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Abstract

A vertex colouring of a 2-connected plane graph G is a strong parity
vertex colouring if for every face f and each colour ¢, the number of
vertices incident with f coloured by c is either zero or odd.

Czap et al. in [9] proved that every 2-connected plane graph has a
proper strong parity vertex colouring with at most 118 colours.

In this paper we improve this upper bound for some classes of plane
graphs.

Keywords: plane graph, k-planar graph, vertex colouring, strong par-
ity vertex colouring.
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1. INTRODUCTION

We adapt the convention that a graph (as a combinatorial object) is k-planar
if it can be drawn in the plane (on the sphere) so that each its edge is crossed
by at most k other edges; such a drawing is then called a k-plane graph (a
geometrical object). Specially, for £ = 0 we have planar or plane graphs.

If a plane graph G is drawn in the plane M, then the maximal connected
regions of M \ G are called the faces of G. The facial walk of a face f of
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a connected plane graph G is the shortest closed walk traversing all edges
incident with f. The size of a face f is the length of its facial walk. Let a
d-face be a face of size d. A 3-face is called a triangle and a face of size at
least 4 is called a non-triangle face.

A triangulation is a simple plane graph which contains only 3-faces.
A near-triangulation is a simple plane graph which contains at most one
non-triangle face.

The degree of a vertex v of a graph G is the number of edges incident
with v.

Let the set of vertices, edges, and faces of a connected plane graph G
be denoted by V(G), E(G), and F(G), respectively, or by V| E, and F if G
is known from the context.

A k-colouring of the graph G is a mapping ¢ : V(G) — {1,...,k}. A
colouring of a graph in which no two adjacent vertices have the same colour
is a proper colouring. A graph which has a proper k-colouring is called
k-colourable.

Let ¢ be a vertex colouring of a connected plane graph G. We say that
a face f of GG uses a colour ¢ under the colouring ¢ k times if this colour
appears k times along the facial walk of f. (The first and the last vertex of
the facial walk is counted as one appearance only.)

The problems of graph colouring, in particular the well-known Four
Colour Problem [14], have motivated the development of different graph
colourings, which brought many problems and questions in this area. Colour-
ings of graphs embedded on surfaces with face constraints have recently
drawn a substantial amount of attention, see e.g. [4, 5, 10, 11, 12, 16]. Two
problems of this kind are the following.

Problem 1. A vertex colouring ¢ is a weak parity vertex colouring of a
connected plane graph G if each face of GG uses at least one colour an odd
number of times. The problem is to determine the minimum number x,,(G)
of colours used in such a colouring of G. The number x,,(G) is called the
weak parity chromatic number of G.

Problem 2. A vertex colouring ¢ is a strong parity vertex colouring of a
2-connected plane graph G if for each face f and each colour ¢, either no
vertex or an odd number of vertices incident with f is coloured by c. The
problem is to find the minimum number x(G) of colours used in such a
colouring of a given graph G. The number ys(G) is called the strong parity
chromatic number of G.



ON THE STRONG PARITY CHROMATIC NUMBER 589

Our research has been motivated by the paper [6] which deals with parity
edge colourings in graphs. Recall that a parity edge colouring is such a
colouring in which each walk uses some colour an odd number of times. The
parity edge chromatic number p(G) is the minimum number of colours in
a parity edge colouring of G. Computing p(G) is NP-hard even when G is
a tree, but the problem of recognizing parity edge colourings of graphs is
solvable in polynomial time. The vertex version of this problem is introduced
in [5]. This article deals with parity vertex colourings of plane graphs focused
on facial walks.

The first problem has been investigated in [7]. The authors have found
a general upper bound for this parameter.

Theorem 1 (Czap and Jendrol [7]). Let G be a 2-connected plane graph.
Then there is a proper weak parity vertex 4-colouring of G, such that each
face of G uses some colour exactly once.

Czap and Jendrol [7] conjecture that x,,(G) < 3 for all simple plane graphs G
and they have proved that this conjecture is true for the class of 2-connected
simple cubic plane graphs. This conjecture is still open in general.

In this paper, we focus on the second problem.

