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Abstract

A k-ended tree is a tree with at most k endvertices. Broersma and
Tuinstra [3] have proved that for k¥ > 2 and for a pair of nonadjacent
vertices u, v in a graph G of order n with deg,u + degov > n — 1,
G has a spanning k-ended tree if and only if G + uv has a spanning
k-ended tree. The distant area for v and v is the subgraph induced by
the set of vertices that are not adjacent with w or v. We investigate
the relationship between the condition on degg,u + degg v and the
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structure of the distant area for v and v. We prove that if the distant
area contains K., we can relax the lower bound of deg, u+deg v from
n—1ton —r. And if the distant area itself is a complete graph and
G is 2-connected, we can entirely remove the degree sum condition.
Keywords: spanning tree, k-ended tree, closure.
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1. INTRODUCTION

A closure operation is a useful operation in the study of a hamiltonian cycle
and related topics. It was first introduced by Bondy and Chvatal [1]

Theorem A ([1]). Let G be a graph of order n and let u and v be a pair of
nonadjacent vertices in G.

(1) Suppose deggu + degv > n. Then G has a hamiltonian cycle if and
only if G + w has a hamiltonian cycle.

(2) Suppose deggu + deggv > n — 1. Then G has a hamiltonian path if
and only if G+ wv has a hamiltonian path.

An endvertex is a vertex of degree one. For a positive integer k, a tree of
order at least two is said to be a k-ended tree if it has at most k endvertices.
A hamiltonian path is a spanning 2-ended tree. Thus, we can interpret the
second statement of Theorem A as a closure theorem for a spanning 2-ended
tree. Broersma and Tuinstra [3] extended this line of research, and proved
the following theorem.

Theorem B ([3]). Let k be an integer with k > 2. Let G be a graph
of order n and let u and v be a pair of nonadjacent vertices in G with
degyu+degsv > n—1. Then G has a spanning k-ended tree if and only if
G + uv has a spanning k-ended tree.

One peculiar point of Theorem B is that the requirement for deg, u+degqs v
does not depend on k. Though the existence of a spanning k-ended tree
becomes stronger as k grows, Theorem B always requires n — 1 for the lower
bound of degg v+ degs v. Though it looks strange, Broersma and Tuinstra
proved that this requirement is sharp. In other words, they constructed a
graph G with a pair of nonadjacent vertices u and v satisfying degsu +
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dego v = |V(G)| — 2 such that G + uv has a spanning k-ended tree, but G
has no spanning k-ended tree.

For a pair of nonadjacent vertices u and v in GG, we call the set of vertices
that are not adjacent with w or v the distant set for v and v, and denote it
by Wyw:

Wy = V(G) - ({u,v} U NG(U) U NG(U))a

where Ng(z) denotes the neighborhood of a vertex x in G. Also we call the
graph induced by W, the distant area for v and v. The sharpness example
given by Broersma and Tuinstra [3] has only one vertex in the distant area.
This motivates us to study the relationship between the structure of the
distant area and the degree sum condition. In particular, we focus on a
clique in the distant area. Our results claim that if the distant area contains
a clique, we can relax the degree sum condition by the proportion of its
order.

For graph-theoretic terminology not explained in this paper, we refer the
reader to [4]. For a set of vertices S in G, we denote by G|[S] the subgraph
of G induced by S. An endvertex is a vertex of degree one. We denote by
End(G) the set of endvertices of G. For A, B C V(G) with AN B =0, we
denote by Eq (A, B) the set of edges which have one endvertex in A and the
other in B. Given a tree T of order at least two, we often orient the edges
of T so that T becomes a rooted tree. For v € V(T'), we denote by N (v)
the out-neighborhood of v, i.e., the set of children of v. If v is not the root
of T, let v~ denote the parent of v. Moreover, if X is a set of vertices of T’
and X does not contain the root, we let X~ = {z7: z € X}. A vertex with
no child is called a leaf of T', and we denote by L(T') the set of leaves of T'.
Note that for a tree T" of order at least two and an orientation of F(T) which
makes T a rooted tree, End(7") and L(T') can be different: If the root r of
T has degree one, r € End(T) — L(T). But L(T) C End(T) C L(T) U {r}
always holds.

In the next section, we prove that if G[W,,] contains a complete graph,
we can relax the degree sum condition for the Broersma-Tuinstra closure. In
Section 3, we consider the case in which G[W,,,] itself is a complete graph,
and prove that in this case we no longer need the degree sum condition, if G
is 2-connected. In Section 4, we consider a closure for a hamiltonian cycle
and study its relationship with the structure of the distant area. And in
Section 5, we give a conclusion and some remarks.
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2. CLIQUE IN THE DISTANT AREA

As we have noted in the introduction, the degree condition for the Broersma-
Tuinstra closure depends on the order of a clique in the distant area.

