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Abstract

For graphs F', G and H, we write F' — (G, H) to mean that any
red-blue coloring of the edges of F' contains a red copy of G or a blue
copy of H. The graph F is Ramsey (G, H)-minimal if F — (G, H) but
F* - (G, H) for any proper subgraph F* C F. We present an infinite
family of Ramsey (K7 2, C4)-minimal graphs of any diameter > 4.
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1. INTRODUCTION

All graphs considered in this paper are finite, undirected, without loops and
multiple edges. Let G be a graph with the vertex set V(G) and the edge set
E(G). The distance dg(u,v) between two vertices u and v in a graph G is
the length of the shortest path connecting them. The eccentricity of a vertex
u is the greatest distance between u and any other vertex in G. The diameter
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of a connected graph G is the maximum distance between two vertices in
G. If G contains vertices vy, vy, v3,v4 and edges vyva, VaU3, V34, V4V, V103,
we say that the edge viv3 lies inside 4-cycle v1v9v3v4.

Let F';, G and H be graphs. We say that F' contains G if F' contains
a subgraph isomorphic to G. We write F' — (G, H) if whenever each edge
of F' is colored either red or blue, then F' contains a red copy of G or a
blue copy of H. A graph F' is Ramsey (G, H)-minimal if F — (G, H) but
F* - (G, H) for any proper subgraph F* C F. The class of all Ramsey
(G, H)-minimal graphs is denoted by R(G, H).

Numerous papers study the problem of determining the set R(G, H).
Burr, Erdés and Lovasz [5] showed that R(K12,K12) = {Ki3,Cont1}
where n > 1. Later, Burr et al. [4] proved that if m,n are odd, then
R(K1m, K1) = {Kim4n-1}. All graphs belonging to R(2K3, K1 ,) for
n > 3 were presented by Mengersen and Oeckermann [7]. Borowiecki,
Hatuszczak and Sidorowicz [2] determined the class R(K 2, K1) for n > 3.

Luczak [6] proved that if G is a forest other than a matching and H is a
graph containing at least one cycle, then R(G, H) is infinite. It follows that
the set R(K1,2,Cy) is infinite for any n > 3. Borowiecki, Schiermeyer and
Sidorowicz [3] found all graphs in R(K 2,C3). Recently, Baskoro, Yulianti
and Assiyatun [1] gave a family of graphs belonging to R(K 2, C4), where an
infinite family of Ramsey (K 2, Cy4)-minimal graphs was stated only for di-
ameter 2. We present an infinite class of Ramsey (K 2, Cy)-minimal graphs
for any diameter > 4.

2. GRAPHS OF DIAMETER 4

We define some classes of graphs. Let ¢ > 6 be an even integer. Let G(t) be
a graph with the vertex set V(G(t)) = {v,v1,v2,...,v = vo} and with the
edge set E(G(t)) = {vvg : i =1,2,..., £y U{vjujp1:j=0,1,...,t — 1},

Let A;(t) be a graph with V(A1 (¢)) = V(G(¢))U{v’, v} and E(A(t)) =
E(G(t)) U {vv1, vy, vovg, v'vg, v'v1, vavg b
Let Az(t) be a graph with V(Ax(t)) = V(G(t)) U {vy,v, } for odd p €
{3,5,...,t =1} and E(Ax(t)) = E(G(t)) U {vov], vva, vp_ 1y, VpUps1}-

Let A3(t) be a graph with V (A3(t)) = V(G(t))U{v},v5} and E(As(t)) =
E(G(t)) U{vvs, vvhy, vavh, vovy, vive}.

We show that A;(t), A2(t) and As(t) are Ramsey (K2, C4)-minimal
graphs.
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Assertion 1. A;(t) € R(K12,Cy).

Proof. First we prove that A;(t) — (Kj2,C4). Consider any red-blue
coloring of the edges of A;(t). Suppose that there is no red copy of K2 in
the coloring. Since the edges vvg, vv1, vve, vgv1 and vevy lie inside 4-cycles,
we can not color them by red, because otherwise, we would have blue copies
of Cy in our coloring. We must color by red the edge vivs to avoid blue
4-cycle vvguive. Next, we must color by red the edge v'vy to avoid blue
4-cycle vugv'vy and the edge vvf to avoid blue 4-cycle vu{vgvi. Then all
the edges vv;, 7 = 0,2,...,t — 2 must be blue. It follows that to avoid blue
4-cycles vv;vj11vj42,] = 2,4,...,t —4, the edges vj;1v;2 must be red and
v;v;41 are blue. But since vy_3v;_2 and v'vg are red, we are not able to
avoid blue 4-cycle vv;_ov;—1vp which means that Ay (t) — (K12, Cy).

