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Abstract

For a connected graph G with at least two vertices and S a subset
of vertices, the convex hull [S]¢ is the smallest convex set containing S.
The hull number h(G) is the minimum cardinality among the subsets S
of V(G) with [S]¢ = V(G). Upper bound for the hull number of strong
product G X H of two graphs G and H is obtainted. Improved upper
bounds are obtained for some class of strong product graphs. Exact
values for the hull number of some special classes of strong product
graphs are obtained. Graphs G and H for which h(GRH) = h(G)h(H)
are characterized.
Keywords: strong product, geodetic number, hull number, extreme
hull graph.
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1. INTRODUCTION

By a graph G = (V(G), E(G)) we mean a finite undirected connected graph
without loops or multiple edges. The distance dg(u,v) between two vertices
u and v in a connected graph G is the length of a shortest u — v path in G.
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An u — v path of length dg(u,v) is called an v — v geodesic. It is known that
the distance is a metric on the vertex set V(G). The set Ig[u,v] consists
of all vertices lying on some u — v geodesic of G, while for S C V(G),
Ig[S] = Uu’ves Ig[u,v]. The set S is convez if Ig[S] = S. The convezr hull
[S]c is the smallest convex containing S. The convex hull [S]s can also be
formed from the sequence {I&[S]}, k > 0, where I2[S] = S, IL[S] = I¢[S]
and I5[S] = Ig[I5 (S]] for k > 2. From some term on, this sequence must
be constant. Let p be the smallest number such that I}[S] = I?;H[S]. Then
I7,[S] is the convex hull [S]g. A set S of vertices of G is a hull set of G if
[S]e = V(G), and a hull set of minimum cardinality is a minimum hull set
of G. The cardinality of a minimum hull set of G is the hull number h(G) of
G. A set S of vertices of G is a geodetic set if I[S] = V(G), and a geodetic
set of minimum cardinality is a minimum geodetic set of G. The cardinality
of a minimum geodetic set of G is the geodetic number g(G). The length of
a shortest cycle in G is the girth of G. A vertex x is an extreme vertexr of
G if the induced subgraph of the neighbors of x is complete or equivalently,
V(G) — {z} is convex in G. The set of all extreme vertices is denoted by
Ezxt(G) and e(G) = |Ext(G)|. A graph G is an extreme geodesic graph if
the set of all extreme vertices forms a geodetic set. Extreme geodesic graphs
were introduced and studied in [4].

The strong product of graphs G and H, denoted by GX H, has vertex set
V(G) x V(H), where two distinct vertices (x1,y1) and (z2,y2) are adjacent
with respect to the strong product if, (a) 1 = x9 and y1y2 € E(H), or
(b) y1 = y2 and z129 € E(G), or (¢) x122 € E(G) and y1y2 € E(H). The
mappings g : (x,y) — x and 7y : (x,y) — y from V(GX H) onto G and H
respectively are called projections. For a set S C V(G X H), we define the
G-projection on G as g (S) = {x € V(GQ) : (z,y) € S for some y € V(H)},
and the H-projection mg(S) = {y € V(H) : (z,y) € S for some = € V(G)}.
For a walk P : (z1,11), (z2,%2),...,(Zn,yn) in GX H, we define the G-
projection wg(P) of P as a sequence that is obtained from (z1, zo, ..., x,) by
changing each constant subsequence with its unique element. For example,
it P (z2,y3), (T2, 94), (v2,95), (T4, Y5), (T4, 92), (¥3,y2), (72, 92) is a walk,
then 7g(P) is x9, x4, 23,22 (it is obtained from the sequence (x2,x9,x2,
Z4,%4,%3,22)). The H-projection 7 (P) is defined similarly. It is clear
from the defintion of strong product that for any walk P in G K H, both
7w (P) and 7wy (P) are walks in the factor graphs G and H respectively.

