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K1,3 ¡ 0 ≤ i ≤ k − 1 ¢ � ��� �H� ��� ��� � ��� £ � � ¤^� � � � � � � i
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� � ��� � � � �£ � � � � � � �I� �.� � � � � �
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� ���^� � � � � �?� �H� � �F� � � � �D£ � � � � � � ��� �I� � � � � �
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Ci+1 ¥F¦ � � � � �� ¤
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� � �F� � �

{t1, t2, . . . , tk−1} ¥¨ ��� ��� ���?�I� ¤��.�?� � ��� � � ��� �D� � � � �?� � � � � ��� �D� � � � ��� ©���� �D�   ¤
FS(1, k)

©
FS(2, k)

� ���
FS(3, k) ¥	ª � ��� � � � � FS(j, k) ¡ j ∈ {1, 2, 3} ¢ � ��� � ��� � � � ��I� � � �D� � �^� � �"� ��£ � � � � � � �

∪i=k−1
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j
� ¤ �   � � ¡ � � � �F� ��� �� � �I� � � � ���
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p ≥ 2

© � � �I� � �I« � �.� ��� ��� � ¬ ��� �  � � �D� ¤�¨ � � � � �® ¯ ° ¢ ¥ ���"� � � � � �D� � �I� � �"� � ����� ��� �M��� � � � � ���^� � � � � � � �	� �M� £ � � ¤ FS(j, k) ¥± � � � � �F� � � � �
G
� �D� � � ��� �?���

2 ² ³ j k n ´ ~Fµ j ¶Dt m n ´ u t j u?� �I� £ � � ¤ 2· � � � � � �� �
G
� �I�D��� �D�   � � � � � �H� ¤ �   � ¥ ����� ��� � � � � � � � ¸ ��� � ��� � � � ��� FS(j, k)

� ��� �� � �
2 · � � � � � ����� �F�   � � � � � � ¡ � � � �^� ��� � FS(1, 3)

� ��� � �)¹ ª � � �   � §�º"� � � �	¹� ��».� ��� � � � � ��© ¼ � ¤ �D� � �"� ��� ª � � �F� � ® ½ ¾ ° ¢ ¥ ± r n ~ ´ u ¿^¶Fj n k µ t u ¿ M
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G
� �	�I�^� � � � � � �

M
� ��� ��� ��� ��� � � � �.� ��� ��� � � ��� �
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M ¥ ± � � � � ��� � � � �?��� £ � � �H�D��� � � � � ���^� � � � � � �F� � � � �� � � �.��� � � � � �"�^� � � � � � � ��� ��� � � ��� �������DÀ j q ¿ q ~ � r.¿ ~ j Á µ ¥ ����� ��� � � � � � � � ¸ �� � �"� � � � ���
FS(j, k)
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K1,3
� ��� � � � � �� �� �"!�� !�� � � #  ��%$ & ' (*),+-� �

k
���

� .%� . � � � � �
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� .��,� � �
G
�����/� !	�	� ��� � � �	�� .

4k 0 � � � � � � ��1 � � ��� �,2�� �  k�3� � 4 � � .3�5� � � 26�
Ci = {xi, yi, zi, ti}

�
0 ≤ i ≤ k − 1

! 2��� � �
ti
� � ���$ 7 8�9 7 :6� 1

Ci

!
� �;4 � � .�� �<� �=� ��6� 	� � �6� .��	� �-� .��	� . � 0 � � � � � � � xi, yi

� .��
zi

� � ���7 > 9 7 : 8�' & 0 � � � � � � �� 1
Ci

! )�?�� ��� 0 � � #/� . � � � � � i
���3�3!	� �

k Ci

�� �=� 	� � ��.�� � �  �-� !	� �=� .
Ci−1

� .��
� 	� � �".�� � � 3��� !	� �=� .

Ci+1
)=?�� �"� . #@� . � � � � �

k ≥ 2
2���� �� � ���	� .�� � �"� ���� � �=� 1

� .3� � �3� � �"���3�3!	� �
k
� �

Zk

)�A .B� ��<� � C !�� ��� 16� 	� �=��� �-� �"� .��3� � � �
i
� 16� � � 26�
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D�� � � � � ½ ¥ D � � ��� � ��� � � � � � £ ���   � ��� ¥
E�#/� � .�� ��� .	�/� � ���<� F3� � � .�� � 0 � � � � � � ��� 16� � � 25�=2���� � .,� !	�	�-� � �  -26� � �� !	��� � � �� 16� � .�� � � � � � #  *� �� �

{xixi+1, yiyi+1, zizi+1}
� � ��� �3� � �"1 � ��� .3#

i
�3� � � � .�� �"1 � � �

k − 1
)G���� ��� ��� �%� � #�� ��B� !	�	� � � �	H� .��3!�� � �H� .

X = {x0, x1, . . . , xk−1}� � � � ��� � � � 0 � � # Y = {y0, y1, . . . , yk−1}
 
Z = {z0, z1, . . . , zk−1}
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T
� ���� � �*� 1	� ���� .3� � � .�� � 0 � � � � � � �

{t0, t1, . . . , tk−1}
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FS(1, k)

 
FS(2, k)

� .��
FS(3, k)

)<������ � � �	
FS(j, k)

�
j ∈ {1, 2, 3}

! � �5� ��
� � � �	�26�� � �6� ��6� � ��� 1 0 � � � � � � � ∪i=k−1

i=0 {Ci \ {ti}}
� .��3!�� � �

j
� #	� � � � )*?	� �

k ≥ 3� .��@� .3#
j ∈ {1, 2, 3}

� ��=� � � �	
FS(j, k)

� �6��� � ���	� �=� !	�	� �5� � � �	-)*P��� .
k
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FS(2, k)
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FS(2, 2)

� � �"�"!	� � � � � � �	��  *� .��/� �� �
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k = 2
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� .
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h ≥ 3

� � .�� � � !	� � 0 �/� � � 25� (Ci, Ci+1, Ci+2, . . . , Ci+h−1)� �� � �6� ��.��=� � � ��� 1-� � .�� � � � � � #<� �"� !	�	�-� � �6� �� �
0 ≤ i < i+h− 1 ≤ k− 1
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� � C !�� .�� �"� 1�� � � 25�
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0 ≤ p < r ≤ k − 1
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0 � � !��<1 � ��� !	��� � � � �	� p
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G = FS(j, k)
1 � �*� � ���

j ∈ {1, 2, 3}
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G
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M
�� 0 � .	��� .��=� .���� . Ci
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Ci−1 ∪ Ci+1

)
A 1*� �� � �"� � �=� 2���� �3� � �5� 1

M
��� � 2�� � .

