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Abstract

For two vertices u and v of a connected graph G, the set I[u, v]
consists of all those vertices lying on u — v geodesics in G. Given a
set S of vertices of G, the union of all sets Ig[u,v] for u,v € S is
denoted by Ig[S]. A set S C V(G) is a geodetic set if I¢[S] = V(G)
and the minimum cardinality of a geodetic set is its geodetic number
9(G) of G. Bounds for the geodetic number of strong product graphs
are obtainted and for several classes improved bounds and exact values
are obtained.
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1. INTRODUCTION

By a graph G = (V(G), E(G)) we mean a finite undirected connected graph
without loops or multiple edges. The order and size of G are denoted by n
and m respectively. The distance dg(u,v) between two vertices u and v in a
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connected graph G is the length of a shortest « — v path in G. An u—v path
of length dg(u,v) is called an u — v geodesic. It is known that the distance
is a metric on the vertex set V(G). The set Ig[u,v] consists of all vertices
lying on u — v geodesics of G, while for S C V(G), I¢[S] = UWES Ig[u,v).
A set S of vertices of G is called a geodetic set of G if I¢[S] = V(G), and
a geodetic set of minimum cardinality is a minimum geodetic set of G. The
cardinality of a minimum geodetic set of G is the geodetic number g(G) of
G. A geodetic set of cardinality ¢g(G) is a g-set of G. The geodetic number
of a graph was introduced in [6] and further studied in [3]. The geodetic
number of Cartesian product graphs was discussed in [1]. These concepts
have many applications in location theory and convexity theory. There are
interesting applications of these concepts to the problem of designing the
route for a shuttle and communication network design. For a vertex v in
G, N(v) denotes the set of all neighbors of v, and N[v] = N(v) U {v}.
A vertex v in G is an extreme vertex if the subgraph induced by N(v)
is complete. The set of all extreme vertices is denoted by Exzt(G) and
e(@) = |Ext(GQ)|. A graph G is an extreme geodesic graph if Ext(G) forms
a geodetic set of G. A set S C V(G) is an open geodetic set if for each
vertex v, either (1) v is an extreme vertex of G and v € S, or (2) v lies
as an internal vertex of an x — y geodesic for some z,y € S. An open
geodetic set of minimum cardinality is a minimum open geodetic set or og-
set of G and this cardinality is the open geodetic number og(G). The open
geodetic number of a graph was studied in [4]. A set S C V(G) is a double
dominating set if [N[v] S| > 2 for all v € V(G). A double dominating
set of minimum cardinality is the double domination number vx2(G). Any
double dominating set of cardinality v42(G) is a yx2-set of G. The double
domination number of a graph was introduced and studied in [7].

The strong product of graphs G and H, denoted by GX H, has vertex set
V(G) x V(H), where two distinct vertices (z1,y1) and (z2,y2) are adjacent
with respect to the strong product if

(a) x1 = z9 and y1y2 € E(H) or
(b) y1 = y2 and z1z2 € E(G) or
(¢) x129 € E(G) and y1y2 € E(H).

The mappings 7¢ : (z,y) — = and 7 : (x,y) — y from V(G X H) onto G
and H respectively are called projections. For a set S C V(G X H), we de-
fine the G-projection on G as mq(S) = {z € V(G) : (z,y) € S for some y €
V(H)}, and the H-projection i (S) ={y € V(H) : (z,y) € S for some z €
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V(G)}. For awalk P: (x1,y1), (z2,92),-- ., (Tn,yn) in GX H, we define the
G-projection g(P) of P as a sequence that is obtained from (x1,xs,...,zy)
by changing each constant subsequence with its unique element. For ex-
ample, if P : (z2,y3), (¥2, Y1), (x2,Y5), (T4, Y5), (T4, Y2), (23,Y2), (¥2, y2), then
7w (P) is (ze, x4, x3,x2) (it is obtained from the sequence (z9,xa, T2, T4, T4,
x3,22)). The H-projection mp(P) is defined similarly. It is clear from the
definition of strong product that for any walk P in GX H, both wg(P) and
g (P) are walks in the factor graphs G and H respectively.