Theorem 1. Letn, k and r be integers withm > k > 2 and r > 1. Let G be
a graph of order n and let w and v be a pair of nonadjacent vertices in G.
Suppose G[W,,] contains a complete graph of order r and degq u+degg v >
n —r. Then G has a spanning k-ended tree if and only if G + uv has a
spanning k-ended tree.

Proof. Since the necessity of the theorem is trivial, we only prove the
sufficiency. Assume, to the contrary, that G + uwv has a spanning k-ended
tree but G does not have a spanning k-ended tree. Let W be a subset of
Wi with G[W] = K,.. We prove a series of claims to obtain a contradiction.

Claim 1. There exist a pair of trees 77 and T5 such that
(1) V() uV(Tr) = V(G), V(Th) NV (Tr) =0,

(2) weV(Ty) and v € V(T3),

(3) V(T1)| = 2, [V(T3)| = 2, and

(4) if we orient the edges of 77 and T5 so that 77 and T, are rooted trees
with roots u and v, respectively, then |L(T})| + |L(T2)| < k.

Proof. Let T be a spanning k-ended tree of G 4+ uv. Since G does not
have a spanning k-ended tree, uv € E(T). Let T and T, be the components
of T — uv with w € V(T1) and v € V(T%»), and orient the edges of 77 and T5
so that they become rooted trees with roots u and v, respectively.

If neither w nor v is an endvertex of T, then T} and T, satisfy the
conditions (1), (2) and (3). Moreover, since End(T") = L(T1) U L(T3), we
have |L(T1)| + |L(T%)| = | End(T)| < k.

Suppose u or v is an endvertex of 7. By symmetry, we may assume
u € End(T'). Since n > 3, |V(T1)] = 1 and |V (T2)| > 2. Since |Wy,| >
[W| = r and Ng(v)N(Wuyw U {u,v}) = 0, deggv < n —r — 2. Then since
degou + deggv > n — r, we have deggou > 2. Let y € N;Q(U) and let
x € Ng(u) —{y}. Let T" =T — {uv,zz~ } + uz and let T] and T3 be the
components of 7”. Orient the edges of T] and T3 so that T} and T) become
rooted trees with roots u and v, respectively. Then T] and 7% satisfy the
conditions (1) and (2). Furthermore, since zz € V(T7) and y € V(T3), they
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satisfy the condition (3). By the construction and the orientation of T,
L(TY) U L(T3) C (End(T) — {u}) U{z~}, and hence |L(T})| + |L(T3)| < k.
O
In the subsequent arguments, when we have two trees satisfying the con-
ditions of Claim 1, we always assume that their edges are oriented so that
they become rooted trees with roots v and v.
Now choose two trees T7 and T5 satisfying the conditions of Claim 1 so
that

(C1) Xwewnv(m) dr (u, w) + 3 cwnv(my) A (v, w) is as large as possible,
and

(C2) X.eviry-w dri(u, 2) + 2 cv(my)—w 1 (v, 2) is as small as possible,
subject to the condition (C1).

Let T'= (T}1 UT») + uv. Note that T is a spanning k-ended tree of G + uv.
Let

Xi,1= (Ne(w)NV(T1)) . Xi2=Ne(v)NV(Th),

X271 = N(;(u) N V(Tg), X272 = (NG'(’U) N V(Tg))i,

X; = X171 U X172 U L(Tl), Xy = X271 U X272 U L(Tg)

and X = Xj U Xs.

Claim 2.
(1) X1, X12 and L(T) are mutually disjoint, and
(2) X591, X292 and L(T5) are mutually disjoint.

Proof. Since (1) and (2) are symmetric, we only prove (1). By definition,
X171 N L(Tl) = (. Assume Xl,g N L(Tl) #* 0 and let 2 € Xl,g N L(Tl) Let
T' = (Thy UTy) + zv. Then T’ is a spanning tree of G. Moreover, since
\V(T2)| > 2, v ¢ End(T”), and hence End(T") C (End(T) — {z}) U {u}.
Thus, T is a k-ended tree. This contradicts the assumption.

Next assume X171 N X192 # 0. Let x € X117 N Xy2. Then N;fl () N
Ng(u) # 0. Let y € N (#) N Ng(u). Let T = (Ty U Ty) — {xy} + {vz, uy}.
Then T is a spanning tree of G. Moreover, since degy a = degg a for every
a € V(QG), T' is a k-ended tree. This is a contradiction. g

Claim 3.
(1) X1l > [Ng(u) " V(Th)| — |L(Th)| + 1,
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(2) [Xaz| > [Na(v) NV(T2)| - [L(T2)] + 1.
Proof. Since (1) and (2) are symmetric, we only prove (1).