Ci

� .��
Ci+1

� �� .@� �� � �=� ��.��<� �3�3�
� 1

M
��� � 2�� � .

Ci−1
� .��

Ci

)5A 1*� �� � ��� � �=� 2���� �3�3� �5� 1
M
�-� � 2�� � .

Ci−1
� .��

Ci

� �� ./� �� � ��� �5.���� �3� �<� 1
M
�-� � 2�� � .

Ci

� .��
Ci+1

)(95� .�� �  �2���� � � � � � ! � �
� � � � ! � .���2��5�"!�� �6�� 0 �"� .@� 0 � .�.3!	�"��� � k

� 1*� � � 26�6� .
G
)



� � � K�� P Q��.TIU.R�V.R�LMWIXIY���\H]�R�[ _ _�[ LMZCN.O�` K�� P a���b�N.O�]�L�Z	c�L

X5� � !	�<�".�� 2 � �� �=� �� � �"� �5� .	� #/� .���� �3�3�"� 1
M
��� � 2�� � .

Ci−1
� .��

Ci

)5���� .
� �� � �=� F3� � � �6� F	� � � � #�� .��=� �3�3�5��� � 2�� � .

Ci

� .��
Ci+1

� .��� 	� F3� � .��3� .	�<� 	� ��� � � � Q
� �<� � � /� � � 2 � 1

G
 32��=�3� � � � ! 26�� .

k
� �6� 0 � ./� �5�3�	��)

�#� ����� � � ���
	6�6P,�<� � #B� �� ���@��� � 1 � � �"�<� � � 	� .	�
M
� 1

FS(j, k)
� �"� 1"9 + �37

1� .���� � � � � ! � 16+-� �������<� .��/� 159 + �	7
2
� .��� � � � � � � ! � .�� � � � � ! )<A 1�.�� � � � � � � � #  

� �<�3� � � � .	� !	� � ���� � � � � � ! 1 � � ����� � � � � � � ! 2��=� �� � �;� � #/9 + �37
2.0
� .���� � � � � � ! � .��

9 + �37
2.1
� .���� � � � � � � ! );P,��.�� � ��� �� �*� ���. !	�"�-� � ��� 1���� � 1 � � �*��� � � 	� .	� ��� 1�� #3���

2.0
� .���� 1-� #3�-�

2.1
� � �"� C !�� � )

����� ��� � �����/����<� � .	� � %� 16����� � 
P
� � � � �-� � � � 0 � � #B�@� #	� � � Γ

! � �"�	� .�� � � �B� #
l(P )

� � � � �-� � � � 0 � � # l(Γ)
! )

��� �FU.R�O	W�[ O�
�DLMZ���L�S�W�aCN�W�S	]�[ O����U��
FS(j, k)

PB��� �� � ��� � #/� �� ��� 0 � � � � F v
� 16�@� !	�	� �<� � � �	

G
� �� 8 �6' 9 7 K�� . � �@��� � � � .	� � �

2��� .�2��6� � .�� � � !�� ���5.�� 2Y� !	�	� ��� � � �	
G′ �3#<�	� � � � � .	� v

� .��<� �	�3� .	�"� 	� � �6.�� 2
0 � � � � � � ��� .��3!�� � .	�,�@� � � � .	� � ��� .��/4 � � .	� .	�,� � �  0 � � � � F%� 16� ���.�� � �  �-� !	� ��3�3�
N(v)

� 1
v
� �/�/� � .	� � � 0 � � � � F,� 16� 	� ��.�� 2G� � � � .	� � � ),PB��� � #%� � � �@� �� � G′ � �

� �	� � � .�� �B1 � � �
G
� #,�B9 :  ' 8 L '3& ' :�7 > 9 7 83M  " 8	)@������ � . 0 � � � ��� �-� � � � � � .,� �"� ��$ " 8	9 : ' $ 9  " 8<� �5: 7 K '	$ 9  " 8<� 1�� ��6� � � � .	� � � )*����6. !	�"�-� �6� 1��-� � 1 � � ����� � � 	� .	� �6� 1

G
� �6�	� .�� � � ��� #

µ(G)
)

��� �
����� �6�-7 9
G
N 75'=N  �3' : 9  9 75$ '	N  $�L : ' ���<' 8�K5& 7 9

{V1, V2}
N 769 �	76N  �	' : 9  9  " 8

" �� 9 M4) 7 : 9 7 >�M 7 9 $�� M M ' � 759 �	' 9*7 ' $ �,) 7 : 9 7 >� 8<M " � 76M '	N M 7 9 W1 ⊆ V1
 M� 8 ��' 9 7 K

 8	9 "@'�9 :  ' 8 L & 7�' 8�K�& 7 9
G′ N 7<9 �	7"L : ' ����" N 9 '  8�7 K# 8B9 �	' 96(�' + $�% �	7 8 µ(G) =

µ(G′) $

Proof. � � � �=� �� � {V1, V2}
� �5����� � � .�� � �@�	� ��� � � � � � � ./� .��� 	�3#�� � .	� ��! �5���� "