In this paper, we characterize graphs G and H for which ¢(GXR H) = 2.
We obtain bounds for the geodetic number of G H in terms of the geodetic
number of the factor graphs. Improved bounds for the same are obtained
for several classes of strong product graphs and exact values of g(GX H) are
also obtained for some classes of graphs. Further, we characterize graphs
G and H for which ¢(GX H) = e(G)e(H). We also obtain upper bounds
for the geodetic number for some classes of strong product graphs in terms
of the open geodetic number and double domination number of the factor
graphs and improve the upper bounds for special classes of graphs. For basic
graph theoretic terminology, we refer to [5]. We also refer to [2] for results on
distance in graphs and to [8] for metric structures in strong product graphs.
Throughout the following G denotes a connected graph with at least two
vertices. The following theorems will be used in the sequel.

Theorem 1.1 [8]. Let G and H be connected graphs with (u,v) and (z,y)
arbitrary vertices of the strong product GRH of G and H. Then dery ((u,v),

(z,y)) = max{dg(u,x),dg(v,y)}.

Theorem 1.2 [2|. Each extreme vertex of a connected graph G belongs to
every geodetic set of G.

Theorem 1.3 [9]. Let G and H be connected graphs. Then Ext(GK H) =
Ext(G) x Ext(H).

2. BOUNDS FOR THE GEODETIC NUMBER

Proposition 2.1. Let G and H be connected graphs and P a (u,v)— (u’,v")
geodesic in GX H of length n. If dg(u,u’) > dg(v,v"), then m¢(P) is a
u—u' geodesic in G of length n, and if dg(u,u') < dg(v,v"), then Ty (P) is
av—v geodesic in H of length n.
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Proof. Let P : (u,v) = (ug,vo), (u1,v1), ..., (un,vs) = (u/,v") be a (u,v)—
(u',v") geodesic of length n in GRH. If dg(u,u') > dy(v,v"), then it follows
from Theorem 1.1 that dg(u,u') = n and so 7g(P) must be a u—u' geodesic
in G. The other case follows similarly. [

Remark 2.2. If P is a geodesic in G X H, then both 7 (P) and 7y (P)
need not be geodesics in the factor graphs G and H respectively. For
the graph G = Ky, with partite sets X = {z1,22}, ¥ = {y1,52} and
H = P, with V(H) = {v1,v2,v3,v4}, it is clear from Theorem 1.1 that
P:(x1,v1), (y1,v2), (z2,v3), (Yy2,v4) is a (21, v1) — (y2,v4) geodesic in GX H.
However, 7 (P) : x1,y1, %2, Y2 is a 1 —y2 path in G, which is not a geodesic
and 7 (P) : v1,v9,v3,v4 is a geodesic in H.

Theorem 2.3. Let G and H be nontrivial connected graphs. Then
g(GRH) > 4.

Proof. Suppose that there is a geodetic set of GX H of cardinality 3, say
W ={(z1,y1), (x2,v2), (z3,y3)}. We consider three cases.

Case 1. x1 = 9 = x3 = x (say). Then yp,y2 and y3 are distinct. Let
2’ € V(Q) be such that 2/ # . Then it follows from Proposition 2.1 that

(@',y1) € Iemu[(7,y2), (z,y3)] and so y1 € Ig[ys,ys]. Similarly, we have
Y2 € Iy, ys] and ys3 € Ig[y1,y2]. Thus we get a contradiction.

Case 2. x1 = x9 # x3. Then y; # yo. Hence ys # y1 or y3 # yo.
Assume that y3 # y1. Hence it follows from Proposition 2.1 that (z3,¥1) €

Iewu((71,92), (3,y3)] and so y1 € Im[y2,ys]. Thus yo # ys. Hence it
follows similarly from Proposition 2.1 that (z1,y3) € Iemu[(x1,y1), (21, y2)]
and (z3,y2) € Igmpl(r1,y1), (r3,y3)]. Again Proposition 2.1 shows that
y3 € Iy, yo] and yo € Ig[y1,ys], which is a contradiction.

