NV (C)| and [VyNV(C)| is less
than 2 or c¢ is not a rainbow coloring. Hence, vrc(G) > [(n + k — ¢)/2], which is
the desired result. |

We now turn to the vertex rainbow connection numbers of connected graphs
having cycle rank 2 that are of type II. We first consider those graphs without
end-vertices (and so without cut-vertices), that is, the subdivisions of K 3.

Theorem 3.5. Let G be a connected graph of order n having cycle rank 2 and of
type 11 containing no end-vertices. Let v, and vg be the vertices having degree 3
with three internally disjoint v, — vg paths P, Py and P3 such that |V (P1)| >
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|V (P2)| > |V(Ps)|. Then

[n/2] FIV(Bs)| =2 and [V(P)] > [V (P)],
vic(G) =1 [n/2]+1 if|[V(P3)| =2 and |V (P1)| = |V ()|,
In/2] otherwise.

Proof. We consider two cases, according to the value of |V (P3)].

Case 1. |V(Ps)| = 2. Let G be constructed from a cycle C=(vy,va, ..., vy, v1)
by adding a chord v,vg. We may assume that « = 1 and 3 < § = |[V(P)| <
|n/2] + 1. Then the coloring ¢ : V(G) — N defined by

‘ if (1) 1 <i < [n/2] or
c(v;) = (i) [V(P1)| = |V(P)| and i = n/2 + 1,
i 1 if 5 = [n/ﬂ + 1 and ’V(P1)| > ‘V(Pg)’,

i—[n/2] if [n/2]+2<i<n

is a rainbow coloring of G.

On the other hand, consider an arbitrary rainbow coloring of G resulting
in s color classes Vi, Va,..., V. Then |V;| < 2 for 1 < i < s by Lemma 3.2,
implying that n < 2s and so s > [n/2]. Thus, vrc¢(G) > [n/2]. In particular,
if |V(Py)| = |V (P2)|, then the order of G is even and so vrc(G) > n/2. Assume,
to the contrary, that there exists a rainbow (n/2)-coloring of G. Then every
color class consists of two vertices. Suppose that Vi = {v,,u1}, where u; €
V(P1)—{va,vg}. Then there must be a color class that is a subset of V' (P2)—{va},
say Vo = {ug,ub} C V(P) — {vs}. However then, it is impossible to have both
a rainbow u; — ug path and a rainbow u; — uf, path, which is a contradiction.
Therefore, vrc(G) > n/2+1if |V(P1)| = |V(P2)|, which verifies the result in this

case.

Case 2. |V(P3)] > 3. We first show that vrc(G) > |[n/2]|. Consider an
arbitrary rainbow coloring resulting in s color classes Vi, Va, ..., V;. Then |V;| <3
for 1 <i < s by Lemma 3.2. Furthermore, if |V;| = 3 and Vi = {v1,v9,v3}, say,
then we may assume that v; € V(P;) — {va,vg} for 1 <1i < 3. We claim that if
|[Vi| = 3, then |V;| < 2 for 2 < ¢ < s. If this is not the case, then suppose that
Vo = {u1,u2,u3}, where u; € V(P;) — {vq,vg} for 1 < i < 3. We may further
assume that there are two distinct integers i1,i5 € {1, 2,3} such that the unique
Ui, — Ui, path not containing v, contains neither v;, nor v;,. However, this implies
that there is no rainbow w;, — v;, path, which cannot occur. Therefore, |V1| < 3
and |V;| < 2 for 2 < i < s. This then implies that n < 3 + 2(s — 1), that is,
s > |n/2]. Hence, vrc(G) > [n/2].

We next show that there exists a rainbow |n/2|-coloring of G. Let |V (Py)|+
[V(Py)| —2 = N (< n—1), which is the circumference of G (the length of a
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largest cycle in G) by assumption. Then G is constructed from a cycle C' =
(v1,v2,...,vN,v1) and a path P = (uy,us, ..., un_n), where V(C)NV(P) = 0,
by adding the edges viu; and vjy(p,)|un—n- Define the coloring ¢ : V(G) — N by

i if1<i<|N/2],
1 if i = |[N/2) +1,
clvi)) =< i—1 if (N is odd or n > N + 2) and
IN/2|+2<i<|n/2]+1,
| i~ [N/2] if |n/2] +2 <i<N,
i+ |N/2| if (N is odd or n > N + 2) and
1 <i<|[n/2] - [N/2],
elus) = n—N+2—i if (Nisevenorn >N +2)and
In/2] — |N/2|+1<i<n-—N.

Observe that ¢ is an |n/2|-coloring. Since the restriction of ¢ to each of the
three cycles in G is a rainbow coloring of that cycle, it follows that ¢ is a rainbow
coloring of G. Therefore, vrc(G) < |n/2], concluding that vrc(G) = [n/2]. =

Figure 5. Type II graphs G; (1 < i < 13) of order 10 containing H as a subgraph.

Let us next consider graphs of type II with end-vertices and cut-vertices. For
example, let H be the graph of order 8 obtained from an 8-cycle by joining two
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antipodal vertices. Hence, vrc(H) = 5 by Theorem 3.5. Now let G be a graph
obtained from H by adding two pendant edges. Therefore, n = 10, k = 1 or
k =2, and ¢ = 2. There are 13 such graphs (up to symmetry), all shown in
Figure 5. It turns out that the vertex rainbow connection number of each of
these graphs can be expressed as [(n+ k —£)/2] 4+ =5+ 6, where 6 € {0,1,2}.
In particular, vre(G) = 5 if and only if G = G; (1 < ¢ < 4) while vre(G) = 7 if
and only if G = G13. For each graph G; (1 < i < 11), a rainbow coloring using
vre(G;) colors is shown in Figure 5.

We conclude with the following conjecture.

Conjecture 3.6. If G is a connected type II graph of order n containing k cut-
vertices and £ end-vertices, where k,£ > 1, then

(3) vic(G) = [(n+k —£)/2] + 9, where § € {0,1,2}.
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