Now let us show that Aj(t) - (Kj2,C4) for the graph A} (t) ~ A;(¢)\
{e}, where e is any fixed edge of Ai(t). Let e = vjuyy1,l = 2,3,...,t — 1.
We can color by red the edges vv(,v'vy and v;v;41, where i = 1,3,...,
I—1;1+2,1+4,...,t—2if liseven,and i =1,3,..., 0 —2; 1+ 1,1+ 3,...,
t —2if [ is odd. We color by blue all the edges of A} (¢) that are not colored
by red.

If e = vu,l = 2,4,...,t, color by red the edges vv{,v'vg,v1v2 and
Vivi41,1 = 3,5,..., 1=3; 142,144, .., t—2. If e = vv{, vou|, or vov1, the edges
colored by red are vvg and v;v;41, where i = 1,3,...,t — 3. If e = vvi,v1v9
or vauy, we can color by red v'vi, vou, vve and vviy1,i = 4,6,...,t — 2.
Finally, if e = v'vg or v'vy, we color by red vvg,vov; and vy, 1 = 6,
8,...,t — 2. The other edges will be colored by blue. These colorings of
A7 (t) contain neither a red copy of K2 nor a blue copy if Cy. The proof
is complete. [ |

Assertion 2. Ay(t) € R(K12,Cy).

Proof. Let us show that Ay(t) — (K72,C4). We consider any red-blue
coloring of the edges of As(t) such that there is no red copy of K in
the coloring. In order to avoid blue 4-cycles containing at least one of the
vertices vy, vy, v, or vy, we must color by red one of the edges v;v, v;v1, vivy
for ¢ = 0,2 and one of the edges vjv,vjvp,vjv;, for j = p—1,p+ 1. Note
that if p =3 or p =t — 1, we must color by red the edge vvs or vvg. There
can be at most one red edge vv;,i € {2,4,...,t} in our coloring. It can be
seen that if all the edges vv;,¢ = 2,4,...,p — 1 are blue, we can not avoid

blue 4-cycle vvjv;1vj42 for some j € {2,4,...,p — 3}, and if all the edges
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vt =p+ 1,p+3,...,t are blue, it is not possible to avoid blue 4-cycle
vUjvj 110542 fora j € {p+1,p+3,...,t—2}. Therefore, Ay(t) — (K1 2,Cy).

To prove the minimality of Aa(t), consider the graph A3(t) ~ As(t)\{e}
for any fixed edge e € E(As(t)). Let e = vuyyq,l = 0,1,...,p. We can
color by red the edges ’U'UO,’UII)’UIH_l, Vivit1,t = p+2,p+4,...,t —3 and
VU1, where j = 1,3,...,0 — 1;1 + 2,0l +4,...,p—11if [ is even, and
i=13,...,0—=2;1+1,143,...,p—1iflisodd. If e =vv;,l =2,4,...,p+1,
the edges colored by red are vvg,vjv2, v,vp41 and vivit1,i = 3,5,...,1 —
3l4+2,14+4,....p—Lip+2,p+4,...,t — 3. The rest of the edges of A5(t)
will be colored by blue. There is no red copy of Ki 2 and no blue copy of
Cy in these colorings. The cases e = vgv], V]V2, Up—1Vp, VpUp 11, VjVj41,] =
p+1lp+2,....;t—1lore=ovv;,t =p+3,p+5,...,t are similar. ]

Assertion 3. A3(t) € R(Ki2,Cy).