2. STRONG PARITY VERTEX COLOURING

In the paper [7] there is posed a conjecture that for any 2-connected plane
graph G the strong parity chromatic number can be bounded from above
by a constant. The conjecture was proved by Czap et al. in the following
form.

Theorem 2 (Czap, Jendrol, and Voigt [9]). Let G be a 2-connected plane
graph. Then G has a proper strong parity vertex colouring with at most 118
colours.

The constant 118 was recently improved to 97 by Kaiser et al. [13]. In this
section, we improve this upper bound for 3-connected simple plane graphs
having property that the faces of a certain size are in a sense far from each
other.

The following lemma is fundamental. Remind that a cycle can be con-
sidered as a connected 2-regular plane graph.
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Lemma 3. Let C' = vy,...,v; be a cycle on k vertices. Then there is a
proper strong parity verter colouring ¢ of C using the colours a,b,c,d,e,
where the colours a, b, ¢ are used at most once.

Proof. We define the colouring ¢ of C' in the following way:
o k = 4t, then p(v1) = a, p(ve) = b, p(v;) =d for i =1 (mod 2), i > 1,
and p(v;) = e for i =0 (mod 2), ¢ > 2.
o If k =4t + 1, then p(v1) = a, p(v2) = b, p(v3) = ¢, p(v;)) =d fori=1
(mod 2), ¢ > 3, and ¢(v;) = e for i =0 (mod 2), i > 2.
o If k =4t + 2, then p(v;) =d for i =1 (mod 2) and ¢(v;) = e for i =0
(mod 2).
o If k = 4t + 3, then ¢(vi) = a, p(v;) =d for i =1 (mod 2), ¢ > 1, and
p(v;) = efor i =0 (mod 2).
Clearly, this colouring satisfies our requirements in each case. [ |

Lemma 4. Let G be a 3-connected near-triangulation. Then there is a
proper strong parity vertex colouring of G which uses at most 6 colours.
Moreover, this bound is best possible.

Proof. If G is a triangulation, then by the Four Colour Theorem [1] we
can colour the vertices of G with at most 4 colours in such a way that the
vertices incident with the same face receive different colours. Clearly, this
colouring is a strong parity vertex one.

Now we suppose that GG contains a d-face f, d > 4. Let vy,...,vq be
the vertices incident with f in this order. Next we insert the diagonals v;v;,
i€{3,...,d —1} and we get a new graph 7. The graph T has a proper
colouring which uses at most four colours, since it is a plane triangulation.
This colouring induces the colouring ¢ of G in the natural way.

We can assume that ¢(vi) = 1, ¢(v2) = 2, and ¢(v3) = 3. Next we use
Lemma 3 and we recolour the vertices incident with the face f. We use the
following colours: a =1,b=2,¢c=3,d=>5, and e = 6.

Observe, that each triangle face of G uses three different colours and
from Lemma 3 it follows that the face f uses each colour which appears on
its boundary an odd number of times.

To see that the bound 6 is best possible it suffices to consider the graph
of a wheel W5 depicted in Figure 1. [ |

We write v € f if a vertex v is incident with a face f. Two distinct faces
f and g touch each other, if there is a vertex v such that v € f and v € g.
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Figure 1. An example of a graph with no proper strong parity vertex colouring
using less than 6 colours.

Two distinct faces f and g influence each other, if they touch, or there is a
face h such that h touches both f and g.

Theorem 5. Let G be a 3-connected plane graph in which no two non-
triangle faces influence each other. Then there is a proper strong parity
vertex colouring of G which uses at most siz colours 1,...,6 such that each
vertex which is not incident with any non-triangle face has a colour from
the set {1,2,3,4}. Moreover, this bound is sharp.

Proof. We apply induction on the number of non-triangle faces. If G con-
tains one non-triangle face then the claim follows from Lemma 4.

Assume that G contains j non-triangle faces, j > 2. Let f =vy,..., v
be one of them. We insert the diagonals viv;, i € {3,...,m — 1} to the
face f and we get a new graph H. The graph H has (j — 1) non-triangle
faces, hence, by induction, it has a proper strong parity vertex colouring
which uses at most six colours 1,...,6. Moreover, each vertex which is not
incident with any non-triangle face has a colour from the set {1,2,3,4}.
This colouring of H induces the colouring ¢ of G.