Case 3. x1 # x5 # x3. We consider only the case y1 # y2 # ys3, since
the other cases are similar to the above cases. As in the previous case, we

have (z2,y1) € Iemu[(71,y1), (¥3,y3)] or (22, 91) € Igmu[(22,y2), (£3,¥3)]-

Subcase 3.1. Assume that (z2,y1) € Igmu|(x1,y1), (x3,y3)]. Then, by
Proposition 2.1, dg(z1,23) > dg(y1,y3) and xo € Iglry,x3]. Again, it
follows from Proposition 2.1 that (x1,y2) € Igrg[(z2,y2), (z3,y3)]. Hence
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dg(xe,x3) > dy(y2,y3) and z1 € Ig[re,z3]. Now, it is clear from Proposi-
tion 2.1 that (x3,y1) € Igru((z1,vy1), (x2,y2)] and z3 € Ig[z1, 2], which is
a contradiction.

Subcase 3.2. This is similar to Subcase 3.1. Thus the proof is complete.
|

Theorem 2.4. Let G and H be connected graphs and S a geodetic set of
GX H. Then, m¢(S) is a geodetic set of G or g (S) is a geodetic set of H.

Proof. Suppose that both m¢(S) and 7y (S) are not geodetic sets of G
and H respectively. Then there exist vertices z in G and y in H such that
x ¢ Ig[ra(S)]) and y ¢ Ig[mm(S)]. Since S is a geodetic set of GX H, there
exist (g,h),(¢g’,h') € S such that (z,y) lies on a (g,h) — (¢, ') geodesic
P in GX H. Now, it follows from Proposition 2.1 that € Ig[rg(S)] or
y € Ig[rm(S)], which is a contradiction. Hence m¢(S) is a geodetic set of
G or my(S) is a geodetic set of H. ]

Corollary 2.5. Let G and H be connected graphs. Then min{g(G),g(H)} <
g(GX H).

The following theorem is useful in giving an improved lower bound of
g(GX H) for a class of graphs.

Theorem 2.6. Let G and H be connected graphs and S a geodetic set of
GXH. If Ext(G) # 0, then wg(S) is a geodetic set of H.

Proof. Let S1 = mg(S). We show that S; is a geodetic set of of H. Let
x € Ext(G) and y € V(H). Since S is a g-set of GR H, the vertex (z,y) lies
on a geodesic P : (9o, ho), (91, h1), .-+, (gi, hi) = (,y), ..., (gn, hn) of length
n with (go, ho), (gn, hn) € S. First, suppose that dg(go,9n) < dg(ho,hy).
Then it follows from Proposition 2.1 that 7z (P) is a hg — h,, geodesic in H
containing the vertex y, with hg, h,, € Si. Next, suppose that dg(go, gn) >
dr(ho, hy). Then, as above, by Proposition 2.1, m¢(P) is a go — gn, geodesic
in G containing the vertex x. Now, since the vertex z is extreme, either
T = gg or x = g, and it follows that either y = hg or y = h,,. Hence S is a
geodetic set of H. n

Corollary 2.7. Let G and H be connected graphs such that Ext(G) # (.
Then g(H) < g(GX H).
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Corollary 2.8. Let G and H be connected graphs such that Ext(G) # 0
and Ext(H) # 0. Then max{g(G),g(H)} < g(GX H).

Corollary 2.9. Let G be a connected graph and m > 2 an integer. Then
(i) 9(G) < g(GR Kp).
(if) 9(G) < g(G X K1m).

The following lemma is useful in proving an upper bound for the geodetic
number of G X H.

Lemma 2.10. Let G and H be connected graphs. If g € Ig[d,g"] and
h e IH[hlvh”]f then (g,h) € Ierp(S], where S = {glag”} x {h,7h,/}'

Proof. Let g be a vertex of the geodesic P : ¢/ = g0, G1,-+-,9i = G5+, Gn =
¢" in G and h a vertex of the geodesic Q : h' = ho, hi,...,hj =h,... hy =
R in H. Then dg(go,9:;) = @ and dg(gi,9n) = n — i for all 0 < i < n.
Similarly, dg(ho,hj) = j and dg(hj,hy) = m — j for all 0 < j < m.
Without loss of generality, we may assume that m < n. Suppose that
(9,h) ¢ Igmu[S]. We consider two cases.