The hull number of a graph was introduced in [8] and further studied
in [3, 6]. The hull number of composition and Cartesian product of graphs
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were studied in [2, 10]. In this paper we study the hull number of strong
product of two graphs. In Section 2, we obtain upper bounds for the hull
number of strong product of two graphs. Improved upper bounds are also
obtained for a class of strong product graphs. In Section 3, the exact value of
h(GX H) is obtained for several classes of graphs. In particular, it is proved
that for any connected graph G, h(GR K, r, . r,) =2 and h(GXR Cy,) = 2
for all n,r; > 2. It is shown that h(GX K,;,) = h(G) + e(G)(m — 1) for any
connected graph G. Graphs G and H for which h(GX H) = h(G)h(H) are
characterized.

For basic graph theoretic terminology, we refer to [7]. We also refer to
[1] for results on distance in graphs and to [9] for metric structures in strong
product of graphs. Throughout the following G denotes a connected graph
with at least two vertices. For a vertex x in G and a subset S of vertices
in G, we mean by x x S, the Cartesian product {z} x S. The following
theorems will be used in the sequel.

Theorem 1.1 [9]. Let G and H be connected graphs with (u,v) and (x,y)
arbitrary vertices of the strong product GRH of G and H. Then daxm((u,v),

(x’ y)) = maX{dG(uv ,I), dH(’U’ y)}

Theorem 1.2 [3]|. Each extreme vertex of a connected graph G belongs to
every hull set of G.

Theorem 1.3 [5]. Fach extreme vertex of a connected graph G belongs to
every geodetic set of G.

2. BoOUNDS FOR THE HuLL NUMBER

In this section we determine possible bounds for the hull number of the
strong product of two connected graphs. And improved upper bounds are
obtained for some classes strong product graphs.

Proposition 2.1. Let G and H be connected graphs and P a (u,v)— (u/,v")
geodesic in GRH of lengthn. If dg(u,u’) > dg(v,v"), then ng(P) is au—u'
geodesic in G of length n, and if dg(u,u’) < dg(v,v"), then T (P) is av—1'
geodesic in H of length n.

Proof. Let P (u,0) = (0,00, (t1,01)... (tsv) = (u/,0/) be & (u,0) —
(u',v") geodesic of length n in GR H. If dg(u,u’) > dg(v,v"), then by The-
orem 1.1, dg(u,uv') = max{dg(u,v’),dy(v,v")} = dexn ((u,v), (v',v")) = n.
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Hence it follows that 7 (P) : u = ug,uq,...,u, = «' must be an u — v’
geodesic in GG. The other case follows similarly. ]

Theorem 2.2. Let G and H be connected graphs. Then Ext(G XK H) =
Ext(G) x Ext(H).

Proof. Let (g,h) € Ext(GX H). If g is an pendant vertex of G, then g €
Ezxt(G). So, let z1,x2 € Ng(g) be such that 1 # xo. Then (x1, h), (z2,h) €
Newu((g,h)). Since the induced subgraph of Ngmpm(g,h) is complete, it
follows that 122 € E(G) and so the induced subgraph of N¢(g) is complete.
Similarly, we can prove that (Ng(h)) is complete. Thus, (g,h) € Ext(G) x
Ext(H). Conversely, let (g,h) € Ext(G) x Ext(H). Let (z1,y1), (z2,y2) be
distinct vertices in Ngrm (g, h). Then (x1,y1)(g,h) € E(GXR H) and exactly
one of the following three conditions holds.

(1) 21 =g and y; € Ng(h) or

(2) x1 € Ng(g) and y; = h or

(3) @1 € Na(g) and y1 € Ny (h).

Similarly, (x2,y2)(g,h) € E(GX H) and exactly one of the following three
conditions holds.

(a) x9 = g and y3 € Ng(h) or

(b) x2 € Ng(g) and yo = h or

(c) x2 € Ng(g) and y2 € Nu(h).

Now, there are nine cases.

Case 1. Both (a) and (1) hold. Then y; # y2. Since (Ng(h)) is
complete, we have y1y2 € E(H) so that (x1,y1)(x2,y2) € E(GX H).

Case 2. Both (c) and (3) hold. Since (Ng(g)) is complete, either 1 = x9
or x1z9 € E(G). Similarly, we have either y; = yo or y1y2 € E(H). Since
(x1,91) # (x2,y2), it follows that (x1,y1)(x2,y2) € E(GX H). The other
cases are similar. ]

Theorem 2.3. Let G and H be connected graphs and S and T hull sets of
G and H respectively. Then S x T is a hull set of GX H.