Observe, that the vertices incident with f or the faces which touch f
have colours from the set {1,2,3,4} (else G contains two non-triangle faces
that influence each other). We use the colouring from Lemma 3 with the
colours a = p(v1), b = p(v2), ¢ = p(v3), d = 5, and e = 6 to recolour the
vertices incident with f so that we obtain a required colouring of G.

To see that the bound 6 is best possible it suffices to consider a trian-
gulation 7" such that it contains ¢ triangle faces fi, fa,..., fr which do not
influence each other, and insert a wheel-like configuration into each of them,
see Figure 2 for illustration. [ |



592 J. CzAP, S. JENDROL AND F. KARDOS

Figure 2. Inserting a path on three vertices into a triangle face yields a configuration
without a required colouring using less than 6 colours.

2.1. Strong parity colouring versus cyclic colouring

A cyclic colouring of a plane graph is a vertex colouring in which, for each
face f, all the vertices on the boundary of f have distinct colours. The cyclic
chromatic number x.(G) of a plane graph G is the minimum number of
colours in a cyclic colouring. Clearly, every cyclic colouring of a 2-connected
plane graph is also a strong parity vertex colouring, hence, xs(G) < x.(G).
Therefore, every upper bound on x.(G) also applies for xs(G). There are
several known bounds on x.(G) depending on A*(G), the maximum face
size of a plane graph G. The results of [16], [11], [12], and [10] immediately
give the following statements.

Proposition 6. Let G be a 2-connected plane graph with maximum face
size A*. Then

(@) < [

Moreover, if G is 3-connected, then

SbA*
5 |

A*+1  for A* > 60,
xs(G) << A*+2  for A*>18,
A*+5  for A*>3.

Borodin et al. proved the following.

Theorem 7 (Borodin [2]). Let G be a 2-connected plane graph with mazi-
mum face size A* < 4. Then x.(G) < 6.

Theorem 8 (Borodin, Sanders and Zhao [4]). Let G be a 2-connected plane
graph with mazimum face size A* < 5. Then x.(G) < 8.

We use these theorems to improve the general upper bound on ys(G) for
several graph classes with arbitrary large faces.
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Theorem 9. Let G be a 3-connected plane graph in which the faces of size
at least 5 do not influence each other. Then there is a proper strong parity
vertex colouring of G which uses at most 8 colours.

Proof. Let B ={f1,..., fe} be the set of faces of size at least 5 and let d;
denote the size of the face f;. Let the face f; be incident with the vertices
Vil,--,Vid;, © € {1,...,£}. Next we insert the diagonals v;1v;m,, m €
{3,...,d; — 1}, to the face f; for i € {1,...,¢}, and we get a new graph H.
Observe, that H contains only 3-faces and 4-faces.

From Theorem 7 it follows that H has a cyclic colouring with at most six
colours. This colouring defines the colouring ¢ of G. Clearly, each face of G
of size j, j € {3,4}, uses j different colours. Finally, we recolour the vertices
incident with the faces from B in such a way that we get a proper strong
parity vertex colouring of GG. For the face f; we use the same colouring as
in Lemma 3 with a = ¢(v; 1), b = ¢(vi2), c = p(v;3), d =7, e =8.

It is easy to check that this colouring of G satisfies our requirements.

|

Theorem 10. Let G be a 3-connected plane graph such that the faces of
size at least 6 do not influence each other. Then there is a proper strong
parity vertex colouring of G which uses at most 10 colours.

Proof. We create a graph H from G analogously as in the proof of Theorem
9. Using Theorem 8 we colour the vertices of H cyclically with at most 8
colours. By this colouring we get the colouring ¢ of G.

