Discussiones Mathematicae
Graph Theory 31 (2011) 429-439

ADJACENT VERTEX DISTINGUISHING
EDGE-COLORINGS OF PLANAR GRAPHS
WITH GIRTH AT LEAST SIX

Yuenua Bu!, Ko-WEr Lin?
AND
WEIFAN WANG!*

! Department of Mathematics
Zhejiang Normal University
Zhejiang, Jinhua 321004, China

2 Institute of Mathematics
Academia Sinica
Nankang, Taiper 11529, Taiwan

e-mail: yhbu@zjnu.cn
makwlih@sinica.edu.tw

wwi{@zjnu.cn

Abstract

An adjacent vertex distinguishing edge-coloring of a graph G is a
proper edge-coloring of G such that any pair of adjacent vertices are
incident to distinct sets of colors. The minimum number of colors
required for an adjacent vertex distinguishing edge-coloring of G is
denoted by x,(G). We prove that x,(G) is at most the maximum
degree plus 2 if G is a planar graph without isolated edges whose
girth is at least 6. This gives new evidence to a conjecture proposed in
[Z. Zhang, L. Liu, and J. Wang, Adjacent strong edge coloring of graphs,
Appl. Math. Lett., 15 (2002) 623-626.]
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1. INTRODUCTION

In this paper we only consider simple graphs, i.e., graphs without loops or
multiple edges. Let G be a graph with vertex set V(G) and edge set E(G).
A proper k-edge-coloring is a mapping ¢ : E(G) — {1,2,...,k} such that
o(e) # ¢(¢’) for any two incident edges e and €’. Let Cy(v) = {¢(zv) | zv €
E(G)} denote the set of colors assigned to edges incident to the vertex v.
A proper k-edge-coloring ¢ is vertex distinguishing if Cy(u) # Cy(v) for any
pair of distinct vertices v and v. This concept has been studied in papers
such as [1, 4, 7], and [9].

We are concerned with a closely related concept in this paper. A proper
k-edge-coloring ¢ of G is adjacent vertex distinguishing, or a k-avd-coloring,
if Cy(u) # Cy(v) whenever u and v are adjacent vertices. The adjacent
vertex distinguishing chromatic index, denoted ., (G), is the smallest integer
k such that G has a k-avd-coloring. Adjacent vertex distinguishing colorings
are variously known as adjacent strong edge coloring [12] and 1-strong edge
coloring [2]. Note that an isolated edge has no avd-coloring and a k-avd-
coloring can be regarded as an m-avd-coloring for any m > k.

The chromatic index X' (G) of a graph G is the smallest integer k such
that G has a proper k-edge-coloring. Evidently, x/,(G) > X'(G). Let A(G)
denote the maximum degree of G. The well-known Vizing Theorem [11]
asserts that A(G) < x/(G) < A(G)+1 for every graph G. In contrast, there
exist infinitely many graphs G such that x/(G) > A(G) + 1. For instance,
it is proved in [12] that, if n # 0 (mod 3) and n # 5, then the cycle C,
satisfies x.,(Cp) = 4 = A(C,) + 2. However, x,(Cs) =5 = A(Cs) + 3.

Zhang, Liu, and Wang [12] completely determined the adjacent vertex
distinguishing chromatic indices for paths, cycles, trees, complete graphs,
and complete bipartite graphs. Based on these examples, they proposed the
following conjecture.

Conjecture 1. If G is a connected graph with at least 6 vertices, then
X (G) < A(G) + 2.

Balister, Gyori, Lehel, and Schelp [3] established the following three theo-
rems.

Theorem 2. If G is a graph without isolated edges and A(G) = 3, then
Xa(G) < 5.
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Theorem 3. If G is a bipartite graph without isolated edges, then x.(G) <
A(G) + 2.

Theorem 4. If G is a graph without isolated edges and the chromatic num-
ber of G is k, then x,(G) < A(G) + O(log k).

The following bound proved by Hatami [10] is better than Theorem 4 for
graphs with extremely large chromatic numbers.

Theorem 5. If G is a graph without isolated edges and A(G) > 10?0, then
XL (G) < A(G) + 300.

The better bound x/,(G) < A(G) + 1 has been established for any planar
bipartite graph G with A(G) > 12 in [8] and for the multidimensional meshes
and the hypercubes in [5]. Conjecture 1 has also been extended to the general
case for multigraphs in [6]. In the following statement, ©(G) denotes the
maximum number of parallel edges between two adjacent vertices.