Proof. Let W = S x T. We show that [W|egy = V(GX H). Let (z,y) €
V(GX H). Now, since [S]g = V(G), it follows that there exists an integer
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m > 0 such that « € If#[S]. We prove that (z,y) € [W]|grr. The proof is
by induction on m. Let m = 0. Then x € S. Now, since [T] = V(H), it
follows that there exists an integer n > 0 such that y € I{4[T"]. We prove that
(z,y) € [W]era. The proof is by induction on n. If n = 0 then y € T and so
(z,y) € S x T C [W]gmpm. Assume that (z,y) € [W]emy for all y € I%[T).
Let y € I5-"[T] be such that y ¢ I%[T]. Then there exist ¢/, y” in I%[T] such
that y lies on a 3’ — 3" geodesic P : vy = yo,y1,...,y: = " with y # ¢/, 9/".
Now, by induction hypothesis, (z,v'), (z,y") € [W]gru. Now, it follows
from Theorem 1.1 that the walk @ : (z,y') = (z,v0), (z,y1),..., (T, ) =
(z,y") is a geodesic in G X H which contains the vertex (x,y). Hence
(z,y) € [W]erm. Thus, by induction, (z,y) € [W]grg for all y € V(H).
Assume that the result is true for m = I. Then (z,y) € [W]grn for
all x € IL[S] and y € V(H). Let z € V(G) be such that z € Igrl[S]
and = ¢ IL[S]. Then there exist 2/,2” € IL[S] such that  lies on a 2’ — 2"
geodesic P : ¢/ = xp,x1,...,2j =x,...,0s =2’ with1 < j < s—1. Now, by
induction hypothesis, (2/,y), (z”,y) € [W]exmg. By Theorem 1.1, it follows
that the walk Q" : (2/,y) = (z0,v), (z1,9) ..., (z;,y) = (@, 9),..., (zs,y) =
(z",y) is a geodesic. Hence (z,y) € [W]gmg. Thus, by induction (z,y) €
(Wlemg for all z € V(G) and y € V(H) so that [W]grag =V(GXK H). =

Remark 2.4. The converse of Theorem 2.3 need not be true. Let G be
the cycle Cy : uy,us,us,uq,u; and let H be the complete graph Ks, with
vertex set {v1,va}. Let S = {uj,us} and T'= {v;1}. Then, it is clear that
RgylS xT)=V(GX H) and so S x T is a hull set of G X H. However, T
is not a hull set of Ks.

Corollary 2.5. Let G and H be connected graphs. Then max{2,e(G)e(H)}
<hMGXRH)<h(G)h(H).

Proof. Let S and T be minimum hull sets of G and H respectively. By
Theorem 2.3, W = S x T is a hull set of G so that h(GX H) < h(G)h(H).
The other inequality follows from Theorems 1.2 and 2.2. [

Lemma 2.6. Let G and H be connected graphs. Then, for any xz € V(Q)
and T CV(H), x x I%[T] C Ikgylx x T) for all k > 0.

Proof. For k = 0, it is obvious. We first show that x X Iy [T] C Igrm[z xT).
Let (z,y) € x x Ig[T). If y € T, then (z,y) € Igru[r xT]. If y ¢ T, then y
lies on a iy’ —y” geodesic P : 4y = yo,y1,-- -, % =Y, ..., yn = y" with ¢/, 9" €
T. It follows from Theorem 1.1 that Q : (z,y') = (z,v0), (z,y1), ..., (z,y;) =
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(z,9),...,(x,yn) = (x,y") is a geodesic in GRH with (z,v'), (x,y") € xxT
and so (z,y) € Iggplx x T]. Hence z x Ig[T) C Igrulz x T).

Now, z x I4[T] = o x Ig[Ix[T)] C Iemulr x Ig[T)) C 2gyle x T).
Proceeding like this, we see that x x I%[T] C Ikg [z x T) for all k > 0. =

Theorem 2.7. Let G and H be connected graphs. Then h(G K H) <
min{h(H) + e(H)(h(G) — 1), h(G) + e(G)(h(H) — 1)}.