At this time each face of G of size j, j € {3,4,5}, uses j different colours.
We recolour the vertices incident with f; by the colouring defined in Lemma
3. We use the following colours: a = ¢(v; 1), b = ¢(vi2), ¢ = ¢(v;3), d =9,
e = 10. [ |

2.2. Strong parity colouring versus k-planarity

Recall that a graph is k-planar if it can be drawn in the plane so that each
its edge is crossed by at most k£ other edges. In this section we investigate
the structure of k-planar graphs. We will use only one operation, namely
the contraction. The contraction of an edge e = uw in the graph G, denoted
by G o e, is defined as follows: identify the vertices u and v, delete the loop
uv and replace all multiple edges arisen by single edges.

Lemma 11. Let G be a drawing of a k-planar graph, and let e be an edge
which is not crossed by any other edge. Then G o e is a k-planar graph.
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Proof. While contracting the edge e, the number of crossings of any edge
does not increase, therefore, the graph remains k-planar. [ |

Lemma 12. Let G be a drawing of a k-planar graph, and let C' = vy,..., v
be a cycle in G such that the edges vivit1, i € {1,...,t}, vyp1 = v1, are
not crossed by any other edge and the inner part of C' does not contain any
vertex. Let H be a graph obtained from G by collapsing C' into a single
vertex (and replacing multiple edges by single edges). Then the graph H is
a k-planar graph.

Proof. We successively contract the edges vivo, ..., vs_1v;. After the con-
traction of vjve we obtain a k-planar graph (see Lemma 11). Clearly, there
exists a plane drawing of G such that the edges on the cycle corresponding
to C are not crossed by any other edge and the cycle has an empty inner
part. When we contract the last edge v;_1v; we get the graph H. [ |

We say that a face f of size i is isolated if there is no face g of size at least
1 touching f.

Lemma 13. Let j be a fized integer from the set {3,4,5}. Let G be a 2-
connected plane graph such that any face of size at least j + 1 is isolated.
Let H be a graph obtained from G in the following way: for each face in G
of size at least j + 1 insert a vertex to H, join two vertices of H by an edge
if the corresponding faces influence each other in G. Then

1. If j = 3, then H is a planar graph.

2. If j =4, then H is a 1-planar graph.
3. If j =5, then H is a 2-planar graph.

Proof. Let B = {f1,...,f¢} be a set of faces which have sizes at least
j+ 1. Let V(f;) denote the set of vertices of G incident with the face f;,
ie{l,...,0}. Clearly, V(f;) "V (f;) =0, for i # j, because f; and f; do
not touch each other.

Given the sets V(f;), we colour the vertices of G in the following way:
Vertices contained in V'(f;) receive the colour ; vertices not contained in
any V(f;) receive the colour 0.

To each face g with a facial walk ui,...,upy, 4 < p < j we insert the
diagonal w,uy,, n,m € {1,...,p}, if the vertices u, and u,, have distinct
colours and these colours are different from 0. So we get the graph G;. Let
G2 be a graph induced on the vertices of (G; which have colours different
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from 0 and let G'3 be a graph obtained from G2 by collapsing the vertices
from V' (f;) to the vertex v;, i € {1,...,¢}.

Observe that,

1. If j = 3 then G = Gy, hence G is a plane graph. From Lemma 12 it
follows that (G5 is a plane graph.

2. If j = 4 then to each face of size 4 we add at most 2 diagonals, hence,
(G1 is a 1-plane graph. G5 is a subgraph of G therefore it is 1-plane too.
Lemma 12 ensures that G5 is 1-plane.

3. If j = 5 then GGy and G5 are 2-plane graphs because the complete
graph on 5 vertices is 2-planar. From Lemma 12 it follows that G5 is 2-plane.

Observe, the vertices vg, vy of G, s,t € {1,...,£}, are joined by an edge
if and only if the corresponding faces fs, f; of G influence each other. Hence,
the graph (3 is the plane drawing of H. [

In the rest of the paper let B;(G) (or B; if G is known from the context)
denote the set of faces of G of size at least i, i € {4,5,6}, and let ¢; denote
the number of faces in B;(G). Let H; be a graph obtained from G in the
following way: for each face f € B; C F(G) insert a vertex to H;, join two
vertices of H; if the corresponding faces influence each other in G.

The previous theorems give upper bounds for the strong parity chro-
matic number for graphs in which any two faces of size at least 4, 5 or 6 do
not influence each other. In the next part of this article we provide another
upper bound in the case when the faces of size at least six do not touch but
they can influence one another.