Case 1. j <. First we show that m — j > n — i. Assume the contrary.
Let P; be a (go, ho) — (i, hj) geodesic and Ps a (g5, h;) — (gn, hm) geodesic in
G X H. Then it follows from Theorem 1.1 that [(P;) =i and [(P2) = n — 1.
Now, P3 = PiUPy is a (9o, ho)—(gn, hm) walk in GRKH, which contains (g, h).
Since [(P3) = n, it follows from Theorem 1.1 that Ps is a (go, ho) — (gn, hm)
geodesic in G X H containing the vertex (g, h), which is a contradiction to
our assumption that (g,h) ¢ Ioxy|S]. Hence m — j > n —i. Similarly, we
can show that j > n — .

Now, let P’ be a (gn, ho) — (9i, hj) geodesic and P” a (g;, hj) — (gn, hm)
geodesic in G X H. Since m —j > n —i4 and j > n — i, it follows from
Theorem 1.1 that [(P’) = j and [(P") = m —j. Now, P"UP" is a (gn, ho) —
(gn, him) walk in G X H, which contains (g,h). Since (P’ U P") = m, it
follows from Theorem 1.1 that P’ U P” is a (gn,ho) — (gn, hm) geodesic,
which contains (g, k). Thus (g,h) € Igxg[S], which is a contradiction.

Case 2. i < j. As in Case 1, we can prove that n — ¢ > m — j and
i >m—j. Let Q bea (go, hm)— (i, h;) geodesic and Q" a (gi, h;) — (gn, hm)
geodesic in G X H. Then, as in Case 1, we can show that Q' U Q" is a
(90, hm) — (gn, hm) geodesic, which contains (g, h). Thus (g,h) € Ioxg[5],
which is a contradiction. Hence the result follows. [ |
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Theorem 2.11. Let G and H be connected graphs. If S and T are geodetic
sets of G and H respectively, then S x T is a geodetic set of GX H.

Proof. Let U = S xT. Let (9,h) € V(GX H). Since S and T are
geodetic sets of G and H respectively, there exist ¢/, ¢” € S and W/, h" € T
such that g € I[¢',¢"] and h € Ig[l/,h"]. Then, by Lemma 2.10, (g,h) €
Iemu W] C Iery|U], where W = {¢’, ¢"} x {h/,h”"}. Hence U is a geodetic
set of G X H. ]

Corollary 2.12. Let G and H be connected graphs. Then g(G X H) <
9(G)g(H).

Theorem 2.13. Let G and H be connected graphs. Then min{g(G), g(H)}
< 9g(GRH) < g(G)g(H).

Proof. This follows from Corollaries 2.5 and 2.12. [ |

Now, we proceed to characterize graphs G and H for which ¢(G X H) =
e(G)e(H).

Theorem 2.14. Let G and H be connected graphs. Then G and H are
extreme geodesic graphs if and only if GIX H is an extreme geodesic graph.

Proof. Let G and H be extreme geodesic graphs. Then FEzt(G) and
Ext(H) are geodetic sets of G and H respectively. Then it follows from
Theorems 1.3 and 2.11 that Fzt(G X H) = Exzt(G) x Ext(H) is a geodetic
set of GX H. Hence G X H is an extreme geodesic graph.

Conversely, let GX H be an extreme geodesic graph. Then Ext(GX H)
is a geodetic set of GX H. Then it follows from Theorems 1.3 and 2.6 that
Ext(G) and Ext(H) are geodetic sets of G and H respectively. Thus G and
H are extreme geodesic graphs. [ |

Corollary 2.15. Let G and H be connected graphs. Then G and H are
extreme geodesic graphs if and only if g(GX H) = e(G)e(H).

Proof. This follows from Theorems 1.3 and 2.14. [ |

A vertex z in a set S of vertices of G is a geodetic interior vertex of S if
x € Ig[S—{x}]. The set of all geodetic interior vertices of S is denoted by S°.
For a geodetic set S, we have (i) S° C S — Ext(G) and (ii) S° = S — Ext(Q)
if and only if S is an open geodetic set of G.
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Theorem 2.16. Let G and H be connected graphs such that H has a full
degree vertex vg. Then

g(GRH) <min{|S||T| — (|| —1)|5°| : S and T are geodetic sets of G and
H respectively }. Moreover, if H is an extreme geodesic graph, then

g(GXR H) =min{e(H)|S| — (e(H) — 1)|S°| : S is a geodetic set of G}.

