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Abstract

An injective map from the vertex set of a graph G—its order may not
be finite—to the set of all natural numbers is called an arithmetic (a
geometric) labeling of G if the map from the edge set which assigns
to each edge the sum (product) of the numbers assigned to its ends
by the former map, is injective and the range of the latter map forms
an arithmetic (a geometric) progression. A graph is called arithmetic
(geometric) if it admits an arithmetic (a geometric) labeling. In this
article, we show that the two notions just mentioned are equivalent—
i.e., a graph is arithmetic if and only if it is geometric.
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All graphs considered in this article are countable and simple. The set of all
positive integers is denoted by N and N = {0} UN. For basic information
about graph theory we rely on [7]. Let G = (V, E) be a graph and f be any
map from V to N; we associate with f two maps from E to N, denoted by
ftand f*: foralluv € E, f(uv) = f(u)+ f(v) and f*(uv) = f(u) x f(v).
If f and f* are injective and the elements of f*(F) form an arithmetic
progression—i.e., if this set can be written as {k+nd : n € Nand n < |E|}—
then f is called an arithmetic labeling of G. (For information about this
labeling for finite graphs, see [1, 2].) If f and f* are injective and the
elements of f*(E) form a geometric progression—i.e., if this set can be
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written as {ar”™ : n € N and n < |E|} where r may not be an integer—
then f is called a geometric labeling of G. (For details about this labeling
for finite graphs, we refer the reader to [4, 5]; in this connection, see [3]
also.) If a graph admits an arithmetic (a geometric) labeling then it is
called arithmetic (geometric). If o is an arithmetic labeling of a graph G,
then the map: v — 2°") where v € V(G) is a geometric labeling of G.
Thus, if a graph is arithmetic then it is geometric also. The objective of this
article is to prove the converse; to this end, we begin with a simple result.

Lemma 1. Let f be a geometric labeling of a graph G = (V, E) and f*(E) =
{ar™ :n € N and n < |E|}. Let H be a component of G and p, q be two
vertices of H. If the distance between p and q is odd, then for some n € Z,
fp)f(q) = ar™; otherwise for some n € Z, f(q) = f(p)r™. If H is not
a bipartite graph, then for each x € V(H), there is some n € 7Z such that

(f(2))* = ar™

Proof. If x € N(p), then for some n € Z, f(p)f(z) = ar™; if w is a vertex
of H such that d(w,p) = 2, then it is easy to verify that f(w) = f(p)r™ for
some n € Z. Thus continuing, we obtain the following: If d(p, ¢) is odd, then
for some n € Z, f(p)f(q) = ar™; otherwise for some n € Z, f(q) = f(p)r".
Now suppose that H is not bipartite. Then either A := {x € V(H) :
d(z,p) is odd} or V(H) \ A is not an independent set of H; therefore either
in Aorin V(H)\ A, there exists a pair of adjacent vertices u, v. By the
hypothesis, for some k € Z, f(u)f(v) = ar®. If u,v € A, then by what has
been derived above, for some m,n € Z, f(p)f(u) = ar™ and f(p)f(v) = ar”
whence by the preceding three equalities, it follows that (f(p))? = ar® for
some ¢ € Z; if u,v € (V(H)\ A) then for some m,n € Z, f(u) = f(p)r™ and
f(v) = f(p)r™ whence for some ¢ € Z, (f(p))? = ar’. Since p is arbitrary,
the second part of the conclusion also holds. [ |

Proposition 2. Let G = (V,E) be a graph such that the number of its
nontrivial components which are bipartite is finite. If G is geometric, then
it 15 arithmetic.

Proof. We can assume that G has no isolated vertices. Suppose that f is
a geometric labeling of G. Let U be the union of the vertex sets of all non-
bipartite components and (A4;, B;), i = 1,2,...,n — 1 be the bipartitions of
the remaining components. (see Definition 1.2.17 of [7].) Let f*(E) = {ar" :
ke N and k < |E|}. For each i € {1,2,...,n— 1}, choose a vertex z; € A;.
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Let v be a vertex in U. By Lemma 1, for some k € Z, (f(v))? = ark;
therefore 2log f(v) — loga is an integer, viz., k. (In this proof, ‘r’ is the
base for every logarithm.) For any i € {1,2,...,n—1}, let x and y be
vertices in A; and B;, respectively. Then by Lemma 1, for some j, k € Z,
F(z) = f(z:)r and f(y)f(z:) = ar*. Therefore [log f(x)—log f(z:)] = j € Z
and [log f(y) + log f(x;) —loga] =k € Z. Let

u = [max{2nloga+n, 2nlog f(z;):i=1,...,n—1}].