X1l = Y (1= INf (@) N Ne(u)| + [N, () N Ne ()

ze€X1,1

= Y INf (@) NN - D (N (x) N Ne(u)| - 1)
re€X1,1 re€X1,1

= [No(w)nV(T)| = Y (INf; (@) N Ne(u)] - 1).

r€X1,1
On the other hand,
> (INf (@) N Ng)| =1) < D (N (@) = 1)

r€X1,1 r€X1,1

< ) (INf@ =D =L -1

ze€V(Th)—L(Ty)
Therefore, (1) follows. O
By Claim 2 and Claim 3, we have
[ X| = [Xa| + [ Xa| = | Xua] + [ Xio| 4+ [L(T0)| + [ Xoa] + [Xop| + [L(T2))|
> [Ng(u) N V(T1)| = |L(Th)| + 1+ [Ng(v) N V(T1)[ + [L(Th)]
+ [Na(u) N V(T)| + |Na(v) N V(T2)| = |L(T2)] + 1+ | L(T3)]
[Ne(u) N V(Th)| + [Ne(v) N V(Th)| + [Na(u) NV (T2))|
+ |[Ng(v) NV (T2)| + 2
= degpu+deggv+2>n—r+2.

Claim 4. WNX; =0 or WnN Xy =0.

Proof. Assume, to the contrary, W N X; # () and W N Xy # 0. Let
w; € WNX; and wy € WNXs. Since wy € W C Wy, w1 ¢ X2 and hence
wy € X171 UL(Ty). Similarly, wy € X992 U L(T3). Note wywe € E(G) since
W induces a complete graph.

If wy € L(Ty) and we € L(T3), then let T = (Ty UTs) + wiwy. Then T”
is a spanning tree of G, and since End(7”) C (End(T) — {wy,w2}) U {u, v},
T’ is a k-ended tree. This contradicts the assumption.
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If wy € L(T1) and wy € X5 2, then Ni(wg)ﬂNg(U) # 0. Let x € N}; (w2) N
Ng(v). Let T = (Th UT) —woz + {vz, wiwse}. Then T” is a spanning tree of
G. Moreover, since End(7”) C (End(T) —{w1}) U {u}, T" is a k-ended tree.
This is a contradiction. By a similar argument, we obtain a a contradiction
if w1 € X171 and Wy € L(Tg).

Finally, suppose wy € X11 and wy € Xo5. Let 21 € N%Ll (w1) N Ng(u)
and zo € N;Q (w2)NNg(v), and let T = T—{xqw1, wows }+{uwy, wiws, vra}.
Then 7" is a spanning tree of G. Moreover, since degy(a) = degp(a) for
each a € V(G), T" is a k-ended tree. This is a contradiction, and the claim
follows. U

For a € V(T1), let T, be the subtree of T} induced by a and all of its
descendants. Note that T, is a rooted tree with root a. Similarly, for
b € V(Ty), let T, be the subtree of Ty induced by b and all of its descendants.

Claim 5.
(1) For each w € WNV(T}) and z € N:,Jfl (w™) —A{w}, WnNV(T,)

(2) For each w e WNV(T3) and x € N%; (w™) —{w}, WnV(T,) =

0.

Proof. By symmetry, we have only to prove (1). Assume W NV (T,) # 0.
Let w' € WNV(T,). Then ww' € E(G). Let T =T) — ww™ + ww'. Since
V(T]) = V(Th), (T{,Tz) satisfies the condition (1), (2) and (3) of Claim 1.
Note degry w™ = degp, w™ —1, degyy w’ = degp, w'+1 and degyy a = degr, a
for each a € V(T1) — {w,w'}. Since z € N;{(w_), w~ ¢ L(T}), which
implies L(T]) C L(T1) and |L(T7)|+|L(T%)| < k. Therefore, (T}, T5) satisfies
all the conditions of Claim 1. Let a € V(T1). If a ¢ V(T},), then uT1a is
also a path in 77, and hence dp/(u,a) = dp,(u,a). On the other hand,
if a € V(Ty), then ww € E(uTia). In this case, vThw'wTia is a ua-
path in 77, and dry(u,a) > dr, (u,a). In particular, dpy(u,w) > dry (u, w).
Therefore,

Z dry (u, w) + Z dr, (v, w)

weWNV(TY) weWNV (Tz)

> Z dp, (u, w) + Z dr, (v, w).

weWnV (Ty) weWNV (Ty)

This contradicts the choice of (17, 7%). O
By Claim 5, we have the following.
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Claim 6. For each wy, wy € W with w; # wg, we have w; # w,;. In
particular, [W~| = |[W|.

Claim 7. W~ NX; C X172 and W~ N Xy C X2,1.

Proof. By symmetry, we have only to prove W™ N X; C Xyo. Let x €
W~ N X; and assume x ¢ X 5. Since x is the parent of a vertex in W, x ¢
L(Ty). Thus, z € X11. Then N, (z) N Ng(u) # 0. Let y € N (z) N Ng (u).
Note that since y € Ng(u), y ¢ W. On the other hand, since z € W—,
N;fl (x)NW #£ 0. Let w € N;fl (x) N W. Note y # w. Note also that since
zw € E(GQ), u # .