Proof. Let S and T be geodetic sets of G and H respectively and let W =
((S=8°)xT)U(S°x{vg}). Then |W| = |S||T|—(|T|—1)|S°|. We show that
W is a geodetic set of GR H. Let (z,y) € V(GX H). Since T is a geodetic
set of H, y lies on a h — h’ geodesic P : h = hg,h1,....,hj =y, ..., hy =}
in H with h,h' € T. Now, we consider the following two cases.

Case 1. x € S—S°. Then, it follows from Theorem 1.1 that P’ : (z,h) =
(@, ho), (x, h1),...,(x, hj) = (x,y),...,(x, ) = (x,h') is a geodesic in
GXH with (z,h), (x,h') € (S—S°)xT. Hence (z,y) € Iaru[(S—S°)xT] C
Iemp [W].

Case 2. x ¢ S — S°. Then z lies on a g — g’ geodesic Q : g = go, g1, - - »
9i =T, Git1,---,9n = ¢, where 1 <i<n—1andg,g € S. We consider the
following three subcases.

Subcase 2.1. Both g, € S — S°. Let X = {g,¢'} x {h,h'}. Then, by
Lemma 2.10, (z,y) € Iegn[X] C Ieru[(S — 59) x T| C Igru[W].

Subcase 2.2. Both g,¢' ¢ S — S°. Then g,¢g' € S° Since vy is a full
degree vertex of H, it follows from Theorem 1.1 that Q1 : (g,v0) = (g0, v0),
(91,%0),---,(gi-1,0), (9:-y) = (2,9), (gi+1,v0),-- -, (gn,v0) = (¢'sv0) is a
(g9,v0)—(g',v0) geodesic that contains the vertex (z,y), where (g,v0), (¢, v0)
€ 59 x {UQ} CWw.

Subcase 2.3. g € S—S°and g’ ¢ S—S°. Then (g,h),(g,h"), (¢, v0) € W.
Let y # h,h/. Since diam(H) < 2 and y lies on the h — h’ geodesic P, it
follows that y is adjacent to both h,h'. Now, it is clear from Theorem 1.1
that Q2 : (9,h) = (90, 1), (91, %), (9,9) = (2,9),- -, (9n—1,¥), (gn, v0) =
(¢',v0) is a (g,h) — (¢’,v0) geodesic in GX H containing the vertex (z,y). If
y =hor I/, say y = h, then as above (z,y) lies on a (g, h) — (¢',v9) geodesic
Qs : (9:h) = (90,h),(91,R), -, (g:, 1) = (2,9),-- s (gn-1,R), (gn,v0) =
(¢',v9). Thus W is a geodetic set of GX H and the first part of the theorem
follows.
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Now, assume that H is an extreme geodesic graph. Then T'= Ext(H) is a
geodetic set of H. Let W; be a g-set of GX H. Then g(GX H) = |W;].
By Theorem 2.6, S1 = mg(W1) is a geodetic set of G. We first claim that
(S1—=5¢)xT C W;. Let (z,y) € (S1—5¢)xT. Then x ¢ S¢. If (z,y) ¢ Wi,
then there exists (u,v), (u/,v") € Wy such that (z,y) lies on a (u,v) — (u/,v)

geodesic P : (u,v) = (ug,v0), (u1,v1),..., (ui,vi) = (2,y),. -, (Um,Vm) =
(u/';v") with 1 < i < m—1. Since y is an extreme vertex of H, it follows from
Proposition 2.1 that 7g(P) : uw = ug,ug, ..., u; = ,..., Uy = isau—u

geodesic in G with z # u,u'. Thus z € I(u,u’) with u,u’ € S; and so x €
S¢, which is a contradiction. Hence (z,y) € W1 and so ((S1—S7)xT) C Wi.
Let X =W, —((S1—59)xT). Now, we claim that S¢ C ng(X). Let x € SY.
Then z € S;. Since S1 = me(W1), there exists y such that (z,y) € W;. Since
x ¢ S1—5¢, we have (z,y) € X and so z € mg(X). Thus S§ C 7¢(X) and so
189] < Ira(X)] < |X]. T |5¢] < [X], let W = (1 — 59) x T)U (¢ x {uo}).
Then, as in the first part of the proof of this theorem, W5 is a geodetic set
of GBI H. Now, [Wa] = (51— 59) x T + 15| < (51— ) x T\ + | X| = W3],
which is a contradiction to the fact that W is a minimum geodetic set of
G X H. Hence we have | X| = [S{| and so [W;| = |(S1 —S7) x T|+ |X| =
|(S1 = S9) x T|+1S7] = |S|T| — (|T'] — 1)]S¢|. This completes the second
part of the theorem. [ |

