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Abstract

An edge coloring of a graph G with colors 1,2,...,¢ is called an
interval ¢-coloring if for each ¢ € {1,2,...,t} there is at least one edge
of G colored by i, and the colors of edges incident to any vertex of
G are distinct and form an interval of integers. A graph G is interval
colorable, if there is an integer ¢ > 1 for which G has an interval
t-coloring. Let 91 be the set of all interval colorable graphs. In 2004
Kubale and Giaro showed that if G, H € 91, then the Cartesian product
of these graphs belongs to 91. Also, they formulated a similar problem
for the lexicographic product as an open problem. In this paper we first
show that if G € M, then G[nK;] € N for any n € N. Furthermore,
we show that if G, H € 91 and H is a regular graph, then strong and
lexicographic products of graphs G, H belong to 91. We also prove
that tensor and strong tensor products of graphs G, H belong to 91 if
G € 9 and H is a regular graph.
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1. INTRODUCTION

An edge coloring of a graph G with colors 1,2,...,t is called an interval t-
coloring if for each i € {1,2,...,t} there is at least one edge of G colored by
i, and the colors of edges incident to any vertex of G are distinct and form
an interval of integers. Interval edge colorings naturally arise in scheduling
problems and are related to the problem of constructing timetables without
“gaps”for teachers and classes. The notion of interval edge colorings was
introduced by Asratian and Kamalian [1] in 1987. In [1] they proved that
if a triangle-free graph G = (V, E) has an interval t¢-coloring, then t <
|V]|—1. In [19] interval edge colorings of complete bipartite graphs and trees
were investigated. Furthermore, Kamalian [20] showed that if G admits an
interval t-coloring, then ¢ < 2|V| — 3. Giaro, Kubale and Malafiejski [12]
proved that this upper bound can be improved to 2 |V|—4 if |V| > 3. For a
planar graph G, Axenovich [5] showed that if G has an interval t-coloring,
then t < % |[V|. In general, it is an N P-complete problem to decide whether
a given bipartite graph G admits an interval edge coloring [35]. In papers
2, 4,5,7,8,9, 10, 11, 12, 13, 14, 15, 16, 19, 20, 21, 22, 23, 29, 30, 32, 34]
the problem of existence and construction of interval edge colorings was
considered and some bounds for the number of colors in such colorings of
some classes of graphs were given. Surveys on this topic can be found in
some books [3, 18, 25].

The different products of graphs were introduced by Berge [6], Sabidussi
[33] and Vizing [36]. There are many papers [17, 24, 26, 27, 28, 31, 38]
devoted to edge colorings of various products of graphs. In this paper we
investigate interval edge colorings of various products of graphs.

2. DEFINITIONS AND PRELIMINARY RESULTS

All graphs considered in this paper are finite, undirected and have no loops
or multiple edges. Let V(G) and E(G) denote the sets of vertices and edges
of G, respectively. The maximum degree of a vertex of G is denoted by
A(G) and the chromatic index of G by x'(G). A partial edge coloring of
G is a coloring of some of the edges of G such that no two adjacent edges
receive the same color. If «v is a partial edge coloring of G and v € V(G)
then S (v, ) denotes the set of colors of colored edges incident to v.

A graph G is interval colorable, if there is an integer ¢t > 1, for which G
has an interval t-coloring. Let 91 be the set of all interval colorable graphs
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[1, 20]. For a graph G € N, the least and the greatest values of ¢ for which
G has an interval t-coloring are denoted by w(G) and W (G), respectively.
Let G = (V(G),E(G)) and H = (V(H),E(H)) be two graphs.
The Cartesian product GOH is defined as follows:
V(GUH) = V(G) x V(H), E(GOH) = {((u1, v1), (uz,v2))|
up =ug and (vi,ve) € E(H) or v1 = vy and (uj,u2) € E(G)}.

The tensor (direct) product G x H is defined as follows:
V(Gx H)=V(G) x V(H),
E(G x H) = {((u1,v1), (u2,v2))| (u1,u2) € E(G) and (vi,v2) € E(H)}.
The strong tensor (semistrong) product G ® H is defined as follows:

V(G H) =V(G) xV(H), BE(G® H) = {((u1,v1), (uz, v2))]
(u1,u2) € E(G) and (v1,v2) € E(H) or vy =wvy and (uj,ug) € E(G)}.