By Claim 5, V(T )N\W = 0. Let T{ = Ty —xy-+uy. Then (T}, T3) satisfies
the conditions (1), (2) and (3) of Claim 1. Note deggyu = degp u + 1,
degpy x = degp, « — 1 and degyy a = degy, a for each a € V(T1) — {u,z}.
Moreover, since w € N;fl,(w), z ¢ L(T{). Hence |L(T7)| = |L(T1)| and
|L(T})| + |L(T»)| < k. Therefore, (T7,T5) satisfies all the conditions of
Claim 1.

Let a € V(T1). If a ¢ V(T}), then uTja is also a unique ua-path in
T and drr(u,a) = dr, (u,a). On the other hand, if a € V(Ty), then uyTia
is a unique ua-path in 77. Since u # z, we have dgy(u,a) < dr,(u,a). In
particular, dgy(u,y) < dry (u,y). Since V(T,,) N W =0, we have

Z dr; (u, w) + Z dr, (v, w)

weV(T)NW weV (To)W

= Y dnww)+ > dp(v,w)

weV (T1)NW weV (Te)NW

and

Z dry(u, ) + Z dr, (v, z)

2V (T))-W zeV(To)-W

< Z dp, (u, ) + Z dr, (v, ).

eV (Ty)-W zeV(Ta)-W

This contradicts the choice of (11, 7%), and the claim follows. O

Since |X| >n—r+2and [W~| = |W| =r, we have |W~| + |X]| > n + 2,
which implies W~ N X # (). By symmetry, we may assume W~ N X; # (.
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Also by symmetry, if W~ N Xy # (), we may assume max{dp, (u,a): a €
W= N X1} > max{dp,(v,a): a € W~ N Xa}. Choose 21 € W~ N X; so
that dr, (u, z1) is as large as possible. Let dy = dp, (u,21). By Claim 7,
21 € Ng(v). By Claim 6, ]N:,Jfl(zl) NW|=1. Let N;fl (z1) N W = {w; }.

Let Wo = W NV (Ty,). Note w; € Wy and hence z; € X N W;. On
the other hand, if X N W, # {z1}, we can take z € X N W, — {z1}. Then
z € V(T,), and hence dr, (u, z) > dp, (u,w1) = dr, (u, 21)+1 > dp+1. This
contradicts the maximality of drp, (u, z1). Therefore, X "W, = {z1}.

Since Wy C V(Ty, ) and (W —=Wo)NV (Tyy, ) = 0, (W =Wo)NW; C {z1}.
However, since z; € Ng(v), z1 ¢ W. Thus, we have (W — W) N W, = 0.

Let Z = (W — Wy) UW; . By Claim 6, |W; | = |Wy|, and since (W —
Wo) N Wy = 0, we have |Z| = |[W — Wy| + |Wy | = |[W| = r. Then
|Z| +|X| > n + 2, which implies |Z N X| > 2. Since | X N W, | = 1,
XN (W —Wpy) #0. Let we € X N (W — Wp).

First, suppose we € V(T1). Then wy € X;NW. This implies XoNW = ()
by Claim 4. Since wy € W, wy € X7 1 U L(T7). Note wyws € E(G).

If wy € X1, then N%Ll(wg) N Ng(u) # 0. Let 29 € N%Ll(wg) N Ng(u).
Since wy ¢ Wy, 2o ¢ V(T,,,) and z; is the successor of wy in wiTiws. Let
P = z1Thz. If 2y € V(T,,), then we ¢ V(P). On the other hand, if
21 ¢ V(T.,), then wy is the predecessor of z5 in P. In either case, let TV =
(Th UT,) —{wi21,weze} + {vz1, wiwe, zou}. Then since wyzy € V(w1 Tiws),
T’ is a spanning tree of G. Furthermore, since degy a = degp a for every
a € V(G), T' is a k-ended tree. This is a contradiction.

Suppose wy € L(T1). Since wy ¢ V(Ty,), 21 is the successor of w; in
wiThwe. Let T' = (Ty UTy) — wyz1 + {vz1, wiwy}. Then T is a spanning
tree of G. Moreover, degy u = degpu — 1, degp wy = degy wy + 1 and
degg a = degq a for every a € V(G)—{u, ws}. Hence End(7”) C (End(T)—
{we}) U{u} and T" is a k-ended tree. This is a contradiction.

Next, consider the case wy € V(T). Then W N Xy # (), which implies
W N X; =0 by Claim 4. Then L(T3)NW = 0, and hence L(T}) C Ng(u) U
Ng(v). If L(T1) N Ng(v) # 0, let « € L(Th) N Ng(v) and T7 = (T3 UT5) +vz.
Then T is a spanning tree of G, and since End(7”) C (End(T") — {z}) U{u},
T’ is a k-ended tree, a contradiction. Therefore, we have L(T1) C Ng(u).