Theorem 14. Let G be a 3-connected plane graph such that any face of size
at least 4 is isolated. Then there is a proper strong parity vertex colouring
of G which uses at most 12 colours.

Proof. If G does not contain any two non-triangle faces influencing each
other then from Theorem 5 it follows that G has a required colouring.

Assume that G contains at least two non-triangle faces which influence
each other. Let the face f; € B4 be incident with the vertices v;1,...,v;4;,
i € {1,...,04}, where d; is the size of f;. We insert the diagonals v;10; m,
m € {3,...,d; — 1}, to the face f; for i € {1,...,44}, and we get a triangula-
tion T'. Using the Four Colour Theorem we colour the vertices of T with at
most four colours such that adjacent vertices receive distinct colours. This
colouring induces the colouring ¢ of G.

From Lemma 13 it follows that Hy is a planar graph, hence, we can
assign to each vertex of Hy one pair of colours from {(5,6),(7,8),(9,10),
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(11,12)} in such a way that two adjacent vertices receive distinct pairs. It
means that we can assign a pair of colours to each face of G of size at least
four in such a way that two faces which influence each other receive distinct
pairs.

Assume that we assigned the pair (z;,y;) to the face f;. Now we recolour
the vertices incident with f;, ¢ € {1,...,¢4} . We use the same colouring
as in Lemma 3 with colours a = ¢(v;1), b = p(vi2), ¢ = p(v;3), d = z;,
and e = y;. If we perform this recolouring of vertices on all faces of size at
least 4 we obtain such a colouring that if a colour appears on a face f; € By,
i € {1,...,04}, then it appears an odd number of times. Moreover, if we
recolour at least two vertices on a triangle face of G then we recolour them
with distinct colours, because the corresponding faces influence each other.

|
There is a lot of papers about plane graphs and their colourings but little is
known about k-planar graphs, k£ > 1. We use the following result of Borodin
to find an upper bound on x;(G) for the class of 3-connected plane graphs
for which the faces of size at least five are in a sense far from each other.

Theorem 15 (Borodin [3]). If a graph is 1-planar, then it is vertex 6-
colourable.

Theorem 16. Let G be a 3-connected plane graph such that any face of size
at least 5 is isolated. Then there is a proper strong parity verter colouring
of G which uses at most 18 colours.

Proof. Assume that GG contains at least two faces of size at least 5 which
influence each other. Let the face f; € Bs be incident with the vertices
Vil,--Vid;, © € {1,..., 05}, where d; is the size of f;. Next we insert the
diagonals v; 1V;m, m € {3,...,d; — 1}, to the face f; for i € {1,...,45},
and we get a graph W. Observe, that each face of W has size at most 4.
Applying Theorem 7 we colour the vertices of W with at most 6 colours
cyclically. This colouring defines the colouring ¢ of G.

From Lemma 13 it follows that Hs is a 1-planar graph. By Theorem
15 we can assign to each vertex of Hy one pair of colours from {(7,8),...,
(17,18)} so that two adjacent vertices receive distinct pairs. Ergo, we assign
distinct pairs of colours to faces of G of size at least 5 which influence each
other.

Assume that the face f; receives the pair (z;,y;). Now we recolour the
vertices incident with f; by the colouring defined in Lemma 3. We use the
following colours: a = ¢(v; 1), b = ¢(v;2), ¢ = ¢(v;3), d = x;, and e = y;.
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If we perform this recolouring of vertices on all faces of size at least 5 we
obtain a required colouring of G. [

The class of 2-planar graphs has not been sufficiently investigated. Pach and
Téth tried to answer the following question: What is the maximum number
of edges that a simple graph of n vertices can have if it can be drawn in
the plane so that every edge crosses at most k others? They proved the
following,.

Theorem 17 (Pach and Téth [15]). Let G be a simple graph drawn in the
plane so that every edge is crossed by at most k others. If 0 < k < 4, then
we have |E(G)| < (k+3) - ([V(G)| —2).

Using this result we can prove that every 2-planar graph has a vertex of
degree at most 9, therefore 2-planar graphs are 10-colourable. In the next
lemma let 6(G) denote the minimum vertex degree of a graph G.