The strong product G X H is defined as follows:
V(IGRH)=V(G) x V(H),
E(GRH) = {((u1,v1), (uz,v2))| (u1,u2) € E(G)

and (vi,v2) € E(H) or wuj = ug
and (vi,v9) € E(H) or vy =ve and (u1,u2) € E(G)}.

The lexicographic product (composition) G[H] is defined as follows:

V(G[H]) = V(G) x V(H),
E(G[H]) = {((u1,01), (ug, v2))| (u1,uz) € E(G)
or up =ug and (v1,v2) € E(H)}.

The terms and concepts that we do not define can be found in [37].
Asratian and Kamalian proved the following:

Theorem 1 [1]. Let G be a regular graph. Then
(1) G e M if and only if X'(G) = A(G).
(2) If G € N and A(G) <t <W(G), then G has an interval t-coloring.

Corollary 2. If G is an r-regular bipartite graph, then G € N and w(G) = r.
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Kubale and Giaro proved the following:

Theorem 3 [25]. If G,H € N, then GOH € M. Moreover, w(GOH) <
w(G) +w(H) and W(GOH) > W(G)+ W (H).

The k-dimensional grid G(n1, na, ..., nk), n; € N is the Cartesian product of
paths P, 0P,,0---0P,,. The cylinder C(n;,ns) is the Cartesian product
P,,0C,, and the torus T'(n, ng) is the Cartesian product C,,0C,,,, where
Ch, is the cycle of length n;. For these graphs Kubale and Giaro proved the
following:

Theorem 4 [10]. If G = G(n1,n2,...,n,) or G = C(m,2n), m € N,
n>2, or G=T(2m,2n), m,n > 2, then G € N and w(G) = A(G).

For the greatest possible number of colors in interval edge colorings of grid
graphs Petrosyan and Karapetyan proved the following theorems:

Theorem 5 [29]. If G =C(m,2n), m € N, n > 2, then
W(G) >3m+n-—2.
Theorem 6 [29]. If G =T(2m,2n), m,n > 2, then
W(G) > max{3m + n,3n + m}.

In [30] Petrosyan investigated interval edge colorings of complete graphs and
n-dimensional cubes @,,. In particular, he proved the following theorems:

Theorem 7. W(Q,,) > @ for any n € N.

Theorem 8. Let n = p29, where p is odd and q is nonnegative. Then
W (Ka,) >4n—2—p—q.

The Hamming graph H(ni,ng,...,ng), n; € N is the Cartesian product
of complete graphs K, 0K,,0---0K,, . The graph Hﬁ is the Cartesian
product of the complete graph K, by itself k& times. It is easy to see that
from Theorems 1, 3 and 8, we have the following result:

Theorem 9. Let n = p29, where p is odd and q is nonnegative. Then
(1) Hj, €M,
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(2) w(HE,) = (2n— 1)k,
(3) W(HE,) > (4n — 2 —p — q)k.

It is known that there are graphs G and H for which GOH € Mt (G[H] € M),
but G € N, H ¢ Nor G,H ¢ N. For example, Ko[0C3 € M and K1 30C3 €
N (K2[C5] € M and C5[P] € N), but K;13,C3 ¢ N (P,C5 ¢ N, where P
is the Petersen graph). Moreover, general results can be obtained from the
following theorems:

Theorem 10 (Kotzig [24], Pisanski, Shawe-Taylor, Mohar [31]). If G and
H are two reqular graphs for which at least one of the following conditions

holds:

(1) G and H contain a perfect matching,

(2) X' (G) = A(G),

(3) X'(H) = A(H),

then x'(GUH) = A(GOH) and X'(G[H]) = A(G[H]).

Theorem 11 (Kotzig [24], Pisanski, Shawe-Taylor, Mohar [31]). Let G be
a cubic graph. Then x'(GOC,,) = A(GOC,,) =5 and X'(C,[G]) = A(C,[G))
for any n > 4.

Corollary 12. If G and H are two regular graphs for which at least one of
the following conditions holds:

(1) G and H contain a perfect matching,

(2) Genm,

(3) HeMm,

then GOH,G[H] € W and w(GOH) = A(GOH), w(G[H]) = A(G[H]).

Corollary 13. Let G be a cubic graph. Then GOC,,C,[G] € N and
w(GOC,) = A(GOC,) =5, w(Cyh[G]) = A(CL[G]) for any n > 4.