Define a map ¢ : V +— Z as follows.

For all z € U, g(z) = n[2log f(z) — loga] + u; if i € {1,2,...,n—1},
then for all z € A;, g(x) = 2nllog f(x) —log f(x;)] + i+ p and for all z € B;,
9(x) = 2n[log f(z) + log f(x;) —loga] — i+ p.

It is easy to verify that if x € W and y € V \ W where W € {U, A;,
B;:i=1,...,n—1}, then g(x) # g(y) (mod 2n); using this fact, we find
that g is injective. By the choice of pu, clearly for each v € V(G), g(v) > 0.
For each e € E, it can be verified that g*(e) = 2nlog f*(e) + 2u — 2nlog a.
Therefore g is injective and the elements of g™ (F) form an arithmetic
progression. Thus it follows that g is an arithmetic labeling. [ |

Corollary 3. If a graph is finite and geometric, then it is arithmetic.

For another proof of Corollary 3, see [6]. It is easy to find the graphs—
finite and infinite—which are arithmetic; e.g., it can be verified that every
finite path, the infinite path with one leaf and every complete graph whose
order is less than 5 are arithmetic and it can be shown that every complete
graph with at least 5 vertices—it can be infinite—is not arithmetic. (For
more examples of finite arithmetic graphs, see [1, 5].) The next result which
yields a class of infinite graphs which are arithmetic, plays a decisive role in
settling the main result, viz., Theorem 5.

Theorem 4. Let G = (V, E) be a graph such that its order is countable and
the number of its nontrivial components which are bipartite is infinite. Then
G is arithmetic.

Proof. First consider the possibility that the number of components of
order 2 is infinite. Let H be the union of all other components. Let f be
an injective map from V(H) to {2""3 : n € N}. It can be verified that f+
is injective and J := {n € N : 8n ¢ fT(E(H))} is infinite. We can take
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{H; : j € J} as the set of all components which are copies of Ko. Let f be
extended to a map g : V +— N so that for each j € J, g(V(H;)) = {45 — 1,
45 +1}. Then g and g* are injective and g™ (E) = {8n : n € N}; i.e., g is
an arithmetic labeling of G.

So, let us assume that the number of components which are of order
2 is finite. Let V' = {vy,vs,v3,...}. Let Z be the union of the vertex
sets of all components each of which is either non-bipartite or K9 or Kj.
Inductively we construct for each n € N, an induced subgraph G,, and a
map f, : V(Gy) — N such that the conditions (a), (b), ..., (f) and (g)
given below are fulfilled.

(a) For each x € V(G,,), there exists an integer k € {0,1,3,5,7} such that
fn(z) = k. (8is the modulus of every congruence occurred in this proof.)

(b) X, NZ=0=Y,NZ and Z,, C Z where X,, = {z € V(G,) : fo(z) =
lor 5} Y, ={z e V(G,) : folr) =3 or 7} and Z, = {x € V(G,) :
fn(z) =0}.

(c) fn is injective and f,7(E(Gy)) = {8k :k=1,...,|E(G,)|}-

(d) If n > 1, then V(G,—1) C V(Gy,) and f, is an extension of f,_1.

(e) There exist a vertex a,, € X,, and a vertex 3, € Y,, such that they
are adjacent and for each € X, f,(z) < fu(ay), for each z € Y,
fn(z) < fr(Bn) and for each x € Z,,, fn(an) > fu(z) < fu(Bn).

(f) {v1,ve,...,0,} CV(Gy).

(g) If (A, B) is the bipartition of a component of G — Z and z,y belong to
V(Gm) N (AU B), then the following hold.

r,yeAorx,y e B = fu(x)= fn(y) and
re€A yeB = fuolz)+ fuly) =0.