Proof. We show that As(t) — (Ki2,Cy). Let us consider any red-blue
coloring of As(t). Assume there is no red Ko in the coloring. We can
not color by red the edges vve and wvvs, because they lie inside 4-cycles
vvhvgvg and vvgvgvy. We also can not color by red the edges vovh and vouvs,
because then, we would not be able to avoid blue 4-cycle vvgvyva, vUgV| vy OF
vov1vev}. It follows that to avoid blue 4-cycle vvhvavs, we must color by red
the edge vv}. Then the edges vv;,i = 2,4,...,t must be blue. Consequently,
if we want to avoid blue cycles vvgvive and vvgvjve, we must color by red
either the edges vov1,vjvs or the edges vov}, vive. The edges vjvji1,j =
2,3,...,t — 3 must be colored alternatingly by blue and red. It follows that
we can not avoid blue 4-cycle vvi_gvy_1v;. Hence, Az(t) — (K72,Cy).

In order to prove the minimality of A3(¢) we consider A%(t) ~ As(t)\{e},
where e is any fixed edge of A3(t). Let e = vju41,0 =0,1,...,t—1. We can
color by red the edges vvh, vov] and v;v;41, wherei =1,3,...,1—1;1+2,1+
4,...,t—2if [ is even (where i = 1,3,...,0 =21+ 1,1+ 3,...,t —2if [ is

odd). If e = vy, 1 = 2,4,...,t, the edges colored by red are vvh, vov], vivy
and vvip1,7 = 1,3,...,0 =31+ 2,1 +4,...,t —2. If e = vvg, vvh or vavh,
color by red vvg, vov] and v;v;11, where i = 4,6,...,t—2, and if e = vyv] or
vjvg, color by red vvg,vevh and v;vi41,4 = 3,5,...,t — 3. The other edges
will be colored by blue. The colorings of Aj3(t) contain neither a red K2
nor a blue Cy. This finishes the proof. [ |

It is easy to verify that the graphs A;(t),7 = 1,2, 3 have diameter 4 for t > 8,
and 3 if t = 6.



ON RAMSEY (K 2,C4)-MINIMAL GRAPHS 641

3. AUXILIARY RESULTS
Let us introduce Definitions 1 and 2.

Definition 1. Let F' be a graph with U C V(F'). For any given graphs G
and H, provided that the vertices in U are not incident to red edges, we
write F' — (G(U), H) to mean that any red-blue coloring of the edges of F
contains a red copy of G or a blue copy of H.

Definition 2. Let Uy C V(F) where |Uy| = p. Fori € {0,1,...,p—1} a
graph F' is Ramsey (G(Uyp);, H)-minimal if

(i) F — (G(U;), H), where U; is any subset of Uy such that |U;| = p — 1,
(ii) F* - (G(U;), H) for any proper subgraph F* C F,

(iii) F - (G(Uit+1), H), where U;41 is any subset of U; such that |U;11] =
p—1— 1.

Vertices in Uy will be called roots of F' and the class of all Ramsey (G(Up);, H )-
minimal graphs will be denoted by R(G(Uy);, H).

If F' is Ramsey (G(Up)o, H)-minimal, we write F' € R(G(Uy), H). Par-
ticularly, for Uy = (), F' is a Ramsey (G, H)-minimal graph.

We need to define the following families of graphs:

Lq(t) is a graph with V(L1(t)) = V(G(t)) U {v'} and E(L1(t)) =
E(G(t)) U {vvy,v'vg,v'v1,vov4}. Let us remind that G(t) is defined for an
even integer ¢t > 6.

Lo(t) is a graph with V(La(t)) = V(G(t)) U {v]} and E(Ls(t)) =
(G(6) U fuov), v}

Ls(t) is a graph with V(L3(t)) = V(G(t)) U {vy} and E(Ls(t)) =
(G(t)) U {vvy, vvp, vy}

Ms(t) = G(t) and Ms(t) is a graph with V(Ms(t)) = V(G(t)) and
E(Ms(t)) = E(G(t))\{vov1, vive} U {vvr, vivg, v05}.
Let s > 5 be odd. Mj(s) is a graph with the vertex set V(M;(s)) = {v,v1,
va,...,vs = vg} and with the edge set E(Mi(s)) = {vv;,i = 1,2,...,s}
U{Ujijrl, j=12,...,s—1}

We prove some lemmas characterizing the graphs defined above.

E
E

Lemma 1. (i) Lett > 8 and p € {6,8,...,t—2}. Then Li(t) € R(K1,2(vp),
Cy).