Proof. Let S and T be minimum hull sets of G and H respectively. Let
W = (Ezt(G) x Ext(H))U ((S — Ext(G)) x Ext(H))U (u x (T — Ext(H))),
where u € S. Then |W| < e(G)e(H)+ (h(G)—e(G))e(H)+ (h(H)—e(H)) =
h(H) + e(H)(h(G) — 1). We prove that W is a hull set of G X H.

Step 1. u x V(H) - [W]GgH.

Let y € V(H). Since T is a hull set of H, it follows that y € I%[T]
for some k > 0 and so (u,y) € u x I5[T]. Hence by Lemma 2.6, (u,y) €
Ik [uxT). Since u € S, it is clear from the definition of W that uxT C W
and so IEgy[u x T) C Ikgy W] C [Wlern. Thus (u,y) € [W]erm and so
u X V(H) - [W]GXH-

Step 2. If x € V(G) and  x V(H) C [W]grm, then 2/ x V(H) C [Wlern
for 2’ € Ng(z).

Let y € V(H). If y ¢ Ext(H), then there exist vertices v/, y” € Ny (y)
such that y" and " are non-adjacent. It is clear that Q : (x,v’), (z/,y), (z,y")
is a geodesic in GRH with (z,vy'), (z,y") € [W]grm and so (z,y) € [W]exrn.
Now, assume that y € Ezt(H). Since S is a hull set of G, it follows that
2’ € IL[S] for some [ > 0. Thus (2/,y) € IL[S] x y. By Lemma 2.6,
(z',y) € ILgy[S x y]. Since y € Ext(H), it is clear from the definition of W
that S xy C [W]exg and so (2/,y) € [W]exn. Hence 2/ x V(H) C [W]axp.

Now, since G and H are connected, it follows from Step 1 and Step 2
that V(G) x V(H) C [W]ermg and so W is a hull set of G X H. Hence
MGRH) <|W|<h(H)+e(H)+ (h(G) —1). Similarly, we can prove that
hMGXR H) < h(G) + e(G)(h(H) — 1). Thus the result follows. |

Corollary 2.8. Let G and H be connected graphs such that H has no ex-
treme vertices. Then h(GX H) < h(H).

Corollary 2.9. Let G and H be connected graphs having no extreme ver-
tices. Then 2 < h(GX H) < min{h(G),h(H)}.
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Corollary 2.10. For any connected graph G, h(GXR Ky, r, . r.) =2, where
n>2andr; >2 fori=1,2,...n.

Proof. Letn >2andr; > 2fori=1,2,...,n. Any two vertices of a partite
set of Ky, r,... r, form a hull set and so h(Ky, r,, . r,) = 2. Also Ky ry . 1.
has no extreme vertices. Hence the result follows from Corollary 2.8. ]

Corollary 2.11. For any connected graph G, h(GXRCy,) = 2 for alln > 2.

Proof. This follows from Corollary 2.8. [

In the following we introduce a class of graphs for which the upper bound
of hull number is further improved.

Let & denote the class of connected graphs G such that every non-
extreme vertex of G has two non-adjacent neighbors which are not extreme.
The graph G in Figure 2.1 belongs to the class &. Obviously, complete
graphs and graphs having no extreme vertices belong to .

Uyg u9 °
Uy

Uyg u3

Figure 2.1.

Theorem 2.12. If G and H are connected graphs having extreme vertices
and belong to 3, then h(GXR H) < e(G)e(H)+ h(G) +h(H) —e(G) —e(H).

Proof. Let S and T be minimum hull sets of G and H respectively. Let
u € Ext(G) and v € Ext(H). We show that W = (Ext(G) x Ext(H)) U
((S — Ext(G)) x v) U (u x (T'— Ext(H))) is a hull set of G X H. It is clear
that S x v,u x T C W C [W]aerH.

Step 1. V(G) x v C [W]crn.