Let x € End(T),). Since wy ¢ Ng(u), we € Xoo U L(Ty). If wy € Xo 9,
N7, (wa) N Ng(v) # 0. Let 2o € N, (w2) N Ng(v), and let T" = (Ty UTy) —
{wi21, w229} + {xu,v29, Wyws}. Then T” is a spanning tree of G. We also
have degy» x = degp x + 1, degyr 21 = degp 21 — 1 and degy a = degp a for
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every a € V(G) — {x, 21}. Hence End(7T") C (End(T) — {z}) U {21} and T"
is a k-ended tree, a contradiction

Finally, suppose we € L(Ty). Let T' = (T} UTy) — 2wy + {vz1, wiws }.
Then T" is a spanning tree of G. Moreover, deg u = degpu—1, degy wy =
degrwy+1 and degg a = degy a for every a € V(G) — {u, ws}. These imply
End(7") = (End(T) — {w2}) U {u} and hence T" is a k-ended tree. This is a
final contradiction, and the theorem follows. [ |

Theorem 1 is best-possible in the sense that we cannot replace the degree
sum condition from deg, u+degsv > n—r to degou+deggv >n—r—1
if 1 <r<n-k-—2 Let Gy and Gy be copies of K,,_j_,_1 and K,,
respectively. Let T3 be a copy of Kj ;1. Introduce a new vertex x, and join
x to every vertex of GGp, every vertex of Go and the center of T3. Let G be
the resulting graph. Let u be the center of T3 and let v be a vertex of G;.

The order of G is n, and deggu + deggv = n — r — 1. The distant
area for u and v is G9 and it is a complete graph of order r. Let T be
a spanning tree of GG. All the endvertices of T3 are also endvertices of T.
Furthermore, since G—x has G and G5 as its components, 1" has endvertices
both in G; and Ga. Thus, | End(T")| > k41 and G has no spanning k-ended
tree. On the other hand, G 4+ uv has a spanning k-ended tree with no
endvertex in Gj.

3. THE DisTANT AREA FORMING A COMPLETE GRAPH

As we have seen in Section 2, if the distant area contains a clique, we can
relax the degree sum condition of the Broersma-Tuinstra closure. One ex-
treme case is the one in which G[W,,] itself is a complete graph. Theorem
1 requires G[Wy,] to have K, for the condition degsu + deggv > n —r to
work. Therefore, if |W,,| < r, we cannot apply Theorem 1 even if G[Wy,]
is a complete graph. However, in this section, we prove that if G[W,,] is
complete and G is 2-connected, we no longer need any degree sum condition.
Actually, we prove a stronger statement under a weaker assumption that G
is just connected, which gives structural information when the closure does
not work.

Theorem 2. Let k be an integer with k > 2. Let G be a connected graph and
let w and v be a pair of nonadjacent vertices in G. Suppose Wy, induces
a complete graph. If G + uv has a spanning k-ended tree but G has no
spanning k-ended tree, then one of the following holds.
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(1) There ezists a vertex x € Wy, such that x is a cutvertex of G and
Wy — {z} is a component of G — x.

(2) There ezists a vertex © € V(G) — Wy, such that x is a cutvertez of G
and Wy, is a component of G — x.

Corollary 3. Let k > 2. Let G be a 2-connected graph and let u and v be a
pair of nonadjacent vertices in G. Suppose Wy, induces a complete graph in
G. Then G has a spanning k-ended tree if and only if G+uv has a spanning
k-ended tree.

Proof of Theorem 2. If Ng(u) = Ng(v) = {z} for some z € V(G), then
Wuw = V(G) — {u,v,z} and the second statement of the theorem follows.
Therefore, we may assume Ng(u) # Ng(v) or |[Ng(v)| > 2.

Claim 1. There exist a pair of trees 77 and T5 such that

(1) V(T1) UV(T2) = V(G), V(Th) N V(T2) = 0,
(2) weV(T1) and v € V(T3),

(3) |V(T1)| > 2 and |V (T3)| > 2, and

(4) if we orient the edges of 77 and T3 so that 77 and Ty become rooted
trees with roots v and v, respectively, then |L(T1)| + |L(T?)| < k.

Proof. Let T be a spanning k-ended tree of G 4+ uv. Since G does not
have a spanning k-ended tree, uv € E(T). Let T and T, be the components
of T'— wv with € V(T1) and V(T2), and orient the edges of T} and Tb so
that 71 and T3 become rooted trees with roots uw and v, respectively. If
{u,v} NEnd(T) = 0, then Ty and Ty satisfy the conditions (1)—(3) of the
claim. Moreover, since L(T}) U L(T2) = End(T'), we also have |L(T})| +
|L(T)| < k. Therefore, by symmetry, we may assume u € End(7T), which
implies V(T1) = {u}. Let y € N%; (v). If Ng(u) —{y} # 0, then by the same
argument as in the proof of Claim 1 of Theorem 1, we can obtain two trees
satisfying the conditions (1)—(4) of the claim. Therefore, we may assume
Ng(u) = {y}. Since Ng(u) # Ng(v) or |[Ng(v)| > 2, Ng(v) — {y} # 0. Let
z € Ng(v) —{y} and T' =T — {uv, vy, zz~ } + {uy,vz}. Let T] and T3 be
the components of 7" with u € V(T7) and v € V(T}), and orient the edges
of T{ and Ty so that 7] and T become rooted trees with roots u and v,
respectively. Then T and Ty satisfy the conditions (1) and (2). Moreover,
since y € V(T]) and z € V(T3), we have |[V(T])| > 2 and |V(T3)| > 2.
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By the construction of 77 and Ty, L(T{)U L(Ty) C (L(T) —{u})U{z"}, and
hence |L(TY)| + |L(T3)| < k. O