(ii) Let t > 10 and r,s € {6,8,...,t — 2}, r # s. Then Li(t) € R(Ki2
(?)T»,’Us)l,C4).
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Proof. (i) First we show that L;(t) — (K2(vp),Cs) for even integers
t,p, where t > 8 and p € {6,8,...,t — 2}. Provided that there are no red
edges incident to the vertex v, let us consider any red-blue coloring of the
edges of Li(t) such that we have no red copy of K in the coloring. Since
the edges vvy, vvg, v9v1 and vovy lie inside 4-cycles, we can not color them
by red, because then, we would have blue copies of Cy in our coloring. We
must color by red one of the edges vvg,viv9 and one of the edges vy, vivo
to avoid blue 4-cycles vvgvive and vvyvevy, which means that v1v9 must be
red in any case. Consequently, we color by red one of the edges vvy, v3vy
and one of the edges vvg, v'vg to avoid blue 4-cycles vvovzvy and vovgv'vy.

Since there can be at most one red edge vv;,i € {4,6...,t},7 # p, with-
out lose of generality we can assume that all the edges vv;,j = 4,6,...,p—2
are blue. In order to avoid blue 4-cycles vv;vj11vj42,j = 2,4,...,p — 4, we
must color the edges v;y1vj42 by red. Clearly, the edges v;v;41 are blue.
Then, since v,_3v,_2 is red and no red edge can be incident to v,, we have
blue 4-cycle vvp_ovp_1vp in our coloring. Hence, Ly (t) — (K 2(vp), Cy).

Now we prove that Lj(t) - (K12(vp),Cs), where Li(t) ~ Li(t)\{e} for
any fixed edge e € E(Lq(t)). Let e = vjvi11,0 = 2,3,...,p — 1. The edges
colored by red are vvg,v;viy1,i =p+1,p+3,...,t — 3 and v;v;11, where
j=13...,l—1L;l+21+4,...,p—2if [iseven, and j = 1,3,...,l — 2;
I+1,143,...,p—2if [ is odd.

If e =wvy;,l =2,4,...,p, we can color by red the edges vvg, v1v2, V;V;t1,
1=3,5,...,0=3;142,1+4,...,p—2;p+1,p+3,...,t—3. If e = vvg,vvy,v vy
or v'vy, color by red the edges vv,_o and v;v;11, where ¢ = 1,3,...,p — 5;

p+1,p+3,...,t —1. If e = vyv1 or v1ve, the edges colored by red are vvy
and v;vi41,7 = 2,4,....p—2;p+ 1,p+3,...,t — 1. If e = vavy, we color
by red v'vy,vve and vivii1, i = 4,6,...,p—2;p+1,p+3,...,t — 1. The
rest of the edges will be colored by blue. If e = vjv; 1, =p,p+1,...,t =1
or e =vvg, k=p+2,p+4,...,t — 2, we can analogously show that there
exists a red-blue coloring of L7(t) containing neither a red K2 nor a blue
C4 such that there is no red edge incident to the vertex v,,.

Clearly, Li(t) - (Ki2,C4), because Lqi(t) C Ai(t). Hence, Ly(t) €
R(KLQ('UP), 04)

(ii) From the proof of part (i) we get Li(t) — (Ki2(vp),Cs) for p €
{6,8,...,t =2}, Li(t) » (Ki12(vp),Cy) for Li(t) ~ Lq(t)\{e}, where e is
any fixed edge of L1(t), and L;(t) - (Kj2,C4). This shows that for ¢ > 10
one has Li(t) € R(K12(vr,vs)1,C4), where r,s € {6,8,...,t — 2},r # s.
The proof is complete. [ |
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Lemma 2. (i) Lett > 6 and p € {4,6,...,t—2}. Then La(t) € R(K12(vp),
Cy).

(ii) Lett > 8 and r,s € {4,6,...,t — 2}, r # s. Then La(t) € R(Ki2
(?)T»,’Us)l,C4).

Proof. (i) We prove that La(t) — (K1 2(vp),Cs). Consider any red-blue
coloring of the edges of La(t) such that there is no red edge incident to
the vertex v,. Assume that we have no red K in the coloring. We must
color by red one of the edges v;v, v;v1,v;v} for i = 0,2 to avoid blue 4-cycles
containing at least one of the vertices v1,v]. Note that there can be at
most one red edge vv;,i € {2,4,...,t},i # p in our coloring. It is easy
to show that if all the edges vv;,i = 2,4,...,p — 2 are blue, we are not
able to avoid blue 4-cycle vvjv;11vj42 for some j € {2,4,...,p — 2}, and if
v, i = p+2,p+4,...,t are blue, we can not avoid blue 4-cycle vv;v;11v;12
fora j € {p,p +2,...,t— 2}. Lg(t) — (KLQ('Up), Cy).