Theorem 14. The torus T(ny,ng) € N if ny - ng is even, T'(n1,ng) ¢ N if
ny - ng is odd and the Hamming graph H(ny,ng,...,ng) € N ifny-ng---ng
is even, H(ni,na,...,ng) ¢ N if ny - ng---ny is odd.

Proof. Since T(ni,n2) and H(ny,ng,...,n) are regular graphs, by The-
orem 1 and Corollary 12, we have T'(n1,n2) € 9 when ny - ny is even and
H(nyi,ng,...,ng) € M when nj - ng - - - ny, is even.
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Let us show that T'(ny,n2) ¢ M when ny - ny is odd and H(ny,na,...,ng)
¢ 9 when ny - ng - - - ny is odd.
Since T'(nq,n9) and H(ny,ng,...,ny) are regular graphs, we have

|E(T(ny,n2))| =2n; - ng and

ny-ng---ng - AHMni,ng,...,n
\E(H(ny,na, ... ng))| = ———F (2(1 2 K)

If X'(T(n1,n2)) = A(T'(n1,n2)) = 4, then
|E(T(n1,n2))| < 2(ny -ng — 1), since ny - ng is odd.

This shows that x/'(T'(n1,n2)) = A(T(n1,n2)) + 1 = 5 and, by Theorem 1,
T(nl, ng) §é Nn.
Similarly, if x'(H(n1,n2,...,n)) = A(H(ny,ne,...,ng)), then

(n1 'ngu'nk—1)-A(H(n1,n2,...,nk))

‘E(H(TLl,?’LQ,...,TLk))’S B s

since nq - ng - - - Ny, is odd.
This shows that x'(H(n1,ng,...,nk)) = A(H(ni,ne,...,ng)) + 1 and,
by Theorem 1, H(ny,ng,...,n;) ¢ N. [

3. MAIN RESULTS

First, we consider interval edge colorings of the tensor product of graphs.
In [25] Kubale and Giaro noted that there are graphs G, H € 0N, such that
G x H ¢ M. Here, we prove that if one of the graphs belongs to 91 and the
other is regular, then G x H € 1.

Theorem 15. If G € M and H is an r-reqular graph, then G x H € M.
Moreover, w(G x H) < w(G) -r and W(G x H) > W(G) -r.

Proof. Let V(G) = {u1,ug,...,un}, V(H) = {v1,v2,...,0n} and

V(G H) ={ul)|1<i<n1<j<m}],

E(Gx H) = {@S’,wgﬂ')) | (us,u;) € B(G) and (v, v,) € E(H)}.
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Let us consider the graph Ko x H. Clearly, K5 x H is an r-regular bipartite
graph, thus, by Corollary 2, Ko x H € 9t and w (K2 X H) =r. Let a be an
interval t-coloring of the graph G,  be an interval r-coloring of the graph
Ky x H and

V(KZ X H) - {w17w27"'7wM7y17y27"'7ym}7
E(Ky; x H) = {(z,y;) | (vi,vj) € E(H),1 <i<m,1<j<m}.
Define an edge coloring y of the graph G x H in the following way: for every
<wg),w((]])) € E(Gx H)
7 (w8 wf”)) = (@ (i) = 1) 7+ 8 (@, 50)),
where 1 <1 <n,1<7<n,1<p<m,1<qg<m.
It is not difficult to see that ~ is an interval ¢ - r-coloring of the graph

G x H. By the definition of v, we have w(Gx H) < w(G)-r and W(Gx H) >
W(G) - r. |

The Figure 1 shows the interval 6-coloring « of the graph P, x C5 described
in the proof of Theorem 15.

Note that from Theorems 1 and 15, we have the following result:

Corollary 16 (Pisanski, Shawe-Taylor, Mohar [31]). If G is 1-factorable
and H is a reqular graph, then G x H is also 1-factorable.

We showed that if G € 91 and H is regular, then G x H € 1. Now we prove
a similar result for the strong tensor product of graphs.

Theorem 17. If G € M and H is an r-reqular graph, then G ® H € .
Moreover, w(G @ H) <w(GQ) - (r+1) and W(G® H) > W(G) - (r +1).

Proof. Let V(G) = {u1,ug,...,un}, V(H) = {v1,v2,...,0n} and

Vo) ={u|1<i<n1<j<m}],

E(G® H)=FE (G x H)U{(wl(,i),wéj)> | 1 <p<mand (uju;) € E(G)}
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Figure 1. The interval 6-coloring «y of the graph P, x Cs.