Lemma 18. Let G be a 2-planar graph. Then §(G) < 9.

Proof. From Theorem 17 it follows that |E(G)| < 5-|V(G)| —10. For every

|
graph it holds 2 |E(G)| = 3_ ey () deg(v) = 6(G) - [V(G)|. Hence, we get

10- V(&) =20 > [V(G)[ - 6(G)

i) < 10 1V(G)| 20

= v W

Corollary 19. If a graph is 2-planar, then it is vertex 10-colourable.

This information about 2-planar graphs helps us to prove the following the-
orem.

Theorem 20. Let G be a 3-connected plane graph such that any face of size
at least 6 is isolated. Then there is a proper strong parity verter colouring
of G which uses at most 28 colours.

Proof. The proof follows the scheme of the proof of Theorem 16. We omit
the details. [
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3. APPLICATIONS

Two edges of a plane graph are face-adjacent if they are consecutive edges
of a facial walk of some face. The facial parity edge colouring of a connected
bridgeless plane graph is an edge colouring such that no two face-adjacent
edges receive the same colour, and for each face f and each colour ¢, either
no edge or an odd number of edges incident with f is coloured by ¢. The
minimum number of colours X}p(G) used in such a colouring is called the
facial parity chromatic index of G. In [8] it is proved that x/,(G) < 92 for
an arbitrary connected bridgeless plane graph G.

The medial graph M(G) of a plane graph G is obtained as follows. For
each edge e of G insert a vertex m(e) in M (G). Join two vertices of M (G)
if the corresponding edges are face-adjacent (see [14], pp. 47).

Lemma 21. Let G be a 3-connected plane graph. Then the graph M(G) is
3-connected too.

Proof. By contradiction, suppose that m(e;) and m(ez) form a 2-vertex-
cut in M(G). Let My, Ms be the components of M(G) \ {m(e1), m(e2)}; let
E, and E3 be the corresponding decomposition of E(G) \ {e1, ea}. Let the
edges from FE; (resp. Es) be white (resp. black); let e; and e be red.

Let V; be the set of vertices incident only with edges from E; U {e1, e},
i = 1,2. Since the minimum degree of G is at least 3, we have V; NV, = ().
If V1 U Vs = V(G), then there are no vertices incident both with white and
black edges. Hence, {e1,e2} is a 2-edge-cut in GG, which is not possible since
G is 3-connected.

Therefore, V) UV # V(G); let v be a vertex incident both with a white
and a black edge. Since m(ej), m(ez) is a 2-vertex-cut in M (G) no white
edge is face-adjacent to any black edge in G. Hence v has to be incident
to both red edges e; and e3. Then V(G) \ (V1 U V) = {v}, unless e; and
eo are parallel edges in G. Let e; = uv. We may assume u € Vi, ie. all
edges incident with u but e; are white. Then on the boundary cycle of (at
least) one of the faces incident with e; white and black edges meet, which
is a contradiction. [

Observe that every proper strong parity vertex colouring of M(G) corre-
sponds to the facial parity edge colouring of a 3-connected plane graph G.
We can immediately derive the following upper bounds for the facial parity
chromatic index for some classes of plane graphs from Theorems 5, 9, 10,
14, 16, and 20.
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Corollary 22. (a) Let G be a 3-connected plane graph such that the non-

triangle faces of M(G) do not influence each other. Then X’fp(G) <6.

(b) Let G be a 3-connected plane graph such that the faces of M(G) of size

at least 5 do not influence each other. Then X}p(G) <8.

(c) Let G be a 3-connected plane graph such that the faces of M(G) of size

at least 6 do not influence each other. Then X';,(G) < 10.

(d) Let G be a 3-connected plane graph such that any face of M (G) of size

at least 4 is isolated. Then x';,(G) < 12.

(e) Let G be a 3-connected plane graph such that any face of M(G) of size

at least 5 is isolated. Then x';,(G) < 18.

(f) Let G be a 3-connected plane graph such that any face of M(G) of size

at least 6 is isolated. Then X’fp(G) < 28.
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