Conjecture 6. For any connected multigraph G of at least 3 vertices, G #
C5, and of multiplicity u(G), xL(G) < A(G) + u(G) + 1.

In this paper, we prove Conjecture 1 for planar graphs with girth at least 6.
In this case, the upper bound A(G) + 2 is tight for infinitely many graphs,
e.g., cycles of length at least six and not a multiple of 3. The assumption
on girth cannot be decreased further as it can be attested by the cycle on
five vertices.

2. NOTATION

A plane graph is a particular drawing of a planar graph in the Euclidean
plane. For a plane graph G, we denote its set of faces by F(G). The degree
of a vertex v in G, denoted dg(v), is the number of vertices in G that are
adjacent to v. Those vertices are also called the neighbors of v. A k-vertex
is a vertex of degree k. A l-vertex is also said to be a leaf. Let Dg(v)
denote the number of neighbors of v in G that are not leaves. For f € F(G),
we use b(f) to denote the boundary walk of f and write f = [ujug - uy]
if uy,ug,...,u, are all the vertices of b(f) traversed once in cyclic order.
Thus repeated occurrences of a vertex are allowed. The degree of a face is
the number of edge-steps in its boundary walk. Note that each cut-edge is
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counted twice. Let na(f) denote the number of occurrences of 2-vertices in
b(f). When v € V(G) is a k-vertex, we say that there are k faces incident to
v. However, these faces are not required to be distinct when v occurs more
than once on a boundary walk. The girth g(G) of a graph G is the length of
a shortest cycle of G. The girth is defined to equal infinity when the graph
has no cycles, i.e., it is a forest. A path xoz;---xpxgy of length k + 1 in
G is called a k-chain if dg(xo) > 3, dg(xg+1) = 3, and dg(x;) = 2 for all
i=1,2,... k.

3. MAIN RESuULT

Theorem 7. If G is a plane graph without isolated edges and with girth
9(G) > 6, then X,(G) < A(G) +2.

Proof. We note that the theorem encompasses the case for G being a
forest without isolated edges since g(G) = oo > 6. In this case the theorem
is already known to be true [12].

Our proof proceeds by reductio ad absurdum. Assume that G is a
counterexample to the theorem whose |V(G)| + |E(G)| is the least possi-
ble. Since x/,(G) = max{x,(G;)} and A(G) = max{A(G;)}, both maxima
being taken over all components G; of G, we know that G is a connected
plane graph such that co > ¢g(G) > 6 and Y, (G) > A(G) + 2. Any proper
subgraph H of G without isolated edges satisfies g(H) > ¢g(G), and hence
Xo(H) < A(H) + 2 < A(G) 4+ 2. We observe that A(G) > 4 by Theorem
2 and G is distinct from any star K ,, for otherwise x4, (K1) = A(K1,)
when n > 2.

We are going to analyze the structure of G with a sequence of auxiliary
claims. Then we will derive a contradiction using the discharging method.

In the subsequent proofs, we routinely construct appropriate proper
edge-colorings without verifying in detail that they are adjacent vertex dis-
tinguishing because that usually can be supplied in a straightforward man-
ner.

Claim 8. No 2-vertex is adjacent to a leaf.

Proof. Assume to contrary that G contains a 2-vertex v adjacent to a leaf
u. Let w # w be the second neighbor of v. Since G is not a star, there
exists a neighbor x # v of w. Let H = G —u. Then H is a connected
proper subgraph of G, hence there is a (A(G) + 2)-avd-coloring ¢ of H
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with the color set C' = {1,2,...,A(G) + 2}. We color uv with a color
a € C\ {p(vw),p(wz)}. Since |C| = A(G) + 2 > 6, the color a exists.
The extended coloring is a (A(G) + 2)-avd-coloring of G, contradicting the
choice of G. O

Claim 9. If dg(v) > 3, then Dg(v) > 3.

Proof. Assume to the contrary that there is a k-vertex v, k > 3, adjacent

to k — 2 leaves. Since G is not a star, we may suppose that vy, ve, ..., vg
are the neighbors of v such that dg(vi) > 2, dg(ve) > 1, and dg(vs) =
dg(vy) = -+ = dg(vg) = 1. Let H = G — {vs,vyq,...,v5}. Then H is a

connected proper subgraph of G, hence there is a (A(G) + 2)-avd-coloring ¢
of H with the color set C' = {1,2,...,A(G) + 2}. Suppose that ¢(vvy) =1
and ¢(vvg) = 2. We choose a color a € Cy(v1) \ {1, 2} if there is any such a,
otherwise let @ = 2. Then we choose a color b € Cy(v2) \ {1, 2} if there is any
such b, otherwise let b = 1. Now we color the edges vvs, vvy, ..., vv; with
distinct colors in C'\{1, 2, a,b}. Since |C\{1,2,a,b}| > |C|—4=A(G)-2 >
dg(v) —2 = k — 2, such a coloring is possible. Since neither a nor b appears
on an edge incident to v, the extended coloring is a (A(G) + 2)-avd-coloring
of GG, a contradiction. O

Claim 10. There does not exist any k-chain if k > 3.