Let us consider the graph Ky ® H. Clearly, Ko ® H is an (r + 1)-regular
bipartite graph, thus, by Corollary 2, Ko @ H € Mt and w (Ko ® H) = r+ 1.
Let a be an interval t-coloring of the graph G, [ be an interval (r + 1)-
coloring of the graph Ko ® H and

V(K2 ®H) = {wlaxQV"awmnyher"7ym}7
E(KQ@H) = {(xl,y,)] 1 SZSm}UE(KQ X H)
Define an edge coloring v of the graph G® H in the following way: for every
<w§z),w(gj)) €cE(G®H)
7 (w0 wf)) = (@ (i) = 1) - (04 1) + B (0, u4),

where 1 <1 <n,1<j<n,1<p<m,1<qg<m.

It is not difficult to see that ~ is an interval ¢ - (r 4+ 1)-coloring of the
graph G ® H. By the definition of 7, we have w(G ® H) < w(G) - (r + 1)
and W(G® H) > W(G) - (r+1). ]
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The Figure 2 shows the interval 9-coloring v of the graph P, ® C5 described
in the proof of Theorem 17.

Figure 2. The interval 9-coloring ~ of the graph Py ® Cs.
Note that from Theorems 1 and 17, we have the following result:

Corollary 18 (Pisanski, Shawe-Taylor, Mohar [31]). If G is 1-factorable
and H is a reqular graph, then G ® H is also 1-factorable.

Next, we consider interval edge colorings of the strong product of graphs.
In [25] Kubale and Giaro noted that there are graphs G, H € 0N, such that
GX H ¢ 9. Here, we prove that if two graphs belong to 91 and one of them
is regular, then GX H € 9.

Theorem 19. If G, H € N and H is an r-regular graph, then GX H € .
Moreover, w(GRH) < w(G)-(r+1)+r and W(GRH) > W(G)-(r+1)+r.

Proof. Let V(G) = {u1,ug,...,un}, V(H) = {v1,v2,...,0n} and
V(GRH) =L, Vi(H), where V(H) = {w](-i)| 1<5< m},

E(GXRH)=E(G® H)UJ., E'(H), where
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Bi(H) = { (wf’ wd) | (upye) € BUH)}.
For ¢ =1,2,...,n, define a graph H; as follows:
H;, = (VZ(H),EZ(H))

First of all note that x'(H) = A(H) = r since H € M and H is an r-regular
graph. This implies that there exists an interval r-coloring of the graph H.
Let us consider the graph Ky ® H. Clearly, Ko ® H is an (r + 1)-regular
bipartite graph, thus, by Corollary 2, Ko @ H € Mtand w (Ko ® H) =r+ 1.
Let a be an interval t-coloring of the graph G, [ be an interval (r + 1)-
coloring of the graph Ko ® H.

Define an edge coloring ~ of the graph G X H in the following way:

(1) for every (wg),w(j)) € E(G®H)

gl ((wéi)’W§j)>> = (a ((us,uj)) = 1) - (r+ 1)+ B ((wp,yq))

where 1 <¢<n,1<7<n,1<p<m,1<qg<m.
(2) fori=1,2,...,n, the edges of the subgraph H; we color properly with
colors

max S (u;, ) (r+1)+1,max S (u;, @) - (r+1)+2,...,max S (u;, ) - (r+1)+r

It is easy to see that v is an interval (¢ - (r + 1) 4 r)-coloring of the graph
G X H. By the definition of v, we have w(GX H) < w(G) - (r + 1) + r and
W(GEXRH)>W(G) - (r+1)+r. |

The Figure 3 shows the interval 11-coloring « of the graph PyXC}y described
in the proof of Theorem 19.

Note that there are graphs G and H for which GX H € 9, but G €
N, H ¢ M. For example, Ky K C5 € N, but C5 ¢ N. For regular graphs the
following result was obtained by Zhou [38].

Theorem 20. If G is 1-factorable and H is a regular graph, then GX H is
also 1-factorable.

Corollary 21. Let G and H be two reqular graphs and G € M. Then
GXRHeMN.
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Figure 3. The interval 11-coloring v of the graph Py X Cj.

Finally, we turn our attention to interval edge colorings of the lexicographic
product of graphs. In [25] Kubale and Giaro posed the following question:

Problem 1. Does G[H] € Mif G,H € N?

We start by focusing on the special case of this problem, when G € 91 and
H =nK; for any n € N.