As in the proof of Theorem 1, in the subsequent arguments, when we have
a pair of trees satisfying the conditions of Claim 1, we always assume that
their edges are oriented so that they become rooted trees with roots u and v.

Now choose a pair of trees (T, T3) satisfying the conditions (1)—(4) of
Claim 1 so that |(L(T1) U L(T2)) N Wy, | is as small as possible. Let T =
(Th UTy) 4+ uv. Note that T is a spanning k-ended tree of G + uv.

Claim 2. Eq(L(Ty) U{u}, L(Ty) U{v}) = 0.

Proof. Assume Eq(L(Ty) U {u}, L(Ty) U {v}) # 0. Let zy € E(G) with
x € L(Th)U{u} and y € L(Ty) U{v}. Let T" = (T3 UT3) + zy. Then T" is a
spanning tree of G. If & = u, then y € L(75) and hence End(7”) C (End(T')—
{y}) U{v}. If y =v and = € L(Ty), then End(7") C (End(T) — {z}) U {u}.
And if x € L(Ty) and y € L(T3), then End(T") C (End(T) —{z,y}) U {u,v}.
Hence T is a spanning k-ended tree of G in every case. This contradicts the
assumption, and the claim follows. ]

Claim 3. (L(T1) U L(T3)) N Wiy # 0.

Proof. Assume (Ng(u) U Ng(v)) N Wy, = 0. Then by Claim 2, L(T}) C
N¢g(u) and L(T,) C Ng(v). Since G is connected, G has an edge xy with = €
V(Ty) and y € V(T). Take v’ € L(T1) and v/ € L(Ty) with x € V(uT1u')
and y € V(vIy'). Note that v’ € Ng(u) and v/ € Ng(v), but possibly
wu' € E(Ty) or vv' € E(T).

If © ¢ {u,v'} and y ¢ {v,v'}, then uu' ¢ E(T1) and vv' ¢ E(T3). Let
T = (Th UTy) — {zz~,yy~ } + {zy,uu/,vv'}. Then T' is a spanning tree
of G, and since L(T") C (L(T) — {u/,v"}) U{ax~,y~ }, T' is a k-ended tree.
This contradicts the assumption. Suppose z = /. By Claim 2, y ¢ {v,v'}
and hence vv' ¢ E(T). Let T' = (T1 UTy) — yy~ + {u'y,vv'}. Then T" is
a spanning tree of G, and since L(T") C (L(T) — {u/,v'}) U{u,y~}, T" is
a k-ended tree, again a contradiction. By a similar argument, we reach a
contradiction if y = v'.

Suppose = u. Then again by Claim 2, y ¢ {v,v’'} and v’ ¢ E(T).
Let T" = (Th UTy) —yy~ + {uy,vv'}. Then T' is a spanning tree of G, and
since L(T") € (L(T) — {v'}) U{y~}, T' is a k-ended tree, a contradiction.
By a similar argument, we reach a contradiction if y = v. Therefore, the
claim follows. O
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By symmetry, we may assume L(T7) N Wy, # 0. Let wg € L(T1) N Wy,
Claim 4. Ng(wo) C V(T1). In particular, Wy, C V(T1).

Proof. Assume Ng(wg) ¢ V(T1). Then Ng(wg) NV (Ty) # (. Choose
z € Ng(wo) NV (Tz) so that dp, (v, z2) is as small as possible. By Claim 2,
z # .

If 2= € Wy, then 2= € Ng(wp) since Wy, induces a complete graph in
G. This contradicts the minimality of dp, (v, z). Hence z= ¢ W,,,.

Let 77 and T4 be the two components of (T3 UTh) — 2z~ + wpz with
w € V(T]) and v € V(T3). Then (T7,T}) satisfies the conditions (1) and (2)
of Claim 1. Moreover, since V(T1) C V(T}), |V(T})| > 2.