Consider L3(t) ~ La(t)\{e} for any fixed edge e € E(L2(t)). We show
that L3(t) - (Ki2(vp),Cs). Let e = vuqy,0 = 0,1,...,p— 1. We can
color by red the edges vvg,v;v;11,t = p+ L,p+3,...,t — 3 and the edges
VU1, Where 5 = 1,3,...,0 = ;1 + 2,0l +4,...,p— 2 if [ is even, and
i=13,...,0—2;1+1,1+3,...,p—2iflisodd. If e =vv;,[ =2,4,...,p,
the edges colored by red are vvg, v1v2, V;V;41,8 = 3,5,...,1—=3;1+2,1+4, ...,
p—2;p+1,p+3,...,t—3. The other edges are colored by blue. The cases
e = voul, viva, vuir1, L =p,p+1...;t—1and e = vvg, k =p+2,p+4,...,t
are similar.

Finally, since Lo(t) C A(t), it is evident that Lo(t) - (K2, Cy).

(ii) The proof follows from the previous part. [

Lemma 3. (i) Lett > 6 and p =0 ort —2. Then L3(t) € R(K12(vp),Ca).
(ii) Lett > 6. Then L3(7f) € R(KLQ(UQ,Ut,Q)l, 04)

The proof is analogous to the proofs of Lemma 1 and Lemma 2.
Lemma 4. Let s > 5. Then M;(s) € R(Kj2(v1,vs),Ca).

Proof. Let us show that M;(s) — (Kj2(vi,vs),Cs). Provided that the
vertices v1, vs are not incident to red edges, we consider any red-blue coloring
of Mi(s) such that there is no red copy of Ko in the coloring. If we color
by red some edge vv;,i € {2,3,...,s— 1}, we have blue 4-cycle vv;_1v;v;41.
Therefore, all the edges vv;,i = 1,2,...,s must be blue. In order to avoid
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blue 4-cycles vv;_1vjvj41 and vvjvj41vj42,7 = 2,4,...,s — 3, the edges
v;vj41 must be red. Then we are not able to avoid blue 4-cycle vvs_ovs_10s.
We prove that M{(s) - (K12(v1,vs),Cs), where M;(s) ~ Mi(s)\{e}
for any fixed edge e € E(M;(s)). Let e = vjvj41,0 =1,2,...,5s — 1. We can
color by red the edges v;v;11, where i =2,4,... 1 —2;1+1,14+3,...,s—2
if [ is even, and ¢ = 2,4,..., 0l — ;1 + 2,01+ 4,...,s — 2 if [ is odd. Let
e =vv,l =3,4,...,s. The edges colored by red are vv;_1 and v;v;4+1, where
1=24,...0—41+1,1+3,...,s —2if liseven, and ¢ = 2,4,...,l — 3,
I+2,14+4,...,s—2if  is odd. We color by blue all the edges of M (s) that
are not colored by red. The cases e = vv; or vvy can be handled similarly.
Finally, My(s) - (Ki2(vp),Cy) for p =1 (for p = s), since there exists
a red-blue coloring of Mj(s) containing neither a red Kj 2 nor a blue Cy
such that there is no red edge incident to v,. It is enough to color by red the
edges v;vi11, where i = 2,4,...,s — 1 (where i = 1,3,...,s — 2) and color
by blue the rest of the edges. This finishes the proof. [

Lemma 5. Let t > 6. Then M3(t) € R(K72(vo,v2),Cy).

Proof. Let us consider any red-blue coloring of M3(t) such that the ver-
tices wvg, vy are not incident to any red edges. We show that Mj(t) —
(K1,2(vo,v2), Cya). Suppose that we have no red K in the coloring. We
can not color by red the edges vvy and vvs, because they lie inside 4-cycles
vu1vavs and vvgusvg. It follows that we must color by red the edge vsvy to
avoid blue cycle vvovsvy, and the edge vvy to avoid blue cycle vvivgvs.
But then, it is not possible to avoid blue 4-cycle vv;vj11vj42 for some
j €{4,6,...,t— 2}, which shows that M3(t) — (K1 2(vo,v2),Cy).