Corollary 2.17. Let G be a connected graph. Then
(i) 9(GR K,,) = min{n|S| — (n — 1)|S°| : S is a geodetic set of G},
(i) g(GXR K ,) =min{n|S| — (n —1)|5°| : S is a geodetic set of G}.

Corollary 2.18. Let G and H be connected graphs such that H is an ex-
treme geodesic graph with a full degree vertex. Then
e(G)(g(H) = 1) +9(G) < g(GRH) < e(G)(g(H) — 1) + 09(G).

Proof. Suppose that g(GRH) < e(G)(g(H)—1)+g(G). Then, by Theorem
2.16, there exists a geodetic set S of G such that e(H)|S|— (e(H) —1)|S°| <
e(G)(9(H) — 1) + g(G). Thus, e(H)|S| < e(G)(9(H) — 1) + 9(G) + (e(H) —
|S°]. Since S° C S — Ext(G) and e(H) = g(H), we have g(H)|S| =
H)|S| < e(G)(g(H)—1)+g(G)+ (e(H) —=1)(|S| —e(G)) = g(G) + (9(H) —
|S]. Hence |S| < g(G), which is a contradiction. Thus e(G)(g(H) — 1) +
9(G) < g(GKRH). For the other inequality, let S be a minimum open geodetic
set of G. Then og(G) = |S| and S° = S— Ext(G). By Theorem 2.16, we have
g(GRH) <e(H)|S| - (e(H) —1)|5°] = e(H)|S| — (e(H) = 1)(|S| — e(G)) =
e(Q)(e(H) — 1) + 0g(G). ]

~— N —

1
e
1
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Theorem 2.19. Let G be a connected graph and H an extreme geodesic
graph with a full degree vertex. Then g(GX H) = e(G)(g(H) — 1)+ 9(G) if
and only if g(G) = 0g(G).

Proof. Suppose that og(G) = g(G). Then the result follows from Corollary
2.18. Conversely, assume that g(GRH) = e(G)(g(H)—1)+9(G). Let W be
a g-set of GRH. Then |W| = e(G)(9(H)—1)+9(G) = e(G)(e(H)—1)+g(G).
By Theorem 1.2 and 1.3, W = (Ext(G) x Ext(H))UD, where D C V(GXH)
with (Ezt(G)x Exzt(H))ND = (). Hence |D| = g(G)—e(G) and so |[rg(W)| <
e(Q) + |ra(D)| < e(G)+|D| = g(G). By Theorem 2.6, m¢(W) is a geodetic
set of G and so it follows that |[7g(W)| = g(G). Now, we show that 7w (W)
is an open geodetic set of G. Let = € V(G) be such that = ¢ Ext(G). If
x ¢ mq(W), then, since (W) is a geodetic set of G, x lies as an internal
vertex of a g — ¢’ geodesic in G with g,¢" € 7g(W). Now, assume that
z € ng(W). First we prove that {z} x Ext(H) ¢ W. Otherwise, we have
{z}xExt(H) C W. Then, since Ext(G)x Ext(H) C W and 7 (W) contains
g9(G) — e(G) — 1 non-extreme vertices other than z, it follows that |W| >
e(H)+e(Ge(H) +(9(G) — e(G) —1) = e(G)(e(H) — 1)+ 9(G) + (e(H) ~1) >
e(G)(e(H) — 1) 4+ g(G), which is a contradiction. Thus {z} x Ext(H) ¢ W.
Hence there exists a y € Euxt(H) such that (z,y) ¢ W. Since W is a
geodetic set of GX H, it is clear that (z,y) lies on a (g, h) — (¢’, k') geodesic
P in GX H with (g,h),(¢’,h') € W and (x,y) # (g,h),(¢’,h'). Now, if
dig(h,h') > da(g,4'), then it follows from Proposition 2.1 that wg(P) is a
h — k' geodesic in H of length that of P so that y lies as an internal vertex
of g (P), which is a contradiction to y an extreme vertex of H. Hence, by
Proposition 2.1, mg(P) is a geodesic in G that contains the vertex x with
x # ¢g,9. Thus 7g(W) is an open geodetic set of G and |7g(W)| = g(G).
Hence 0g(G) = ¢g(G). |

Theorem 2.20. For integers 2 <r <s andn > 2, g(K, X K,) = 4.