Assume |V (T4)| > 2. Since L(T]) U L(T3) C (L(T1) U L(T)) — {wo}) U
{z7}, |L(T))| + | L(T3)| < k. Therefore, (T7,T3) satisfies all the conditions
of Claim 1. On the other hand, since wg € Wy, and 2z~ ¢ Wy, |(L(T]) U
L(T3)) N Wayy| = [(L(T1)UL(T5)) N Woy,| — 1. This contradicts the minimality
of |(L(Th) U L(T2)) N Wyy|. Therefore, we have |V (T3)] =1, or V(T3) = {v}.
This implies N%; (v) = {z}. By Claim 2, z ¢ L(T3). Let v' € L(T). Then
z € V(uTypt'). If v/ € Wy, then wov' € E(G) since G[Wy,] is complete.
However, this contradicts Claim 2. Hence v' ¢ Wy,. Also by Claim 2, we
have v/ ¢ Ng(u). Therefore, v' € Ng(v). Let TV = (T3 U T) — {vz} +
{vv';wpz}. Then since z € V(vTyv'), T is a spanning tree of G. Moreover,
since End(T") C (End(T) — {wo,v'}) U {u,v}, T" is a k-ended tree. This
contradicts the assumption, and we have Ng(wo) C V(17).

Since Wy, induces a complete graph in G and wg € Wy,, we have
Wao C V(T}). 0

Claim 5. Ng(wp) C V(uTiwy). In particular, Wy, C V(uTiwy).

Proof. Assume Ng(wp) ¢ V(uTiwp), and choose z € Ng(wg) — V (uTiwy)
so that dp, (u, z) is as small as possible. Then either z= ¢ Ng(wp) or 2~ €
V(uTywy). Let Ty = Ty — zz~ 4+ zwg. Then T7 is a tree with V(T7) = V(T1).
Since L(T7) C (L(Th)—{wo})U{z"}, |L(T])|+|L(T2)| < k and hence (T}, T5)
satisfies the conditions (1)—(4) of Claim 1.

If 2= ¢ Ng(wp), then since G[W,,] is complete and wy € W,,,, we have
27 ¢ Wy If 27 € Ng(wp), then z= € V(uTjwp). This implies that z~
has at least two children, z and the one in uTiwp, and hence z~ ¢ L(T7).
Therefore, in either case, we have 2z~ ¢ L(T]) N Wy, and |(L(T]) U L(T2)) N
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Wyw| = [(L(T1) U L(T3)) N Wy,| — 1. This contradicts the minimality of
[(L(T1) U L(T2)) N Wyl O

By Claim 5, L(Th)NWy, = {wp}. Let w; be the vertex in Wy, that is closest
from v in T7.

Claim 6. Wy, = V(w;Thwy).

Proof. Assume W, # V(wiTiwp). Since W, C V(wiTiwp) by Claim 5,
we can choose x € V(wiTiwg) — Wy, so that z is as close to u as possible in
Ty. Then 2= € Wy,. Since Wy, induces a complete graph, woz~ € E(G).
Let T{ = Ty — za~ + woz~. Then T] is a tree with V(77) = V(T1) and
L(T]) € (L(Ty) —{wo}) U{z}, and since x ¢ Wy, we have L(T]) N Wy, = 0.
This contradicts the minimality of |(L(7T1) U L(T%)) N Way|- O

Claim 7. Ng(wo) C Wy, U{w;y }.

Proof. Assume the contrary. Then by Claim 5, Ng(wo) NV (uTiwy ) # 0.
Let © € Ng(wo) N V(uThwy; ). Let Nj'fl(x) N V(uTiwy) = {y}. Then
since y € V(uTywy ), y ¢ Wyy. Let T{ = T} — zy + zwo. Then T is
a tree with V(77) = V(T1) and L(T}) C (L(T1) — {wo}) U {y}, and hence
L(T])N Wy, = 0. This contradicts the minimality of |(L(71)UL(T2)) N W, |.

U
Let w € V(wiThwg) = Wy, — {w1}. Then w~ € V(wiThwy) C Wy, and
hence w™wgy € E(G). Let T =T} —ww™ +w~wp. Then T is a tree with
V(T") =V (T1) and L(T") C (L(T1) — {wo}) U {w}. By the minimality of
|(L(T1) U L(T3)) N Wyy|, we have L(T*) N Wy, = {w}. Then we can apply
Claims 1-6 to (T, T3) instead of (T, T»), and obtain Ng(w) C Wy, U{w] }
for each w € Wy, — {w1 }.

If Ng(wy) N (Wy — {w1}) = 0, then Ng(w) C Wy, for each w €
Wuw — {w1}. Thus, wy is a cutvertex of G and W,,,, — {w;} is a component
of G — w;.

Suppose Ng(wy )N (Wyy —{w1}) # 0. Let we € Ng(wy )N (Wyp—{w1}).
Then wy € V(w]Tiw) and hence w, € V(w1Tiwg) C Wyy. Therefore,
wowy € E(G). Let TY = Th — {wy w1, wy wa} + {w] wa, wy wo}. Then TY
is a tree with V(T1) = V/(T}) and L(T}") = (L(T1) — {wo}) U {w1 }, and we
can apply Claims 1-6 to (77,75) and obtain Ng(wy) C Wy, U {w] }. Now
w; is a cutvertex of G and Wy, is a component of G — wy . [ ]

Two cases described in Theorem 2 can happen, and they are independent.
Consider the sharpness example G for Theorem 1, which is given at the end
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of Section 2. In this example, G is the distant area for u and v, and it is
a component of G — z. On the other hand, no vertex in Gy is a cutvertex
of G.