Now consider the graph Mj3(t) ~ Ms(t)\{e}, where e is any fixed
edge of M3(t). Let us prove that Mj3(t) - (Ki2(vo,v2),Cs), Let e =
v+, L = 2,3,...,t — 1. We can color by red the edges vv; and v;vi11,
wherei =3,5,...,1—1;1+2,1+4,...,t—2ifliseven, and i = 3,5,...,[—2;
I+1,143,...,t—2if lisodd. If e = vv;,l = 2,4, ...,t, the edges colored by
red are vv; and v;v;41, where i =3,5,..., 1 —=3;1+2,1+4,...,t —2. If e =
VU1, VU5 Or V14, We color by red the edges vvs and v;v;41,7 =6,8,...,t —2.
The rest of the edges will be colored by blue. The colorings of M3 (¢) contain
neither a red copy of K2 nor a blue copy of Cj.

In order to show that M3(t) - (Ki2(vp),Cy) for p =0 (for p = 2) it
suffices to color by red the edges v;v;11,7 = 2,4,...,t—2 (the edges vv; and
viVi4+1,% = 3,5,...,t — 1) and color by blue all the other edges. [ |
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Lemma 6. (i) Lett > 6 and p € {2,4,...,t}. Then Ms(t) € R(K12(v,vp),
Cy).
(ii) Lett > 8 and p € {4,6,...,t —4}. Then Ms(t) € R(K1,2(vo,vp), Ca).

The proof is similar to the previous proofs.

4. MAIN RESULTS

Let n > 4. Let My,,j = 1,2,...,k be any graphs with roots 74, 1, 74,2 such
that My, € R(K12(ra;,1,7a;,2),Cn). Let Ly,,i = 1,2 be any graphs with a
root rp, such that Ly, € R(K;2(rp,), Cr) and let L be any graph with roots
71,79, Where L € R(K172(T1,T2)1, Cn)

Let P(ai,as,...,ax) be a graph which consists of k graphs M,,, M,,,

..y Mg, , where the vertex rq, 2 is stuck to the vertex rq; ;1,5 = 1,2,...,

k — 1. A graph C(a1,as,...,a) is defined in the same way with the only
difference that 74, 1 is stuck to rq, 2 as well.

Finally, we define the following families of graphs:
By(C(ay, ay,. .. a;, ), Plar,a, ... ag,)),k1 > n+ 1,kp > 1, is a graph

that consists of the graphs C(a},ay,...,a} ) and P(a1,as,...,ax,), where
the first root of M,, is stuck to any root x of C(a’,d,...,a; ) and the
second root of Mg, is stuck to any root y of C(a},ay, ... ay ), where

dC(a’l,a’Q,...,a%)(ma y) + dP(a1,a2v-"’ak2)(ma y) >n+ 1

Byo(L, P(ay,as,...,a;)),k > n, is a graph which consists of the graphs
L and P(ay,aq,...,ax), where the first root of M,, is stuck to the first root
of L and the second root of M,, is stuck to the second root of L.

Bs(Ly,, P(a1,as,...,ax),Ly,),k > 0, is obtained by sticking the first
root of Mg, to the root of Lj, and the second root of M,, is stuck to the
root of Ly,.

By(C(ay,ay,...,ay,), Plai,az,...,ak,), Claf,ay,...,a}.)); ki, ks >
n+ 1,k > 0, is constructed by sticking the first root of M,, to any root
of C(ay,ay,...,a; ) and the second root of M,,, is stuck to any root of
C(af,a3,...,ay,).

Bs(Ly,, P(a1,az, ..., ar,),C(a}, ay, ... ay,)), k1 > 0,k2 > n+ 1, is ob-
tained by sticking the first root of M,, to the root of L;, and the second
root of My, is stuck to any root of C(ay,ay, ..., aj,).

The graphs defined above will be also denoted briefly by By, B, ..., Bs.
The graphs Ma;,i =1,2,..., k1 and M,;,7 =1,2,..., ky will be called seeds
of By. Seeds of By, B3y, By and By can be defined analogously. We show
that By, Bs,. .., Bs are Ramsey (K 2, Cy,)-minimal graphs.
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Theorem 1. By € R(K;2,Cp).