Proof. Assume to the contrary that vgvy---vgq is a k-chain for some
k > 3. Let H = G — vy. Then H is a proper subgraph of G without
isolated edges, hence H admits a (A(G) 4 2)-avd-coloring ¢ using the color
set C ={1,2,...,A(G) +2}.

If k =3, i.e., dg(vg) = 3, we color vivy with ¢; € C\ {p(vov1), p(v3vs)}
and vouvs with co € C\ {c1, p(vov1), p(vzvg)}. If k > 4, ie., da(vs) = 2,
we color vous with c3 € C'\ {p(vov1), p(v3vs), p(v4v5)} and vive with ¢4 €
C\ {c3,0(vov1), p(vsve)}. Since |C] = A(G) +2 > 6, all the colors ¢
are available. The extended coloring is a (A(G) + 2)-avd-coloring of G, a
contradiction. O

Claim 11. There exists no edge zy with dg(z) = 2 and Dg(y) = 3.

Proof. Assume to the contrary that there is an edge zy such that dg(z)
= 2 and Dg(y) = 3. Let z # y be the second neighbor of z. In addition
to z, let y1,y2 be the neighbors of y having degree at least 2. Denote by
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Y3, Y4, - - -, Yn all neighbors of y that are leaves if any exists. By Claim 8,
da(z) = 2.

Case 1. dg(z) = 3.
Let H = G — xy. Then H; is a proper subgraph of G without isolated
edges, hence H; admits a (A(G) + 2)-avd-coloring ¢ using the color set
C={1,2,...,A(G)+2}. We may assume that ¢(yy;) =ifori=1,2,...,n.
We see that {n+1,n+2,n+3} C C'since |C| = A(G)+2 > dg(y)+2 = n+3.
Without loss of generality, we may further assume that ¢(zz) ¢ {n+2,n+3}.

If n 42 € Cy(y1) N Cy(y2), we color zy with n+ 3. If n +2 ¢ Cy(y1) U
Cy(y2), we color zy with n + 2. If n 4+ 3 € Cy(y1) N Cy(y2), we color
xzy with n 4+ 2. If n +3 ¢ Cy(y1) U Cy(y2), we color zy with n + 3. If
{142,743} C Cylyn) \ Colyn), or n + 2,1+ 3} C Cylya) \ Colpn), we
color zy with n + 2.

Finally, we may suppose that n + 2 € Cy(y1) \ Cp(y2) and n + 3 €
Cy(y2) \ Cop(y1). If n > 3, we color xy with n+2 and recolor yys with n+ 3.
If n =2, then Dg(y) = dg(y) = 3. We color zy with a € {3,6} \ {¢(z2)}.
The color a exists since |C| = A(G) +2 > 6.

Case 2. dg(z) = 2.
Let u # x be the second neighbor of z. By Claim 10, dg(u) > 3. Let Hy =
G — xz. Then Hs is a proper subgraph of G without isolated edges, hence
Hy admits a (A(G) + 2)-avd-coloring 1 using the color set C' = {1,2,...,
A(G) + 2}. We may assume that ¥ (yy;) =i fori = 1,2,...,n and (zy) =
n+ 1. If ¢(zu) # n + 1, we color zz with a color different from n + 1 and
¥ (zu). Suppose that ¥ (zu) = n + 1.

If n > 3, we interchange colors of yys and zy, and then color zz with a
color different from n + 1 and 3.

If n =2, then Dg(y) = da(y) = 3. If 4 € Cy(y1) N Cy(y2), we recolor
xy with 5 and color xz with 4. If 4 ¢ Cy(y1) U Cy(y2), we recolor zy with 4
and color zz with 5. If 5 € Cy(y1) N Cy(y2), we recolor zy with 4 and color
xz with 5. If 5 ¢ Cy(y1) UCy(y2), we recolor xy with 5 and color xz with 4.
If {4,5} C Cy(y1) \ Cy(y2) or {4,5} C Cy(y2) \ Cy(y1), we recolor zy with
4 and color xz with 5.