We can assume that vi,v9,v3 ¢ Z and vy is adjacent to both vy and vs.
Let G1 = G[v1,va,v3]. Set fi(v1) = 1, fi(ve) = 7 and f1(vs) = 15. Let
a; =wv; and 1 = vs. Then (a), ..., (f) and (g) are satisfied for n = 1. Now
suppose for some m € N, there exists an induced subgraph G, and a map
fm : V(Gp) — N satisfying the conditions listed above. Let us construct the
subgraph G,,+1, the map f,, 11 and set the vertices au, 11, Bmt1 as described
below.
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Case 1. vpi1 € V(Gp).
Let Gm+1 = G, fm+1 = fm, Qg1 = Qy and ﬁm—l—l = Bm-

Case 2. Vi1 € (Z\V(Gp)).

Let J ={j € N:v; € V(Gpn)NN(Vmm41)}. (J may be empty.) Let L = {1,2,

20— 1,204\ {& fn(vj) : j € J} where £ = § fr(cmfBm). For each k € L,
choose a distinct component Hy of G — Z so that V(Hg) NV (Gy,) = 0
and let xp,yr be two adjacent vertices of Hy. Let V(Gpt1) = V(Gp) U
{m+1,25,y; : j € L}. For each z € V(Gy,), let frpi(x) = fm(x). Set
1 (Uma1) = fif (mfBm). For each k € L, set fii1(xk) = fin(am) + 4k
and fit1(yk) = fm(Bm) + 4k. Note that X1 = X, U{xx : k € L},
Yint1 =Y U{yr : k € L} and Zp 11 = Zpy U {1} Let appp1 = 290 and
Bm+1 = y2e. It can be verified that |E(Gy1) — E(Gp)| = |J| + |L| = 2¢
and {f$+1(6) te € BE(Gp) — E(Gn)} = {f$+1(vkvm+1) i ke JpU
Ufies () 5 € L = Lo (comB) + 8k - 1 < K 20},

Case 3. Vi1 € (ZUV(Gr)).
Let (S,T) be the bipartition of the component which contains v,,11. By
(g), we can assume that X,, N T =Y,, NS = 0. Assume that v,,41 € S.
Let J ={j € N:v; € V(Gn) N N(vm41)}. (J may be empty.) Let the
number p be chosen in {0,4} as follows: If V(G,,) N (SUT) =0, p = 0.
Otherwise, let uw € V(Gp,)N(SUT); when u € S, p+ fi(am) = f(u); when
u €T, p+ fmlam) + f(u) = 0. (Note that by (g), for all z € SNV (Gp,),
p+ fm(am) = fm(z) and for all x € TNV (G, p+ fin(am)+ fm(x) = 0.) Let
¢ = L[ (qmBm)+p]—1. Note that for each j € J, fr(um)+ fm(v;)+p < 8C.
Let L = {1,2,.... 0} \ {&[fm(cm) + fm(vj) + p] : j € J}. For each k € L,
choose a distinct component Hy of G — Z so that V(Hg) NV (Gy,) = 0
and let xg,yr be two adjacent vertices in Hy. Let y, be chosen so that
degys > 2. Let x4y1 be a neighbour of yy, other than xy. Let V(G41) =
V(Gm)U{vm+1, Tos1 }U{zk, yr : k € L}. For each x € V(Gy,), let fri1(x) =
fm(x). Set foi1(vms1) = fit(amBm) + fm(am) + p. For each k € L, set
Jm1(xr) = fmlam) + 4k and fr1(yr) = fn(Bm) + 4k, Set fry1(zep1) =
fm+1(ze) + 8. Note that X1 = X U{zr + K € L} U {xpi1,Vms1}s
Yini1 = Yiu U{yr : k € L} and Z,p1 = Zp. Let aupyr = xp4q and
Bm+1 = ye. We find that |E(Gpt1) — E(Gw)| = |J| + L] +1 =10+1
and {f71(€) : € € B(Gi1) - B(Gu)} = iy (vvmsr) : j € JHU
(i (@ryn) = k€ LYU{ S 1 (yewen)} = {f (@mBm) +8k : 1 <k < £+1}

In each of the three cases, it can be routinely verified that the conditions

(a), ..., (f) and (g) hold when n = m + 1. Since U2,V (G,) = V(G) and
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for each n € N, f,11 is the extension of f,, we have an injective map
f 'V — N such that for each n € N, f,, is the restriction of f to V(G,).
Since f1(E) = {8k : k € N}, f is an arithmetic labeling of G. ]

Combining Proposition 2 and Theorem 4, we find that if a graph is geo-
metric, then it is arithmetic. We have already noted that every arithmetic
graph is geometric. Thus we obtain the following.

Theorem 5. A graph is arithmetic if and only if it is geometric.
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