For a graph satisfying the statement (1) of Theorem 2, again let Gy,
G, T3, x, u and v be as in the previous example, where 2 <r <n —k — 3.
Take one vertex y in G; — v and one vertex z in Go and add edges uz,
zy, rz and yz. Let G’ be the resulting graph. Every spanning tree of G
has k — 1 endvertices of T3 as its endvertices. Moreover, it has at least one
endvertex in G — y and another endvertex in G — 2. Thus, G’ does not
have a spanning k-ended tree. On the other hand, G 4+ uv has a spanning
k-ended tree with no endvertices in G1. In this graph, G5 is the distant area
for u and v, and Gy — z is a component of G’ — z. On the other hand, G’
does not have a cutvertex which satisfies the condition (1) of Theorem 2.

4. CLOSURE FOR HAMILTONIAN CYCLES AND DISTANT AREA

In Section 2, we have proved that if the distant area contains a clique,
the Broersma-Tuinstra closure for a spanning k-ended tree can be applied
under a weaker degree sum condition. We can ask a similar question for
the Bondy-Chvatal closure for hamiltonian cycles, and give the following
theorem.

Theorem 4. Let n and r be positive integers. Let G be a 2-connected graph
of order n and let u and v be a pair of nonadjacent vertices in G. Suppose
G[Wy| contains a complete graph of order r and degs u+deggv > n—r+1.
Then G has a hamiltonian cycle if and only if G + wv has a hamiltonian
cycle.

However, we can prove it as a corollary of the following theorem, which was
proved by Broersma and Schiermeyer [2].

Theorem C ([2]). Let u and v be a pair of nonadjacent vertices of a 2-
connected graph G of order n with |Ng(u)NNg(v)| > 3. If [Na(u)UNg(v)U
Ng(w)| > n—|Ng(u)NNg(v)| holds for at least |[Wyy|+ 2 — | Ng(u) N Ng(v)|
vertices w in Wy,, then G has a hamiltonian cycle if and only if G +uv has
a hamiltonian cycle.

Proof of Theorem 4. Let W be a set of vertices in W,,,, which induces K,
in G. Since degg u+degg v > n—r+1, |[Ng(u)UNg(v)| > n—r+1—|Ng(u)N
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N¢g(v)], and hence |Wy,| = n—2—|Ng(u)UNg(v)| < r+|Ng(u)NNg(v)|—3.
On the other hand, since W C W, we have |W,,| > r. Thus, we have
|Ng(u) N Ng(v)| > 3.

Let w € W. Then since G[W] ~ K,., |Ng(w) N Wy,| > r— 1. Therefore,

|ING(u) U Ng(v) U Ng(w)| = [Ng(u) U Ng(v)| + [Na(w) N W)
>n—r+1—|Ng(u)NNg(v)|+r—1
=n — |Ng(u) N Ne(v).

Since |Wyy| < 7+ |Ng(u) N Ng(v)| — 3, [Wyw| +2— |[Ng(u) N Ng(v)| < r—1.
Since |W| > r, we see that |[Ng(u) U Ng(v) U Ng(w)| > n—|Ng(u) N Ng(v)|
holds for at least |Wy,| + 2 — | Ng(u) N Ng(v)| vertices w in W,,,,. Thus, the
theorem follows from Theorem C. [ ]

In Section 3, we have proved that if v and v are a pair of nonadjacent vertices
in a 2-connected graph G and W, induces a complete graph, then G has
a spanning k-ended tree if and only if G + wv has a spanning k-ended tree
(Corollary 3). An analogue for a hamiltonian cycle has been proved by Zhu,
Tian and Deng [5].

Theorem D ([5]). Let u and v be a pair of nonadjacent vertices in a 3-
connected graph G. If G[Wy,] is complete, then G has a hamiltonian cycle
if and only if G + wv has a hamiltonian cycle.

5. CONCLUSION

In this paper, we have investigated the relationship between the degree sum
condition of the Broersma-Tuinstra closure and the order of a clique in the
distant area. We have proved that if the distant area contains K, then we
can relax the degree sum condition of their closure theorem. Moreover, if the
distant area is complete and the graph is 2-connected, we can entirely remove
the degree sum condition. We have also considered a similar problem for the
Bondy-Chvatal closure for hamiltonian cycles and studied the relationship
with the previous work.

We have proved in Section 4 that Theorem C implies Theorem 4. We
suspect that Theorem 1 admits a similar generalization to a closure based
on the neighborhood union of independent triples. Also, in Section 3, we
have given some structural information of the distant area when it induces
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a complete graph but the closure fails. We believe that Theorem D admits
a similar extension.
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