Finally, we may suppose that 4 € Cy(y1) \ Cy(y2) and 5 € Cy(y2) \
Cy(y1). We recolor xy with 6 and color zz with 4. O

Claim 12. There does not exist a vertex v with neighbors vy, vo,..., v,
k > 4, such that dg(vi) = dg(ve) = 2, dg(vs) = 2, dg(vs) = 2, and
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dg(v;)) =1 for all i =5,6,... k.

Proof. Assume to the contrary that G contains such a vertex v. For
i =1,2, let u; # v be the second neighbor of v;. By symmetry between v;
and v, it suffices to prove the following two cases.

Case 1. dg(u1) = 2.

Let y # v; be the second neighbor of u;. By Claim 10, dg(y) > 3. Let
Hy = G — viu;. Then H; is a proper subgraph of G without isolated
edges, hence H; admits a (A(G) + 2)-avd-coloring ¢ using the color set
C={1,2,...,A(G)+2}. We may assume that ¢(vv;) =ifori=1,2,... k.
If ¢(u1y) # 1, we color viu; with a color different from 1 and ¢(u1y).
Suppose that ¢(u;y) = 1. Note that {k+1,k+2} C C since |C| = A(G)+2 >
da(v) + 2 =k + 2. We first color vju; with 2. Then we argue as follows.

If k+1 € Cyp(vs) N Cy(va), we recolor vu; with k +2. If k+1 ¢
Cy(v3) U Cy(vs), we recolor vuy with k + 1. If k + 2 € Cy(v3) N Cy(vs), we
recolor vvy with k+1. If k42 ¢ Cy(v3) UCy(vs), we recolor vuy with k+ 2.
If {k+1,k+2} C Cy(vz) \ Cplva) or {k+ 1,k 42} C Cylva) \ Cy(vs), we
recolor vvy with k£ + 1.

Finally, we may suppose that k+1 € Cy(v3)\Cp(va) and k+2 € Cy(va)\
Cy(v3). If dg(uz) > 3, we recolor vvy with a color a € {k+1, k+2}\{d(vou2)}
and vv; with the only remaining color in {k + 1,k + 2} \ {a}. Assume that
dg(uz) = 2, and let z # vy be the second neighbor of usy. If there exists b €
{k+1,k+2}\{p(vauz), p(u22)}, we recolor vvy with b and vv; with the only
remaining color in {k+ 1,k +2}\ {b}. If {k+ 1,k +2} = {p(vou2), p(u22)},
then we exchange the colors of vv; and vvs and recolor vyu; with a color
different from 1 and 2.

Case 2. dg(u1) = 3 and dg(ug2) > 3.
Let Hy = G — vv;. Then Hs is a proper subgraph of G without isolated
edges, hence Hy admits a (A(G) + 2)-avd-coloring ¢ using the color set
C=1{1,2,...,A(G)+2}. We may assume that ¢(vv;) =ifori=23,... k.
We may also assume that ¢ (viu1) ¢ {k + 1,k + 2}, for otherwise we just
exchange the color ¥ (vjuq) with color 1 everywhere. The rest of the proof

goes exactly like the previous case. a
Claim 13. There does not exist a vertex v with neighbors vy, vo,..., v,
k > 5, such that dg(vi) = dg(v2) = dg(vs) = 2, dg(vs) = 2, dg(vs) = 2,

and dg(v;) =1 foralli =6,7,... k.
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The proof is omitted because it is similar to that of Claim 12.

Claim 14. There does not exist a face f = [z1x2 - - - 6] such that dg(z;) = 2
for all x; except x1 and xz4.

Proof. Assume to the contrary that G contains such a 6-face f. By Claim
10, dg(x1) > 3 and dg(z4) > 3. Let H = G — xox3. Then H is a proper
subgraph of G without isolated edges, hence H admits a (A(G) + 2)-avd-
coloring ¢ using the color set C' = {1,2,..., A(G)+2}. If p(x122) # ¢(w324),
we color xox3 with a color different from ¢(x1x2) and ¢(zsx4). Otherwise,
assume ¢(r1x2) = ¢(x3ry) = 1. We observe that ¢(xi26) # ¢(x4x5) and
both colors are different from color 1. We interchange the colors of x1z2 and
r12¢, and then properly color xox3 and recolor xsxg if necessary. O

Now we resume the proof of Theorem 7.