Let x € V(G). Since S is a hull set of G, we have z € I£[S] for some
k > 0 and so (z,v) € I5[S] x v. By Lemma 2.6, (z,v) € IEgy[S x v] C
[W]erm. Hence V(G) x v C [Wagrm.
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Step 2. If y € V(H) and (V(G) — Ext(G)) x y C [W]erm, then (V(G) —
Ext(G)) xy C [Wgwn for y € Ny (y).

Let x € V(G) — Ext(G). Since G € S, there exist z/,2” € Ng(z)
such that 2/, 2" are non-extreme and non-adjacent. Now, it is clear that
Q: (2, y), (z,y), (2", y) is a geodesic in GRH with (2, y), (z”,y) € (V(G)—
Ezt(G)) x y C [W]grm and so (x,y") € Wlezn. Thus (V(G) — Ext(G)) x
Y C [Wlern.

Now, since G and H are connected, it follows from Step 1 and Step 2
that (V(G) — Ext(G)) x V(H) C [W]ggg. Similarly, we can prove that
V(G)x (V(H)—Ext(H)) C [W]grm. Also, by the definition of W, we have
Ext(G) x Ext(H) C W C [W]emn. Hence [Wlerg = V(G X H) and so
hMGXRH) < |W|<e(@e(H)+ h(G) +h(H) —e(G) —e(H). [ |

3. Exact HuLL NUMBERS

In this section we determine the exact values of the hull numbers of the
strong product for several classes of graphs. We also give several classes of
graphs G and H with h(GX H) = 2. Tt is to be noted that the graphs given
in Corollaries 2.10 and 2.11 belong to this class. We also characterize graphs
G and H for which h(GX H) = h(G)h(H).

Theorem 3.1. Let G and H be connected graphs such that G has no extreme
vertices. Then

(i) h(GR H) =2 if the girth of H is even,
(ii) h(GX H) < 3 if the girth of H is odd and at least 5.

Proof. (i) Let the girth of H be 2n(n > 2) and let C' : yo,y1,- -, Y2n—1, Y0
be a cycle of length 2n. For any z € V(G), we show that the set W =
{(z,90), (x,yn)} is a hull set of G X H. We first prove the following two
steps.

Step 1. V(G) x {yo,yn} C [Wlgrn. Let u € V(G). We use induc-
tion on dg(z,u) to prove that (u,yo), (u,yn) € [Wlemnm. Let dg(x,u) =
0 or 1. Since C is a shortest cycle in H, it follows that the path P :
YosYls- -, Yn and P1 ¢ Yn,Yntl,---,Yon—1,Y0 are geodesics in H. Then
it follows from Theorem 1.1 that @ : (z,y0),(x,91), .-, (2, Yn—1), (T, yn)
and Q1 : (,yn), (T, Ynt1)s- -, (T, Y2n—1), (x,yo) are geodesics in G X H and
so (z,11), (z,y2n-1)s (, Yn—1), (T, Yn+1) € [Wlerm. It is clear that Qg :
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(x’yl)’ (uayO)’ (xay2n71) and Q3 : (xaynfl)’ (uayn)a (x’ynJrl) are geodesics
in GX H. Hence (u,yo), (u,yn) € [W]ern-

Assume that the result is true for dg(z,u) = k. Let u be a vertex such
that dg(z,u) = k+ 1. Let x = xo,x1,..., 2%, k1 = u be a © — u geodesic
in G. By induction hypothesis, (zg, yo), (xk, yn) € [W]erm. As above, we
see that Qs : (g, v0), (Tk,Y1)s- - (Tk, Yn) and Q4 : (Tk, Yn), (Tks Ynt1)s- - -,
(g, Y2n—1), (Tk,yo) are geodesics in G X H so that (xg,y1), (T, Y2n—1),
Tk, Yn—1), (TksYns1) € [Wlemm. Tt is clear that Qs : (z,y1), (u,%0),
(g, y2n—1) and Qg : (Tk, Yn—1)s (U Yn), (Tk, Ynt+1) are geodesics in G X H.
Hence (u,yo), (u,yn) € [Wlexnm and so V(G) x {yo,yn} C [Wlexm.