� � � �� 	� ��5� � � �	
G
� �6��� !	�	� �

3
" � �3�3�=� � � � !	� � �	� �5� � � �	-) 8 �3 

G′ � �6� � � ����� !	�	� �
3
" � �3�3�<� � � � !	� � �	� �<� � � �	 � �� .�� �  

G
� .��

G′ �� 0 ���-� � 1 � � �"�<� � � 	� .	�3� ! )�+-� � M���@�/�-� � 1 � � ���<� � � 	� .	�%� 1
G′ )
#�� �  0 � � � � F�� 1 V1 \ W1

� ��� � � !	� � � � �%�3#�� .
� �3� �<26�� � ��� � � � .��B� .�� 0 � � � � F/� �=� . V2

)@+-� �
A ⊆ V2

���<� ���� � ��� 1 0 � � � � � � �� ��� � � !	� � � � �/� .
V2
)=X5� � !	���=� �� �"� � ���=� � � � .	� � �<� 1

G′ � �=� !�� /� �� �=� ��"� 	� � �
0 � � � � � � �6� � �=� � � !	� � � � ��� #�� 	� � �=� �3�3� ���� 0 � .	��� .��=� .���� .�� ��5� � � � .	� � �=� .���� ��� � � � .���� .��5� .

V2
)����� .�2��5.�� � ��� �"�� 0 �=� ��� � � � � |W1| + 2 0 � � � � � � ��� . V2 \ A

 
�<� � .3� � � �3� � � � � .-)�95� .�� �  

M
�"!�� �6�� 0 �"� F	� � � � #@� .��"� �3� �=� ./� � � @� � � � .	� � �"� .��� ���� � .3� � � � � � � .%� 16� � � B� � � � .	� � �<� .,� � �	� �"� ��� � �"��� � Q

G
� � � .�� 1 � � ���

M
� .,�
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��� � 1 � � �"�<� � � 	� .	�B� 1
G
)���� . 0 � � � � � #  �� � � ,��� � 1 � � �"�<� � � 	� .	�B� 1 G

� � � �	�=� �@�
!	.	� C !��=��� � 1 � � �6�<� � � 	� .	��� 1

G′ � .���2��"� �	� � � .@� ��5� � � !	� � )
+-� �;!��;�	� .�� � ���3#

µ(j, k)
� ��*.3!	�"��� ��� 1	�-� � 1 � � �;��� � � 	� .	� �*� 1

FS(j, k)
 
µ1(j, k)� � ��. !	�"�-� �5� 1;��� � 1 � � ����� � � 	� .	� �5� 1;� #3���

1
� .��

µ2(j, k)
� � ��. !	�"�-� �5� 1;��� � 1 � � �

�<� � � 	� .	�3�5� 1;� #3�-�
2
)

��� �
����� ����7/�	' ) 7
• µ(1, 3) = µ1(1, 3) = 9,

• µ(2, 3) = µ1(2, 3) = 8,

• µ(3, 3) = µ1(3, 3) = 6,

• µ(1, 2) = 9 5 µ1(1, 2) = 3,

• µ(2, 2) = 10 5 µ1(2, 2) = 4,

• µ(3, 2) = 12 5 µ1(3, 2) = 6 $
Proof.

����5� #	� � �6� � . � � � .	� .	��� ��6� F3� � � .�� � 0 � � � � � � ��� 1�� ��6� � � 26��� 1�� ���� � � �	
FS(1, 3)

� �
x0, x1, x2, y0, y1, y2, z0, z1, z2, x0

)���� .�� � �	� �5�"�-� � 1 � � �6�<� � � 	� .	�
M� � .3� � � .	� .	�<� ��=� �3� �

t0x0
)*���� � �"� � �5� 2���� � � � � � � � !

x1x2 ∈ M
� .�� � � � !

x1t1 ∈
M
)*A .���� � � � � ! 2����"!�� �*�� 0 � y0y1, t1z1, t2z2, z0y2 ∈ M

)*A .���� � � � � � ! � �� � ��� � �
� 2���� !	��" � � � � � � � � � ! ) �

x2y0 ∈ M
� .�� � � � ! ) �

x2t2 ∈ M
)6A .���� � � � � � ! ) �<2��=�"!�� �

�� 0 � y1y2, t2z2, z0z1 ∈ M
� .���� .���� � � � � � ! ) �@2��=�"!�� �5�� 0 � y0y1, y2z0, z1z2 ∈

M
) �� !��  6� �� � �/� � �@� F	� � � � #

3
�3� � � � .�� ����� � 1 � � ���<� � � 	� .	��� � . � � � .	� .	�

t0x0
)

E�#@� #3����� � � #  �� �� � �"� � �
3
�3� � � � .�� �5�-� � 1 � � �5�<� � � 	� .	�3�=� � .3� � � .	� .	�

t0y0
 �� .��

3�3� � � � .�� �6��� � � 	� .	� �5� � . � � � .	� .	�
t0z0

 	� �� � � 1 � � �
µ(1, 3) = 9

)
A �;� �-2�� � �	Q3.�� 2�.�� �� �*� ����;� � � � � � .<� � � �	��� �;� F	� � � � #

6
��� � 1 � � �;�<� � � 	� .	�3� )

8 � .�� �
FS(2, 3)

� ��� �	� � � .�� ��1 � � � � ����;� � � � � � .Y� � � �	Y� #%� .	R�� � � .	��� 0 � � � � F� .3� ���,� � � � .	� � �/� �� � �
6
��� � 1 � � ����� � � 	� .	� �@� � � ��� �

6
�-� � 1 � � �@�<� � � 	� .	�3�@� 1

FS(2, 3)
)�PB�<�� 0 �<� 2���.�� 2 �-� � 1 � � �"�<� � � 	� .	�3�"2��� .%� � .�� � �	� � � .	�@� ���� 	� � �� �3� � ��� � .	.�� � � � �B� ��� 	� �"� � � � .	� � � � 2��<�� 0 �<� 2��@2�� #	�=� ��� .�� � !��	�<� �� � ��� �3� � �� .3� ���"�-� � 1 � � �6�<� � � 	� .	� ! )-95� .�� �

µ(2, 3) = 8
)

FS(3, 3)
� ��� �	� � � .�� �,1 � � �

K3,3
� #B� .	R�� � � .	�/� 	� � � 0 � � � � � � �"� .,� ���� � �<�� � � � !	��� 15� ����	� ��� � � � � � � .-) 8 � .�� �

K3,3
�� ��� � F%��� � 1 � � �<��� � � 	� .	� �  5� �	�	� #3� .	�

+-� �����	��2��5�3� �6� �<�<� �3� � � � � #�� ��5� � � !	� �61 � �
µ(3, 3)

)
A ��� �6��� � !	� � .��5��� � � � �6� �<� �	� � � .�� �� 0 � � !�� ��1 � � FS(j, 2)

�
j ∈ {1, 2, 3}

! )

���� �� � ���6� % �	768�' � N 7 : M µ1(j, k)

" ���37 : � 7 $ 9 � ' 9 $ �! 83L M4" ��9 + �	7 1
" �

FS(j, k)
(j ∈ {1, 2, 3})

' : 7=L  ) 7 8BN + 0
• µ1(1, k) = 2k − (−1)k,
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• µ1(2, k) = 2k,

• µ1(3, k) = 2k + 2(−1)k $
Proof.

E�#�+-� �<�<���� 32��� .
k = 2

� �
k = 3 µ1(j, k)

1 !	� W	� ��� !	��� � C !	� � � ��� . � )
PB��2�� . ��� �B� � ���	!	� �

µ1(j, k)
� #%� .��3!�� � � � .Y� .

k
� .��,2��@� � � !	�<��� �� ��� ��

�	� � ��� � � #��� � �	��1 � �
FS(j, k − 2)

2�� � 
k ≥ 4

�
j ∈ {1, 2, 3}

! )
����=1 � � � � 26� .	�<� � � � Q�26� � �-���5�� � �	1 !	� )�+-� �6!���� � .�� � �	� �6� ��51 � !	�5� � .�� � � !	� � 0 �� � � 25�

Ck−2
 
Ck−1

 
C0
� .��

C1
� 1

FS(j, k)
�
j ∈ {1, 2, 3}

! )�PB�6� � .��	� � � � �
Ck−1� .��

C0
� .��/4 � � .%� ���� 	� � ��� F3� � � .�� � 0 � � � � � � �<� 1 Ck−2

� �@� ���� 	� � ��� F3� � � .�� �
0 � � � � � � ��� 1 C1

� #,�@�<� � � 	� .	� � � �/� ��3� � � ! � .,� !�� %��2�� #B� �� ��� ��<� � � !	� � � .	�
� � � �	,� �"��� � � �	

FS(j′, k − 2)
 -26� � 

j′ ∈ {1, 2, 3}
� � �"�"!�� �"���<� � � � �=� �� �

j� .��
j′
�<� #����5�3� ��� � � . � ! )�A .�� � �	� ��� ��� � !	.3��� ��6. !	�"�-� �6� 1-��� � 1 � � ����� � � 	� .	� �

� 1-� #3���
1
� 1

FS(j, k)
2��6.�� � �<� �"� � .�� � �	� ��.	� .��6.3!	�"��� � �  	� � � �� 1�� �� �G� � !	. � �

� ��=.3!	�"��� �=� 1;�-� � 1 � � �5�<� � � 	� .	�3�5� 1;� #3�-�
1
� 1

FS(j, k)
!�� � .	��� 2���� �3� � �  �� .��

��� � .	�<� .�� �3�3�6�-� � 2�� � .
Ck−2

� .��
Ck−1

� .��<� ��=� � �� ����� � .	��� .�� �3�3�6��� � 2�� � .
C1
� .��

C0
)

+-� �6!��6�	� W	.��
ν(e, e′)

� ��� ��5.3!	�"��� �=� 1*��� � 1 � � �6�<� � � 	� .	�3�5� 1*� #3���
1
� � .�"

� � � .	� .	�<� ��5� 2��<� �3�3� �
e
� .��

e′
)����� .@2��=� � �

a1 = ν(xk−2xk−1, x0x1), a2 = ν(xk−2xk−1, y0y1), a3 = ν(xk−2xk−1, z0z1),

a4 = ν(yk−2yk−1, x0x1), a5 = ν(yk−2yk−1, y0y1), a6 = ν(yk−2yk−1, z0z1),

a7 = ν(zk−2zk−1, x0x1), a8 = ν(zk−2zk−1, y0y1), a9 = ν(zk−2zk−1, z0z1).

� � 0 � � !�� � #�2��=�� 0 � µ1(j, k) =
∑9

i=1 ai

)
+-� ��!����	� � � � �6� �� 0 � � � � � � ��� 1 Ck−1

� .��
C0
� .����	� .�� � �6� #

H
� ���� � � !	� � � .	�

� .��3!�� � �@� !	�	� � � �	-)

��� ��� � ���;P��� .
j = 1

 	2��=�� 0 �

a2 + a6 + a7 = 2µ1(1, k − 2),

a1 + a5 + a9 = µ1(3, k − 2),

a3 + a4 + a8 = µ1(1, k − 2).