Proof. If r > 4, then it is easily seen that g(K,s) = og(K, ) = 4 and
so by Theorem 2.19, g(K, s X K,) = 4. If r = 3, then g(K, ) = 3 and
0g(K,s) = 4. Hence it follows from Corollary 2.18 and Theorem 2.19 that
9(K, sXK,)=4. Now, let r = 2. Let (X,Y) be the partite sets of K3 s with
|X| =2. Now, X and Y are geodetic sets of K5 ,. Let S be any geodetic set
of Kos. If S =X or Y, then S° = () and so n|S| — (n —1)|S°| = n|S| > 4.
Assume that S # X,Y. Then |S| > 3. If |S| = 3, then |S°| = 1 and so
n|S| —(n—1)|S° =2n+1 > 5. If |S| > 4, then S° = S or |S°?| = 1.
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If [S°] =1, then n|S| — (n—1)|S°] > 3n+1> 7. If S° =S, then n|S| —
(n —1)|S8°] = |S|. Now, let S = {z1,22,y1,y2}, where 1,29 € X and
y1,y2 € Y. Then S is a geodetic set of Ky, with S° = S. Hence it follows
from Corollary 2.17 that g(K2 s X K,,) = 4. [

3. GEODETIC NUMBER AND DOUBLE DOMINATION

In this section, we obtain an upper bound for the geodetic number of some
strong product graphs in terms of the open geodetic number and double
domination number of the factor graphs. This upper bound is also improved
for certain classes of graphs.

Theorem 3.1. Let G and H be connected graphs such that G has no extreme
vertices. Then g(G X H) < 0g(G)yx2(H) — min{og(G),vx2(H)}.

Proof. Let S ={g1,92,...,09p} be an og-set of G and T' = {hq, ha, ..., hq}
a yxo-set of H. Let r = min{p,q} and U = S x T — |J;_,{(9:, hi)}. Then
|U| = pg — r. We show that U is a geodetic set of G X H. Let (g,h) €
V(GX H). Since S is an og-set of G and G has no extreme vertices, g lies
on a g; — g;j geodesic P : g; = up,u1,...,Us = g,Us11-..,U = gj for some
1 <s<t—1with g;,g; € S. Also, since T is a yx2-set of H, it follows that
h lies on a hy — h; path Q : hg, h, h; of length at most 2 with 1 < k #1 < m.
Note that if I(Q) = 1, then either h = hy or h = hy.

Case 1. i = k. Then i # [ and j # k. Hence (g;, ), (g5, hx) € U. Tt
follows from Theorem 1.1 that P’ : (g;, hy) = (uo, hy), (u1, hy), ..., (us—1, ),
(us, h) = (g,h), (wst1,hE), - -, (ug, hiy) = (g4, h) is a geodesic in GX H that
contains the vertex (g, h). Hence U is a geodetic set of G X H.

Case 2. i # k. We consider the following two subcases.

Subcase 2.1. j = 1. Then i # 1 and j # k. Then as in Case 1, U is a
geodetic set of GX H.

Subcase 2.2. j # 1. Then (g;,ht),(g;,) € U and it follows from
Theorem 1.1 that P” : (g;, hi) = (uo, hg), (w1, hg), ..., (us—1, hg), (us, h) =
(9,h), (Uss1,hy), .., (ug, ) = (g5, ) is a geodesic in G X H that contains
the vertex (g, h). Hence U is a geodetic set of G X H. |
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Definition 3.2. Let G be a connected graph. A double dominating set
S ={91,92,...,9p} of G is linear if for each g € V(G), there exists an index
i with 1 <4 < n such that g;,g;+1 € Nlg].