Proof. First let us show by contradiction that B; — (Kj2,C)). Assume
that By - (K2,Cy). Since M, € R(K;, 2( 1T 2),Cn)yi = 1,2,... ks
and My, € R(K12(ra;,1,7a;,2), ¢ w),J = 1,2,. k:gl, by part (i) of Defini-
tion 2, We must color by red at least one edge 1n61dent to some root in M, '
(in Mq,) to have a red-blue coloring of the edges of M, (of M,;) that con-
tains neither a red copy of K12 nor a blue copy of C),. But then, we have
at least k1 + ko red edges incident to roots in Bi. Because the number of
different roots in By is k1 + ko — 1, there must be a red copy of Ko in any
coloring of By. A contradiction.

In order to prove the minimality of B; it suffices to show that B} -
(K12,Cy), where Bf ~ By\{e} for any fixed edge e € E(B;). Suppose e €
E(M,) where i € {1,2,...,k1}. (The case e € E(M,,),j € {1,2,. kg}
can be handled similarly). Then M *, ~ My \{e}. We know that M y
(K1,2(ra; 1,74, 2), Cn), which means that there exists a red-blue colorlng of
the edges of M *, containing neither a red copy of K2 nor a blue copy of
C,, such that the roots Tal1>Tal,2 Ar€ NOL incident to red edges in M.

From Definition 2 it follows that in any other seed of B we must color
by red some edges incident to any fixed root, while the second root does not
have to be incident to red edges of the seed to have a red-blue coloring of the
seed containing no red K2 and no blue C),. Note that since the coloring
contains no red Ko, there must be just one red edge in the seed which is
incident to the fixed root.

Thus, we can color the edges of Bj such that every root is incident to
exactly one red edge. We do not have any red copy of K2 in the coloring
of Bf. Since the number of seeds in C(a},ay,...,a; ) is ki > n+ 1 and
dc(a/vaé’.“’a;l)(w,y) + dp(ah%___’a@)(x,y) > n+ 1, we do not have any blue
copy of C,, in the coloring of B} as well. This finishes the proof. [

Theorem 2. By € R(K2,Cp).

Proof. We show that By — (Kj2,Cy). Suppose the contrary, let By -
(K12,Cp). Since M, € R(Ki12(re;1,7a,2),Cn), @ = 1,2,...,k and L €
R(Ki2(r1,7m2)1,Cy), from part (i) of Definition 2 it follows that we must
have at least one red edge incident to some root in M,, to obtain a red-blue
coloring of the edges of M,, containing neither a red copy of K2 nor a blue
copy of C,,.
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In any red-blue coloring of L that contains no red Kj o and no blue C,,
there must be at least one red edge ey incident to the first root in L and at
least one red edge es incident to the second root in L, where the edges e, eo
are not necessarily different. Because the number of different roots in B is
k + 1, there must be a root incident to at least two red edges. We have a
red copy of K12 in the coloring of B, a contradiction.

Let us prove that By - (Ki2,Cy) for By ~ Bj\{e}, where e is any
fixed edge of By. We distinguish two cases:

a) Let e € E(M,,;) where i € {1,2,...,k}. Then M; =~ M,\{e} and
My - (K1,2(ra;,1,7a;,2), Cn), which says that there exists a red-blue coloring
of M;z containing neither a red K2 nor a blue C),, where there are no red
edges incident to the roots rg, 1,74, 2 in M.

Now consider all the other seeds M,,,j = 1,2,...,k, j # i and L. By
Definition 2, in any seed M,; we must color by red some edges incident to
any fixed root to have a red-blue coloring of M, that contains neither a red
K12 nor a blue C,,. The second root does not have to be incident to any
red edge of M,;. Since the coloring does not contain any red K 2, the fixed
root is incident to exactly one red edge in M,;. In the seed L, if we have
exactly one red edge incident to the first root and one red edge incident to
the second root, there exists a red-blue coloring of L that does not contain
any red K and any blue C,.