Proof.
P�� � �� !	�*� � � ��� 1��3� .�� � � � � � #�2��6� � .�� � .�� � �	� ��� �� �

xk−1y0
 
yk−1z0

� .��
zk−1x0

� � �"� �3� � �6� 1
FS(1, k)

)
A .B� � �	� �5� ��� 0 � � !�� � � a2 + a6 + a7

2���� �	�@� ���� �3� � �
xk−2y1

 
yk−2z1

� .��
zk−2x1

� �
H
)"A .B� � �� �52�� � �	�52���� � �

H1 = (V (H), E(H) ∪ {xk−2y1, yk−2z1,
zk−2x1})

 *2���� � ���� .�� �
FS(1, k − 2)

)�#*� � %��� � 1 � � ���<� � � 	� .	�,� 16� #3�-�
1
� 1
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H1
� � .3� � � .	� .	�

xk−2y1
� � 0 � ��� 2��%��� � 1 � � ���<� � � 	� .	�3�@� 1"� #3�-� 1

� 1
FS(1, k)� ��2�� � �"� ��� � � H�-� � 1 � � ���<� � � 	� .	�Y� 1"� #3�-�

1
� 1

H1
� � . � � � .	� .	�

yk−2z1
� .��

� � � @�-� � 1 � � �5�<� � � 	� .	�@� 1*� #3�-�
1
� � . � � � .	� .	��� ��"� �3�3�

zk−2x1
)6A 1;1 � � � � 26�5� �� �

a2 + a6 + a7 = 2µ1(1, k − 2)
)

+-� �<!��<.�� 2 � � �
H2 = (V (H), E(H) ∪ {xk−2x1, yk−2y1, zk−2z1})

)H����
� � � �	

H2
� �=� � � ��� � �		� �<� �

FS(3, k − 2)
)�#*� � ,�-� � 1 � � �"��� � � 	� .	�B� 16� #3���

1� 1
H2

� � . � � � .	� .	�
xk−2x1

� � 0 � ��� .��<��� � 1 � � �"�<� � � 	� .	�,� 16� #3��� 1
� 1

FS(1, k)� ��2�� � �"� ��� � � H��� � 1 � � ����� � � 	� .	��� 1=� #3�-�
1
� 1

H2
� � . � � � .	� .	�

yk−2y1
� .��

� � � H��� � 1 � � ����� � � 	� .	��� 1"� #3���
1
� 1

H2
� � . � � � .	� .	�

zk−2z1
) ��� .�� � C !�� .3� � #

a1 + a5 + a9 = µ1(3, k − 2)
)

?	� ��� � ���	!	� � .	�
a3 +a4+a8

2��6� � �
H3 = (V (H), E(H)∪{xk−2z1, yk−2x1,

zk−2y1})
 � �� ��� ���=� � � �	�� � � �<� � �		� �6� �

FS(1, k− 2)
)�#�� � ���� � 1 � � ���<� � � 	� .	�

� 1�� #3���
1
� 1

H3
� � . � � � .	� .	�

xk−2z1
� � 0 � �@� .��/��� � 1 � � ���<� � � 	� .	�Y� 1�� #3��� 1� 1

FS(1, k)
� �<2�� � �"� ��� � � Y�-� � 1 � � ���<� � � 	� .	��� 1"� #3���

1
� 1

H3
� � .3� � � .	� .	�

yk−2x1
� .��@� � � @�-� � 1 � � �5�<� � � 	� .	�@� 1*� #3�-�

1
� 1

H3
� � .3� � � .	� .	�

zk−2y1
)6��3!��

a3 + a4 + a8 = µ1(1, k − 2)
� �6� � � � �<� ��)

2

��� ��� � 	6�;P��� .
j = 2

 	2��=�� 0 �

a1 + a6 + a8 = 2µ1(2, k − 2),

a2 + a4 + a9 = µ1(2, k − 2),

a3 + a5 + a7 = µ1(2, k − 2).

Proof.
PY� � �� !	�*� � � ��� 1��3� .�� � � � � � #�2��6� � .<� � .�� � �	� ��� �� �

xk−1x0
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� .��
zk−1y0

� � �=� �3� � �5� 1
FS(2, k)

)
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2���� �	��� ��"� �3� � �
xk−2x1

 
yk−2z1

� .��
zk−2y1

� �
H
)"A .B� � �� �52�� � �	�=2���� � �

H1 = (V (H), E(H) ∪ {xk−2x1, yk−2z1,
zk−2y1})

 32��5� � ���� .�� �
FS(2, k − 2)

) #*� � ��-� � 1 � � ����� � � 	� .	��� 1;� #3���
1
� 1

H1� � � �	�-� ���	� � � � � � � #
2
��� � 1 � � �-�<� � � 	� .	�3�;� 13� #3���

1
� 1

FS(2, k)
 �  !��

a1+a6+a8 =
2µ1(2, k − 2)

)
PB��� � .�� � �	� �,.�� 2 � ��%� � � �	

H2 = (V (H), E(H) ∪ {xk−2y1, yk−2x1,
zk−2z1})

� � � �<� � �		� �5� �
FS(2, k − 2)

) #*� � ���� � 1 � � ���<� � � 	� .	��� 1-� #3�-�
1
� 1

H2� � 0 � ��� .������ � 1 � � �*�<� � � 	� .	��� 1�� #3�-� 1
� 1

FS(2, k)
 	� � .�� � C !�� .3� � #

a2 +a4 +a9 =
µ1(2, k − 2)

)
+-� �

H3 = (V (H), E(H)∪{xk−2z1, yk−2y1, zk−2x1})
 	�=� � � �	�� � � �<� � �		� �

� �
FS(2, k − 2)

)�#�� � ,��� � 1 � � �=��� � � 	� .	�/� 1�� #3���
1
� 1

H3
� � � �	�=� ���	� � � � � � � #

� .������ � 1 � � ����� � � 	� .	�,� 15� #3���
1
� 1

FS(2, k)
 �� � .�� � C !�� . � � #

a3 + a5 + a7 =
µ1(2, k − 2)

)
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��� ��� � � �;P��� .
j = 3

 	2��=�� 0 �

a1 + a5 + a9 = 2µ1(3, k − 2),

a2 + a6 + a7 = µ1(1, k − 2),

a3 + a4 + a8 = µ1(1, k − 2).