Step 2. If y € V(H) and V(G) x y € [W]emu, then V(G) x v C [Wern
for y' € Ny (y).

Let u € V(G). Since G has no extreme vertices, there exist vertices
u',u” € Ng(u) such that v/ and u” are non-adjacent. Now, it is clear
that Qs : (v, y), (u,y'), (u”,y) is a geodesic in GX H with (v, y), (u”,y) €
[Wlemn and so (u,y') € [Wlern. Hence V(G)xy' C [W]ewpm. Now, since G
and H are connected, it follows from Step 1 and Step 2 that V(G) x V(H) C
[W]erm and so W is a hull set of GX H. Hence h(GX H) = 2.

(ii) Let the girth of H be 2n+1(n > 2) and let C : yo,y1,- - -, Yon, Yo be a
cycle of length 2n+1. For any = € V(G), let W = {(z,y0), (%, Yn), (T, Yn+1}-
Then, as in (i), we can prove that W is a hull set of GRH and so h(GRH) <
|W| = 3. |

In the following we give a class of strong product graphs for which the bound
in Theorem 2.7 is attained.

Theorem 3.2. Let G and H be connected graphs and S C V(GX H). Then
&6 (8)] € 6 (Imp S)).-

Proof. For k = 0, it is obvious. We first show that I¢[rc(S5)] Cre(Ieru[S)).
Let z € Ig[rg(S)]. If x € mq(S), then there exists y € V(H) such that
(x,y) € S C Igru(S] and so = € ng(Ieuu[S]). If v ¢ m¢(S), then there ex-
ist g,¢' € mc(9) such that x lies on a g — ¢’ geodesic P : g = go,91,--,9i =
Ty Git1y---y9n = ¢ with 1 < 4 < n —1 so that dg(g,9') = n. Since
9,9 € ma(S), there exist h,h’ € V(H) such that (g,h),(¢,h’) € S. Let
dig(h,h') =m. and let Q : h = hg,hq,...,hym = B be a h — b/ geodesic in

H. We consider the following two cases.

Case 1. m > n. Then it follows from Theorem 1.1 that Q' : (g,h) =
(90, h0), (g1, h1)s -5 (gi ki) = (2, h:), (gis15 hiv1), -+ (Gns ha)s (Gns Pngn),
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cois(gnyhim) = (¢, 1) is a (g,h) — (¢, 1) geodesic in G W H containing
the vertex (x, h;). Hence (z, h;) € Igup[S] and so = € mq(Ieru[S])-

Case 2. m < n. Then it follows from Theorem 1.1 that the walk Q" :
(g’ h) = (907 hO), (gla hl)’ B (gm, hm)’ (ngrl, hm)a SRR (gna hm) = (9,7 h,) is
a (g,h) — (¢', ') geodesic in G X H containing the vertex (z, h;) for some i
with 1 < i < m. Hence (z,h;) € Ieuu[S] and so z € 7g(Igru[S]). Thus
Ig[ra(9)] € ma(lorm|S])-

Now, Ig[ra(S)] = Ie[lalra(S)]] € Ialne(Ienn(S))] € na(Iggy(S))-
Proceeding like this, we get 15 [m¢(S)] € ma(IEgxz[S]). ]

Remark 3.3. Strict inclusion can hold in Theorem 3.2. Let G and H
be the paths Py : wuy,us,us,ug and Ps : v1,v9,v3, 04, v5 respectively. Let
S = {(uy,v1), (u2,v2), (uz,v4)}. Then it is easily checked that Icrp[S] =
{(u1,v1), (u1,v3), (ui,v2), (us,vs), (u2,vs), (u2,v4), (u2,v2)} and so
Fg(IggH[S]) = {ul,ug,u;;}. But IG'[TFG'(S)] = [G[{ul,ug}] = {ul,u2} g_
76 (Iexmu[S])-

The following theorem shows that equality holds for the graph H = K, in
the inclusion in Theorem 3.2.

Theorem 3.4. Let G be a connected graph and S C V(G X K,,), where
m > 2. Then IE[rq(S)] = na(IEgy[S]) for all k > 0.