Let H be the graph obtained from G by removing all leaves of G. Then
H is a connected subgraph of G. It follows from Claims 8 and 9 that, for
every v € V(H), dg(v) = 2, dg(v) = 2 if dg(v) = 2, and Dy (v) = Dg(v).
Furthermore, Claims 10 to 14 hold for H.

Using > ev i) du(v) = 2 repeary du (f) = 2|E(H )| and Euler’s formula
\V(H)| - |E(H)|+ |F(H)| =2, we can derive the following identity.

(1) > @du(v)—6)+ > (du(f)—6)=—12.

veV (H) fer(H)

We define a weight function w by w(v) = 2dg(v) — 6 for v € V(H) and
w(f) =dy(f) —6 for f € F(H). Tt follows from identity (1) that the sum
of all weights is equal to —12. We will design appropriate discharging rules
and then redistribute weights accordingly. In the redistribution process, we
say that x sends 1 to y if we decrease the weight of by 1 and increase the
weight of y by 1. Once the discharging is finished, a new weight function w’
is produced. The sum of all weights is kept fixed while the discharging is
in progress since no weights are going to be created or destroyed. However,
after the redistribution is done, we can show that the outcome w'(z) is
nonnegative for all x € V(H) U F(H). This leads to the following obvious
contradiction.

(2) 0< Z w'(x) = Z w(z) = —12.

2€V (H)UF (H) 2V (H)UF (H)



ADJACENT VERTEX DISTINGIUSHING EDGE-COLORINGS OF ... 437

There are two discharging rules.

(R1) If v is a 2-vertex incident to a face f, then f sends 1 to v for each
occurrence of v in b(f).

A face f = [uvw -] of H is called a light face belonging to v if dg(v) > 4
and either dy(u) =2 or dy(w) = 2.

(R2) If dgy(v) >4, then v sends 1 to each light face belonging to v.

Now we are going to verify that w’(v) > 0 for any vertex v of H.

If dg(v) = 2, then w(v) = =2 and w'(v) = =2+ 1+ 1 =0 by (R1).

If dgy(v) = 3, then w'(v) = w(v) = 0.

If dg(v) = 4, then w(v) = 2. By Claim 12, v is adjacent to at most
one 2-vertex in G, hence there are at most two light faces belonging to v.
Therefore, w'(v) > 2 —2 =0 by (R2).

If dg(v) = 5, then w(v) = 4. By Claim 13, v is adjacent to at most two
2-vertices, hence there are at most four light faces belonging to v. Therefore,
w'(v) 24 —4=0by (R2).

If dgp(v) > 6, then there are at most dg(v) light faces belonging to v.
Therefore, w'(v) > 2dg(v) — 6 — dg(v) = 0 by (R2).

Next we are going to verify that w'(f) > 0 for any face f of H.

Since g(H) > 6, we have dy(f) > 6. A vertex v € b(f) is called f-good
if it gives 1 to f during discharging. Let o(f) denote the number of f-good
vertices in b(f). An immediate consequence of Claim 10 is na(f) < [3d(f)].
It is also easy to show by Claims 10 and 11 that there are at least two f-good
vertices if na(f) > 1, and o(f) > [2na(f)] when no(f) > 1.

It follows that

w'(f) 2 du(f) =6 —na(f) +o(f)
> duf) =6~ na()+ | gnals)]
= duf) =6~ | 3nalr)]

> dy(f)—6— E Edz{(f)H

Thus w'(f) > 0 if dy(f) > 10.
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Assume that dg(f) < 9. If no(f) = 0, then trivially w/(f) > w(f) =
di(f) —6 > 0. So assume na(f) > 1.

I na(f) < dir () — 4, then w () > w(f) + o(f) — nalf) > dia(f) — 6 +
2 —na(f) =2 0 by (R1) and (R2).

Suppose that na(f) = du(f)—3. Ifna(f) > du(f)—3, then the following
two possibilities may occur.

(1) For some k > 3, b(f) contains a k-chain, or

(2) di(f) =6 and there exist two 2-chains.

However, (1) contradicts Claim 10 and (2) contradicts Claim 14. It follows
that nao(f) = du(f) — 3.

Each of the three vertices in b(f) whose degree is at least 3 must have
a neighbor of degree 2 in H, otherwise the three vertices form a subpath
of b(f), and hence there would exist a k-chain for some k£ > 3 in b(f),
contradicting Claim 10. By Claim 11, these three vertices have degree at
least 4, and hence they are all f-good. Thus w'(f) = w(f) +3 — na(f) =
dp(f)—6+3—dy(f)+3=0. ]
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