Proof.
8 !	�	�-� � �=� �� �
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yk−1y0

 
zk−1z0

� � �=� �3�3� �6� 1
FS(3, k)

)
A ./� � �	� �5� ��� 0 � � !�� � � a1 + a5 + a9

2��"� �	��� ��"� �3� � �
xk−2x1

 
yk−2y1

� .��
zk−2z1

� �
H
)"A .B� � �� �52�� � �	�52��<� � �

H1 = (V (H), E(H) ∪ {xk−2x1, yk−2y1,
zk−2z1})

 �2���� � ���� .�� �
FS(3, k − 2)

)#*� � %�-� � 1 � � ����� � � 	� .	�,� 16� #3�-�
1
� 1

H1
� � .%�-��� F3� � .��	� �%� . � �

2
��� � 1 � � ����� � � 	� .	� ��� 15� #3���

1
� 1

FS(3, k)
 �� 3!��

a1 + a5 + a9 = 2µ1(3, k − 2)
)

+-� �
H2

�-��� � � ��� � �		� ��� �
FS(1, k − 2)

2�� � ,� ���� �3� � �
xk−2y1

 
yk−2z1

 
zk−2x1

)=X ��� � 1 � � �5�<� � � 	� .	�@� 1*� #3���
1
� 1

H2
� � ./�	� � � � � � � #@���"� F3� � .��	� �@� .3� �

� .��5��� � 1 � � ����� � � 	� .	�<� 1-� #3���
1
� 1

FS(3, k)
 	� �� .

a2 + a6 + a7 = µ1(1, k − 2)
)

+-� �
H3 = (V (H), E(H)∪{xk−2z1, yk−2x1, zk−2y1})

 	�=� � � �	�� � � �<� � �		� �
� �

FS(1, k − 2)
)�#*� � ,�-� � 1 � � ���<� � � 	� .	�B� 1�� #3�-�

1
� 1

H3
� � 0 � �"� .��<��� � 1 � � ��<� � � 	� .	��� 1;� #3���

1
� 1

FS(3, k)
 �� � .�� � C !�� . � � #

a3 + a4 + a8 = µ1(1, k − 2)
)
2

�6� � � � �-� �� �
µ1(j, k) =

∑9
i=1 ai

)����� .@� �61 � � � � 26��1 � � � ��� � � ���/�  	�<� .���� �

µ1(1, k) = 3µ1(1, k − 2) + µ1(3, k − 2),

µ1(2, k) = 4µ1(2, k − 2),

µ1(3, k) = 2µ1(3, k − 2) + 2µ1(1, k − 2).

E�#�� .��3!�� � � � .- 

µ1(1, k − 2) = 2k−2 − (−1)k,

µ1(2, k − 2) = 2k−2,

µ1(3, k − 2) = 2k−2 + 2(−1)k.

��3!��  

µ1(1, k) = 3(2k−2 − (−1)k) + 2k−2 + 2(−1)k = 2k − (−1)k,

µ1(2, k) = 4(2k−2) = 2k,

µ1(3, k) = 2(2k−2 + 2(−1)k) + 2(2k−2 − (−1)k) = 2k + 2(−1)k.

��	� �6� .��	��� ��5�	� �3� 1 )
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���� �� � ��� � % �	7/86' � N 7 : µ2(j, k)
" �,�37 : � 7 $ 9 � ' 9 $ �! 8 L M�" � FS(j, k) (j ∈

{1, 2, 3})
) 7 :  *�7 M 0

µ2(j, k) = 0
(��	7 8

k
 M�" K K"' 8�K

µ2(j, k) = 2×3
k

2

" 9 �	7 : (. M 7 $
Proof.

PY�� .
k
� �6�3�	�� 32��=�� 0 � µ2(j, k) = 0

�3#�+-� �����#� )
P��� .

k
� ��� 0 � .- 	� � � M

���=�"�-� � 1 � � ����� � � 	� .	��� 1-� #3�-�
2
� 1

FS(j, k)
)�?�� �

� 0 � � #@� 2���� � .�� � � !	� � 0 �<� � � 25� Ci

� .��
Ci+1

 ��3#@+-� �<�<���  �2��"�� 0 �<� � � �� �5� 2��� �3� � �5� 1
M
4 � � .	� .	�<� ��"� F3� � � .�� � 0 � � � � � � �6� 1 Ci

� ��� �� � �=� 1
Ci+1

� �6.�� .�� )�PB�
�� 0 � 3

2�� #	�*� �=� ��3� � �
2
� �3�3� �*��� � 2�� � .

Ci

� .��
Ci+1

 3� � � �� �� � � �5� 1�� �� � ��� 2��
� �3� � �;� � .=�-�*� � ���	� � � � �"� .���!	.	� C !��*2�� #=� ."�6��� � 1 � � �-�<� � � 	� .	�=� 13� ��*� !	�	� � � �	
Ci ∪Ci+1

).95� .�� �62��6� � ��� � � � � #�� �� ��� ��6.3!	�"��� �6� 1��-� � 1 � � ����� � � 	� .	� �6� 1-� #3���
2
� .

FS(j, k)
�
j ∈ {1, 2, 3}

! � �
µ2(j, k) = 2 × 3

k

2

)

?3� � � ���� � � � � �<� .������� � � � � �"2��"�	� �3!�� � �

� �� � � � �  ���6� % �	7/86' � N 7 : M µ(i, k)
" �,�	7 : � 7 $ 9 � ' 9 $ �! 83L M
" � FS(i, k) (i ∈

{1, 2, 3})
' : 75L  ) 7 8BN + 0

�,�	7 8
k
 M(" K K • µ(2, k) = 2k,

• µ(1, k) = 2k + 1,

• µ(3, k) = 2k − 2,

�,�	7 8
k
 M"7 ) 7 8 • µ(2, k) = 2 × 3

k

2 + 2k,

• µ(1, k) = 2 × 3
k

2 + 2k − 1,

• µ(3, k) = 2 × 3
k

2 + 2k + 2 $

������U��DL	��W�Z�R�S�W�R�Z	N._�
^L�� R�_ W������U.R	W �DLMZ���L�S�W�aCN�W�S	]�[ O����U��
FS(j, k)