Proof. For k = 0, it is obvious. By Theorem 3.2, it is enough to show that
me(IEgyS]) C IE[ra(S)]. We first show that 7o (Ieru[S]) C Igra(S)).
Let z € mg(Igru[S]). Then (z,y) € Iexu[S] for some y € V(Kp,).
If (z,y) € S, then the result is trivial. If (z,y) ¢ S, then there ex-
ist (g,h),(¢’,h') € S such that (z,y) lies on a (g,h) — (¢',h') geodesic
P (g,h) = (90:h0): (91:h1), -, (90 hi) = (2, 9), -+ (gns he) = (g, h') of
length n > 2 with 1 < ¢ < n — 1. Since dg(h,h') = 1, it follows that
da(g,9") > dg(h,h'). By Proposition 2.1, ng(P) is a g — ¢’ geodesic in
G containing the vertex x, where g,¢' € m(S). Hence z € Ig[rg(9)].
Thus 7¢(Iernr(S)) C Iolra(S)]. Now, na(IZgy(S]) C Ielre(Ionu(S])] C
I lne(S)]

Proceeding like this, we get mq(Ifgy[S]) = IE[7(9)] for all k > 0. |

Theorem 3.5. For a connected graph G, h(GRK,,,) = h(G)+¢e(G)(m—1).
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Proof. Let S be a minimum hull set of G and let W = Ext(G) x V(K,,)
U((S — Ezt(G)) x v), where v € V(K,,). Then, as in the proof of Theo-
rem 2.7, we can prove that W is a hull set of G X K,,,. Hence h(GK K,,,) <
|[W| = h(G) + e(G)(m —1). On the other hand, if there exists a hull set W’
of GX K, such that [W’| < |[W]|, then it follows from Theorems 1.2 and 2.2
that W’ = Ext(G) x V(K,,) UT, where T N (Ext(G) x V(K,,)) = ¢. This
implies that |T| < |(S — Ezt(G)) x v| = |S — Ezt(G)| = h(G) — e(G). Now,
since W' is a hull set of G X K,,, there exists an integer k > 0 such that
Wlerk,, = ngKm[W/] = V(G X K,,). By Theorem 3.4, Ig[ﬂ'G'(W/)] =
Wg(fggKm [W']) = V(G) and so ng(W’') is a hull set of G. It is easily seen
that 7¢(W') = Ext(G) Ung(T) and so |7q(W')| < |Ext(G)| + |7a(T)] <
|Ext(G)| + |T| < e(G) + h(G) — e(G) = h(G). Thus 7g(W’) is a hull set
of G such that |7g(W')| < h(G), which is a contradiction. Hence W is a
minimum hull set of GX H so that h(GRK,,,) = |[W| = h(G)+e(G)(m—1).

|
Let G o H denote the composition of two graphs G and H. By proving

complicated lemmas and theorems, it is proved in [2] that h(G o K,;,) =
h(G)+e(G)(m—1). We observe that Go K,,, = GR K, and so the following
corollary gives a very simple and alternate proof of the above result proved
in [2].

Corollary 3.6. For a connected graph G, h(Go K,,) = h(G)+e(G)(m—1).

4. EXTREME HuLL GRAPHS

In this section we characterize the class of graphs for which the upper bound
in Corollary 2.5 is attained.

Definition. A graph G is an extreme hull graph if the set of extreme vertices
of G is a hull set of G.

Example 4.1. For the graph G in Figure 4.1, the set S = {uj,us} of
extreme vertices is a hull set of G so that G is an extreme hull graph.

Remark 4.2. Every extreme geodesic graph is an extreme hull graph. The
graph G given in Figure 4.1 is an extreme hull graph, which it is not an
extreme geodesic graph.

By Theorem 1.2, 0 < e(G) < h(G) for every graph G. The following theorem
is a realization of this result.
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Ue

Figure 4.1.

Theorem 4.3. For every pair a,b of integers with 0 < a < b and b > 2,
there exists a connected graph G such that e(G) = a and h(G) = b.