For the graph G in Figure 3.1, the set S = {v1,v2,v3} is a linear minimum
double dominating set.

U7 Ve

U1 (% U3
U4 Us
Figure 3.1. G

Any double dominating set consisting of exactly two elements is always
linear. For the graph G = K, ; (r = 1 and s > 3), the set of all vertices of
G is the unique double dominating set, which is not linear. For the graph
G =K, (r,s > 3), let S be a set of four vertices obtained by selecting
the first two vertices from one partite set and the last two vertices from the
other. Then S is a linear minimum double dominating set of G. The graph
K, s (r =2,s > 2) does not admit a linear minimum double dominating set.

Definition 3.3. Let G be a connected graph. An open geodetic set S =
{91,92,...,9p} of G is linear if for each g ¢ Ext(G), there exists an index
¢ with 1 <4 < n such that g lies as an internal vertex of a g;-g;+1 geodesic
in G.

For the graph G in Figure 3.2, the set S = {v1,v2,v3,v4, 5,06} is a linear
minimum open geodetic set of G.

V6 V4

U1 V2

U5 U3

Figure 3.2. G
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For the graph G = K, 5 (r,s > 2), let S be a set of four vertices obtained by
selecting the first two vertices from one partite set and the last two vertices
from the other. Then S is a linear minimum open geodetic set of G.

The following theorem gives an improved upper bound of Theorem 3.1.

Theorem 3.4. Let G and H be connected graphs such that G has no extreme
vertices. If G has a linear og-set and H has a linear vyxs-set, then

g(GRH) < LMJ

Proof. Let S = {g1,92,...,9p} be a linear og-set of G and T = {hq, ho,
... hg} alinear yxo of H. Let U =SXT =, cpenl(9i:hj)} Then [U| =
| BL|. We prove that U is a geodetic set of G X H. Let (g,h) € V(GKX H).
Since G has no extreme vertices and S is a linear og-set of G, it follows that
g lies on a g;-g;+1 geodesic P : ug,U1,...,Us = G, Ust1,...,U = Gi+1 With
1 <s<t—1for somel<i<p. Also, since T is a linear yyo-set of H, h
lies on a hj-hj1 path Q : hj, h,hjyq1 of length at most 2 with 1 < j < gq.

Suppose that ¢ + j is odd. Then (i + 1) + (j + 1) is odd and so
(9, 1), (gi+1,hj+1) € U. Now, it follows from Theorem 1.1 that P’ :
(gi7 hj) = (uo, hj)v (u17 hj)v oo (Us—1, hj)? (us,h) = (g,h), (u8+17 hj+1)7 ERR)
(ut, hj+1) = (git1, hj+1) is a geodesic in G X H that contains (g, ). Hence
U is a geodetic set of GX H.

Next, suppose that ¢ + j is even. Then i 4+ (j + 1) and (i + 1) + j are
odd and so (g, hj+1), (git1,h;) € U. Now, it follows from Theorem 1.1
that P : (gi, hj1) = (vo, hjt1), (U1, by, o (ts—1, hjs1), (us, h) = (g, h),
(Ust1,h5), ..., (ue, hj) = (git1, hj) is a geodesic in GRH that contains (g, h).
Hence U is a geodetic set of GX H. [

Corollary 3.5. Let G be a connected graph such that G has no extreme
vertices and G' has a linear og-set. Then, for integers r,s > 3, g(G X K, ;)
< 2 0g(G). Moreover, g(K;, s, ¥ Ky, 5,) <8 forri,s; >3,i=1,2.

Proof. For the graph K, (r,s > 3), let S be a set of four vertices
obtained by selecting the first two vertices from one partite set and the last
two vertices from the other. Then S is both a linear og-set as well as a linear
vx2-set of K, 5. Hence the corollary follows from Theorem 3.4. [ ]

Remark 3.6. Let r;,s; > 3 for i = 1,2. It follows from Corollary 2.12
that g(K,, s, XKy, 5,) < 9 if one of r; or s; is equal to 3 for i = 1,2 and
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9(Ky sy KK, 5,) < 16 for all r;,s; > 4 for i = 1,2. However, Corollary 3.5
gives a better bound for g(K,, s, K K, s, ).
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