��� �6���4�  � � � �,����� � ��� ����� ����� �������
��� �
���	� �-�-7 9

M
N 7<'��37 : � 7 $ 9 � ' 9 $ �! 83L2" �"9 + �37 1

" �
G = FS(j, k) $�% �	7 89 �	7

2 & � ' $ 9 " : G \ M
�	' M<7 > ' $ 9 & +�" 8�7," :<9 (�"@$ + $ & 7 M�' 8�K@7 ' $ �,$ + $ & 7#" �

G \ M�	' M�' 9�& 7 ' M 9-" 8�7() 7 : 9 7 ># 8/7 ' $ �/$ & ' (
Ci (i ∈ Zk) $

Proof.
+-� �

M
�-�"�<��� � 1 � � �6��� � � 	� .	�@� 1*� #3�-�

1
� .

G
)5+-� �5!��5� � .�� � �	� �=� ��

� � � 2
Ci

1 � �6� � ���
i
� .

Zk

)*X5� � !	���62�� � �� !	��� � � ��� 1-� � .�� � � � � � #�� �� ��� ��5� �3�3�5� 1
M
� � . � � � .�� ��� .

Ci

� �
tixi

)�����"� #	� � �=� 1
G \ M 0 � � � � � .	� xi

� � ��� ��1 � � �
Ci−1

 
� � � � � � �

Ci

�3#�!�� � .	��� �� 0 � � � � F xi

� .����3�3� �6� �
Ci+1

)6E�#@+-� �����2�  �� ��=��� � 
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yitizi

� �5� � .3� � � .�� �@� ./�<� #	� � �"� 1
G \ M

)6����=� 2���� �3�3� �6� .�� � �	� . �=� �
yi

� .��
zi4 � � .	� .	�

Ci

� �
Ci−1

� � �"2�� � �6� �"� �� � �=4 � � .	� .	�
Ci

� �
Ci+1

! � � �<.�� ��� � .3� � � .�� �
��� � �� .

M
� � � .�� �

M
�� ��� #3�-�

1
! )��� !��  	� ��=� #	� � �5� 1

G \ M
� � . � � � .	� .	�

yitizi� � ��� �51 � � �
Ci−1

 �� � � � � � �
Ci

� .��@� �3� �5� �
Ci+1

)=��3!��  �2��"�� 0 ��� �5�<� � �5� 2��� #	� � � ��� .
G \M

 	� ��� � � � ��� �� 	� .��<2��5� � .�.�� � �6� �� �6� � � @� � � 2Y�"!�� ���-� 0 � � � � � �� #�� �� � �"� #	� � � � )

�#� ����� � � ����� �"+-� �<!��<� !	�	��� � ��� �� �
M
� �<�@�-� � 1 � � �<��� � � 	� .	�,� 16� #3�-����� .

G = FS(j, k)
� !�� B� �� �"� ��

2
" 1 � � � � �

G \ M
�� �=� F	� � � � #/� 2��@� #	� � � �

Γ1
� .��

Γ2
)�XH� � � 2

Ci

� . � � � � � � � � ��� #�� 	� � � 0 � � � � � � �6� 1 Γ1
� � � � ��� � � � 0 � � # Γ2

! � ��� � � ��� �
���

Γ1 & � ' 3 " : � � � � ��� � � � 0 � � # Γ2 & � ' 3 " : ! )
��� �
������� �4�-7 9

M
N 7@'��37 : � 7 $ 9 � ' 9 $ �! 8 L�" �<9 + �	7 1

" �
G = FS(j, k)

M '	$ �
9 �	' 959 �	7

2 & � ' $ 9 " : G \ M
�	' M�7 >3' $ 9 & +@9 (�"/$ + $ & 7 M $ % �	7 8 5 9 �	7�& 7 83L 9 � M#" ��9 �	7 M 79 (�"�$ + $ & 7 M(�	' ) 7�9 �	7"M ' � 74�3' :  9 +�' M k 5 ' 8�K�9 ��" M 7�& 7 83L 9 � M<' : 7<K  M 9  8�$ 9�(��	7 8 k M(" K K $
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+-� �

Γ1
� .��

Γ2
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G \ M
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i
� .
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k2
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" �<� 4 � �<� � � 25� )/P,�<�� 0 �
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l(Γ1) = 3k1 + k2
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l(Γ2) = 3k2 + k1

)�PY�� .
k
� ���3�	�� ;2��
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� .��
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� .��
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� .��
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�����6���4�-7 9
M
N 7@'��37 : � 7 $ 9 � ' 9 $ �! 8 L�" �<9 + �	7 1

" �
G = FS(j, k)

M '	$ �
9 �	' 9*9 �	7

2 & � ' $ 9 " : G\M
�	' M=7 >3' $ 9 & +�9 (�"<$ + $ & 7 M

Γ1
' 8�K

Γ2 $�� ' � �!" M 759 �	' 9*9 �	7 : 7' : 759 (�"�$ " 8	M 7 $ '39  ) 7
Γ1 & � ' 3 " :5$ & ' (;M Cj

' 8�K
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(. 9 �
j ∈ Zk \{k−1} $�% �	7 89 �	7 : 7� M�'��	7 : � 7 $ 9 � ' 9 $ �! 83L M ′ " ��9 + �37 1

M '	$ �B9 �	' 969 �	7
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7 >3' $ 9 & +�9 (�"�$ + $ & 7 M
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1

' 8�K
Γ′

2
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Γ′
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Cj

� �6�
Γ1
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M
� ������� � 1 � � �"��� � � 	� .	�B� 16� #3�-�

1
) 8 !	�	��� � �<2�� � �� !	�"� � � ��� 16�3� .�� � � � � � #

� �� �
MB ∩ E(C0) = {x0t0}

) 8 � .�� �
MB

� ���B� � � � .	�B�<� � � 	� .	�%� �� � ��� �<.��
� �3� ��� 1

MB

�-� � 2�� � .
C0
� .��

C1
) 8 !	�	�-� � �  ;2�� � �� !	�"� � � �"� 1�� � .�� � � � � � #  *� �� �

� ���� �3� �<� .
MR

4 � � .	� .	�
C0
� �

C1
� �

y0y1
)��� .�� � �	� ��� ���� � � 25�

C0
 
C1
� .��

C2
) 8 � .�� �

MB

� .��
MR

� � ��� � � � .	�@��� � � 	� .	� �  *2���� � .%� � ��� �� �"� ��<� �� � � � �
� 1

x0t0 ∈ MB

� .��
y0y1 ∈ MR

W	F	� �5� ��"�-� � � � � � .��"� 1�� ��<� � �� �"� �3� � �"� 1
MB� .��

MR

) �/� � �"�	� � � � � � � #  
{t1z1, y2t2} ⊂ MB

� .��
{x1x2, z2z

′
3} ⊂ MR
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A 1

k ≥ 4
� �� .%2���� � �<� �� �

z2z3 ∈ MR

 
x3t3 ∈ MB

 �� .��
y3y

′
4 ∈ MR

) 8 �	 
� ��"� �3� � �;� � � !�� � � � ./� .

C3
� �6� � ��� � � �5� �<� �� �6� .

C0
 �� .���2���� � ./� � �=� �� �5� �� � �

� �<�@!	.	� C !���� � � �3� � ! ���<� � � 	� .	�
M = MB ∪ MR

� !�� %� �� �
x0t0 ∈ MB

� .��
y0y1 ∈ MR

� .B� ���� � � �	
FS(j, k)

)�PB���� 0 ��� � 0 � � � 1 #/� ���� � �� � � .�� �<� 1�� ��� � .	.�� � � � � .��<�-� � 2�� � .Y� ��@� � � 26�
Ck−1

� .��
C0
)YPB��.�� � ��� �� �

MB = M ∩
(∪i=k−1

i=0 E(Ci))
� .��

MR

� �*�5� � � � .	�5��� � � 	� .	�=� .�� � !��	� �"� .�� ��
2
" 1 � � � � �*� .��3!�� � �

� #
∪i=k−1

i=0 {V (Ci) \ {ti}}
)

� ' M 7/� )
k = 3p
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p ≥ 1
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PB�B�� 0 � x0t0 ∈ MB

 
yk−1tk−1 ∈ MB

 
xk−2xk−1 ∈ MR

� .��
z′k−1z0 =

zk−1z
′
0 ∈ MR

� � �� �<� �  
zk−1z0 ∈ MR

! )��� !��  
zk−1z0

 
yk−1y0

� .��
xk−1x0� � �=� �3�3� �6� 1

FS(j, 3p)
� .���2��5�"!�� �6�� 0 � j = 3

)
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MR
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′
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� � �� ��� �  
yk−1z0 ∈ MR

! )Y��3!��  
yk−1z0

 
xk−1y0

� .��
zk−1x0

� � �=� �3� � �5� 1
FS(j, 3p + 1)

� .���2��=�"!�� �6�� 0 � j = 1
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zk−1tk−1 ∈ MB
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′
0 ∈ MR
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���� �� � � 	��6� 1 " :
j ∈ {1, 2, 3}

' 8�K
k ≥ 2 5 9 �	7<L : ' ��� G = FS(j, k)
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�3' 7 L37 :�� M=L : ' ���2 �"' 8�K," 8�& +� �

7  9 �	7 :
k ≡ 1

" :
2 (mod 3)

' 8�K
j = 1 5

" :
k ≡ 0 (mod 3)

' 8�K
j = 3 $

7�" : 7 " ) 7 : 5 FS(1, 2)
�	' M

3
�3' 7 L37 :�� M � ' 9 $ �! 83L M"' 8�K-� " : k ≥ 3
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G = FS(j, k)
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Proof.
?	� �

k = 2
2��=� � �<� � Q�� �� �

FS(1, 2)
� � �� �5� �6� ��"� !	��� ! �� �5� F	� � � � #

� 	� � �=�3� � � � .�� � � � � �3� � ! ���<� � � 	� .	�3�
M1
 
M2

� .��
M3
)*?�� � � � 26� .	��� !	��.�� � � � � � .�� �

M1 = {x0t0, t1z1}∪{y0y1, z0x1}
 
M2 = {z0t0, t1y1}∪{y0z1, x0x1}

� .��
M3 =

{y0t0, t1x1} ∪ {z0z1, x0y1}
)

?	� �
k ≥ 3

 	�3#�+-� �����<� �3 �� � .��3� � � � .

(∗) (j = 1 and k ≡ 1 or 2 (mod 3)) or (j = 3 and k ≡ 0 (mod 3))

� �6��.�� � � � � � � #�� � .��3� � � � .@1 � �
FS(j, k)

� �"�-�=�	� � � �3� � ! ��� � � �	-)
��� .�� � �	� �<� ��<1 !	.�� � � � .

ΦX,Y : V (G) → V (G)
� !�� %� �� ��1 � �<� 0 � � # i

� .
Zk

 
ΦX,Y (ti) = ti

 
ΦX,Y (zi) = zi

 
ΦX,Y (xi) = yi

� .��
ΦX,Y (yi) = xi

)6I=� W	.��
� � �<� � � � � #

ΦX,Z

� .��
ΦY,Z

)�?	� �
j = 1

� �
3
� �� � �51 !	.�� � � � .��6� � �"� !	� � ��� � �		� � ���
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FS(j, k)
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{e, f}
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FS(j, k)

� 26� � 
k ≥ 3
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Q3.�� 2�.,� ��� !	�=� 	� �=� � . 4 � � � !	� �<� F	� � �	� � �/� �� �"� �=�� � �	�=1 � �=� ����;� � � � � � .B� � � �	
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