Theorem 22. If G € M, then GnK;| € N for any n € N. Moreover,
w(GnK1]) < w(GQ) -n and W(GnK;]) > (W(G)+1)-n—1.

Proof. Let V(G) = {u1,uz,...,un,} and

V (G[nK;]) = {U§i)‘ 1<i<m,1<j< n},

E (GnkKj)) = {(vl(,i),véj)> | (us,u;) € E(G) and p,q= 1,2,...,n}.
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Let a be an interval t-coloring of the graph G.
Define an edge coloring 3 of the graph G[nKj]| in the following way:

for every <v§,i),v(j)> € E(Gnk,))

(al(usruz)) — 1) -m+p+q—1 (modn)
B((v},”,vé”)) = if p+g#n+1,
a((ui,uy)) -n, if p+g=n+1.

where 1 <¢<m,1<j<m,1<p<n,1<qg<n.

It can be verified that g is an interval ¢-n-coloring of the graph G[nKj].
By the definition of 3, we have w(G[nKi]) < w(G) - n.

Now we show that W(G[nK;]) > (W(G)+ 1) -n— 1.

Let ¢ be an interval W (G)-coloring of the graph G.

Define an edge coloring 1 of the graph G[nKi] in the following way:

for every <v§,i),v(j)> € E(Gnk,))
@ G)\Y) _ ) — 1) _1
w Up~5 U ((b((uhuj)) ) n+p+gq )
where 1 <¢1<m,1<j<m,1<p<n,1<qg<n.
It is easy to see that ¢ is an interval (W (G) - n + n — 1)-coloring of the

graph G[nk]. ]

The Figure 4 shows the interval 6-coloring 8 of the graph (K3 + €)[2K]]
described in the proof of Theorem 22.

Corollary 23 (Kamalian, Petrosyan [22]). If k is even, then Ci[nK;] €
and

W (Ck[nKi]) > 2n + %E — 1,

Corollary 24 (Kamalian, Petrosyan [23]). Let k = p2?, where p is odd and
g € N. Then Ki[nK;] € M and

W (Kg[nK1])) > 2k —p—¢q)-n—1.

Now we show that G[H] € M if G, H € 9 and H is regular.
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3]

Figure 4. The interval 6-coloring 5 of the graph (Kj 3 + €)[2K3].
Theorem 25. If G,H € N and H is an r-regular graph, then G[H| € N.
Moreover, if [V(H)| = n, then w(G[H]) < w(G) -n+r and W(G[H]) >
W(G) -n+r.

Proof. Let V(G) = {u1,ug,...,un}, V(H) = {v1,v2,...,v,} and

V(GH]) = U, V(H), where Vi(H) = {w"| 1 < j <n},

E(G[H]) = {( }j),wm) | (ui,u;) € B(G) and p,g = 1,2, ... n}
U U, B (H), where B'(H) = { (wf, i) | (v),v,) € B(H)}.
Let « be an interval t-coloring of the graph G and
H; = (Vi(H),E'(H)) for i =1,2,...,m.

Note that x'(H) = A(H) = r since H € M and H is an r-regular graph.
This implies that there exists an interval r-coloring of the graph H.
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Define an edge coloring /3 of the graph G[H| in the following way:
(1) for every (w},i),w(j)) € E(G[H])

) ) T+(a((uiauj))_1)'n+p+q_1 (mOd n)’
6<<w§’),w§”)): ifp+qg#n-+1,
r+a((us,uj)) n, if p+g=n+1,
where 1 <i<m,1<j<m,i#j1<p<n1<g<n.
(2) fori=1,2,...,m, the edges of the subgraph H; we color properly with
colors
(min S (us, @) — 1) -n+1,(min S (u,a) = 1) -n+2,...,
(min S (uj, ) — 1) -n+r.
It can be verified that ( is an interval (¢-n + r)-coloring of the graph G[H].

By the definition of 3, we have w(G[H]) < w(G) - n + r and W(G[H]) >
W(G)-n+r.

The Figure 5 shows the interval 9-coloring S of the graph K4[Ks| described
in the proof of Theorem 25.

Figure 5. The interval 9-coloring § of the graph K4[K>].
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4. PROBLEMS

We conclude with the following problems on interval edge colorings of prod-
ucts of graphs.

Problem 2. Are there graphs G, H ¢ N, such that G x H € M?
Problem 3. Are there graphs G, H ¢ 9, such that G ® H € M7
Problem 4. Are there graphs G, H ¢ N, such that GX H € MN?
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