It follows that it is possible to color the edges of Bj such that every
root is incident to exactly one red edge, hence there is no red K in the
coloring of B3. Because the number of seeds in B3 is k+1 > n+ 1, there is
also no blue C), in the coloring.

b) Let e € E(L). Then L* ~ L\{e} and L* - (K12(r;),Cr),j = 1,2,
which means that there is a red-blue coloring of L* that contains neither a
red K7 nor a blue C),, where there is no red edge incident to r; in L*. Note
that the other root can be incident to at most one red edge in L*, otherwise
we have a red K o in the coloring of L*.

Consider the seeds M,;, j = 1,2,...,k. Analogously as in case a) it
suffices to color by red exactly one edge of M,; which is incident to any
root, while the second root does not have to be incident to any red edge in
Maj to have a red-blue coloring of Maj that contains no red Ki 2 and no
blue C,,, Then we are able to color Bj such that we have neither a red K o
nor a blue C}, in the coloring. The proof is complete. [ |

Theorem 3. Bs € R(K;,Ch).
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Proof. Let us prove by contradiction that Bs — (Kj2,C),). Because
Mai S R(Kl,Z(Tai,laTa,—,Z)nd)y i = 1,2,....k (because Ma} S R(KLQ
(raQ,l,ra}Z),Cn), Jj=12,... ks and Ly, € R(K;2(1,),Cr)), in any red-
blue coloring of M, (of Ma;_, Ly,) that contains no red K2 and no blue

C),, there must be at least one red edge incident to some root in M, (in
Ma;_, Ly, ). Then there are at least k; + k2 + 1 red edges incident to roots in
Bs. Since the number of roots in Bs is k1 + ko, we have a red K in any
coloring of Bs. A contradiction.

We show that BZ - (K 2,Cy) for the graph BZ ~ Bs\{e}, where e
is any fixed edge of Bs. Assume that e € E(M,,) where i € {1,2,...,k1}.
(The cases e € E(Mag),j €{1,2,...,ka} and e € E(Lyp,) are similar.) Then
My ~ Mg, \{e} and M, -+ (K12(7a;1,7a;,2), Cn), which means that there
exists a red-blue coloring of M; containing neither a red K2 nor a blue Cy,
such that 74, 1,74, 2 are not incident to red edges in M, .

In any other seed of Bg, if one of the roots is not incident to red edges
of the seed and the second root is incident to exactly one red edge, there
exists a red-blue coloring of the seed that contains neither a red K2 nor a
blue C), (in Ly, we have just one root which is incident to one red edge of
Ly ).

Hence, it is possible to color the edges of Bf such that every root is
incident to exactly one red edge and there is no red K o in the coloring of
Bs. Because the number of seeds in C(a},aj,...,ay,) is k2 > n + 1, there
is no blue C,, in the coloring as well. [ |

Similarly as Theorem 3, we can prove the next theorem.
Theorem 4. B3, By € R(K12,Cy).

Theorems 14 in combination with Lemmas 1-6 give infinite families of
Ramsey (K 2,C4)-minimal graphs.

For example, the graph Bs(L,,(t}), P(a1,as,...,a;), L,(t})), where
P(a1,az,...,ax) consists of the graphs M, (t;),j = 1,2,...,kand aj,m,n €
{1,2,3} is a Ramsey (K 2,Cy)-minimal graph. Values of the parameters
th,t5,t; follow from Lemmas 1-6.

Let Bs(Ly,(t)), P(ai,az,...,ar), Ly(th)) contains exactly r seeds
M>(tj),j € {1,2,...,k} such that the vertex which has degree ¢;/2 in Ms(t;)
is one of the roots of Mpy(t;) and let B3(Ly(t}), P(ai,as,...,a), Ln(t))
also contains z seeds Lj3(6) with the root denoted by vy in L3(6). Note
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that 0 < r < k and 0 < z < 2. It is easy to show that the diameter of

B3 (L, (t), P(ay,az, ... a), Ly(th)) is 2k + 6 — r — z, since

e the eccentricity of the root of L;(t') is 3 for i = 1,2,3 and any t’ except
for the eccentricity of vy in L3(6) that is equal to 2,

e the distance between two roots in M;(t) is 2 for i = 1,3, while in Ms(t)
the roots can be adjacent.

It follows that we found an infinite class of Ramsey (K g2,Cy)-minimal
graphs for every diameter > 4. The problem of existence of an infinite
family of Ramsey (K7 2,C4)-minimal graphs of diameter 3 remains open.
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