Proof. If a = b, then a > 2 and G = K, has the desired properties. Thus
we assume that a < b. Let G; (1 <14 < b— a) be the graphs given in Figure
4.2. Let H be the graph obtained from Ulg;f G; by adding a new vertex w
and joining w to z; and z; (1 < i < b—a). Now, let G be the graph obtained
from H by adding the new vertices s1, So, ..., S, and joining these to w. The
graph G is shown in Figure 4.3.

Z;

U; Yi

2
Figure 4.2.
Then S = {s1,52,...,84} is the set of extreme vertices of G and so e(G) =

a. We prove that h(G) = b. By Theorem 1.2, the vertices s1,so,..., S,
belong to every hull set of G. Since V(G) — V(G;) is a convex set for each

i1 =1,2,...,b— a, it follows that every hull set of G contains at least one
vertex from each G;. Hence h(G) > a+ b — a = b. Now, since the set
S' =S U{v1,va,...,0p_q} is a hull set of G, we have h(G) = b. |

Theorem 4.4. For every pair a,b of integers with 2 < a < b, there exists
an extreme hull graph G with h(G) = a and g(G) = b.

Proof. If a = b, then G = K, has the desired properties. Thus we assume
that a < b. We construct a graph G with the required geodetic number a
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Gy

Go

Figure 4.3.

and hull number b. Let G; (1 < i < b—a) be the graphs given in Figure 4.2.
Let G be the graph obtained from Ul;;f G; by adding the new vertices w;
(1 <i < a) and the edges (1) wiu; (1 <i<a-—1), weYp—q and (2) yiuit1
(1 <i<b-—a—1). The graph G is shown in Figure 4.4.

Waq—1
w9 ° *
wl 4} 4} - . 4} wa
Uy Y1 u2 Y2 Up—a b—a
Gy Go Gip—a

Figure 4.4.

Let S = {wq,wa,...,w,} be the set of extreme vertices of G. Then it is
clear that I[S] = V(G) — {v1,va,...,vp_q} and I*[S] = V(G). Hence by
Theorem 1.2, S is the unique minimum hull set of G and so h(G) = a.



506 A.P. SANTHAKUMARAN AND S.V. ULLAS CHANDRAN

Next, we show that g(G) = b. It is clear that I[S] = V(G)—{v1,v2,...,Up—q}
and each v; must belong to every minimum geodetic set of G. Since W =
SU{vy,va,...,0p_q} is a geodetic set of G, it follows from Theorem 1.3 that
g9(G) =b. |

Theorem 4.5. Let G and H be connected graphs. Then h(G X H) =
h(G)h(H) if and only if both G and H are extreme hull graphs.

Proof. Let G and H be extreme hull graphs. Then Ext(G) and Ext(H)
are minimum hull sets of G and H respectively. Therefore, h(G) = e(G) and
h(H) = e(H). Now, it follows from Theorems 2.2 and 2.3 that Fxt(GKH) =
Ext(G) x Ext(H) is a hull set of G X H. Hence by Theorem 1.2, we have
MGRH) =e(G)e(H) = h(G)h(H).

Conversely, assume that h(G X H) = h(G)h(H). Let S and T be
minimum hull sets of G and H respectively. If Ext(G) = (), then, by
Corollary 2.8, h(GX H) < h(G) < h(G)h(H), which is a contradiction.
Hence Fzt(G) # 0. Similarly, we can prove that Ext(H) # (. Now, by
Theorem 2.7, h(G X H) < h(H) + e(H)(h(G) — 1). Hence h(G)h(H) <
h(H)+e(H)(h(G)—1). This implies that h(H)(h(G)—1) < e(H)(h(G)—1).
Since h(G) > 2, we have h(H) < e(H). Hence it follows from Theorem 1.2
that h(H) = e(H) and so H is an extreme hull graph. Similarly, G is also
an extreme hull graph. [ |

Corollary 4.6. Let G and H be connected graphs. If G and H are extreme
hull graphs, then GX H is an extreme hull graph.

Proof. This follows from Theorems 2.2 and 4.5. [ |

The converse of the above corollary seems to be a diffcult problem and we
leave it open.

Problem 4.7. Let G and H be graphs such that GX H is an extreme hull
graph. Is it true that G and H are extreme hull graphs ?
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