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Abstract

For a graph G and any two vertices u and v in G, let d(u, v) denote
the distance between v and v and let diam(G) be the diameter of G.
A multilevel distance labeling (or radio labeling) for G is a function f
that assigns to each vertex of G a positive integer such that for any two
distinct vertices u and v, d(u,v)+ | f(u) — f(v) |> diam(G) 4+ 1. The
largest integer in the range of f is called the span of f and is denoted
span(f). The radio number of G, denoted rn(G), is the minimum span
of any radio labeling for G. A thorn graph is a graph obtained from a
given graph by attaching new terminal vertices to the vertices of the
initial graph. In this paper the radio numbers for two classes of thorn
graphs are determined: the caterpillar obtained from the path P, by
attaching a new terminal vertex to each non-terminal vertex and the
thorn star S, » obtained from the star .S,, by attaching k new terminal
vertices to each terminal vertex of the star.

Keywords: multilevel distance labeling, radio number, caterpillar,
diameter.
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1. INTRODUCTION

Radio labeling (or multilevel distance labeling) of graphs is motivated by
restrictions in assigning channel frequencies for radio transmitters [6]. More
precisely, for a set of given stations, it is required to assign to each station a
channel such that interference is avoided and the span of assigned channels
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is minimized. Channels are positive integers, and the level of interference
is related to the distances between stations. For small distances the inter-
ference is stronger, so the stations that are geographically close must be
assigned channels with large frequency difference, while for stations that
are further apart this difference can be small. This type of problem can
be modeled by a graph, where vertices represent stations and every vertex
has a positive number assigned, representing a channel. Every pair of close
stations is connected by an edge.

Let G be a connected graph with vertex set V(G) and diameter diam(G).
For any two vertices u and v of G, d(u,v) represents the distance between
them. A vertex u for which there exists a vertex v such as d(u,v) = diam(G)
is called a peripheral vertex. A radio labeling (or multilevel distance labeling)
of G is a one-to-one mapping f : V(G) — ZT which assigns to each vertex
a positive integer, satisfying the condition

d(u,v)+ | f(u) — f(v) |> diam(G) + 1

for every two distinct vertices u,v. This condition is referred to as radio
condition (or multilevel distance labeling condition). The span of f, denoted
by span(f), is the maximum integer in the range of f. The radio number of
G, denoted rn(G), is the smallest span in all radio labelings of G. Since the
radio condition contains only the difference of the labels, a radio labeling
realizing rn(G) must have the minimum label equal to 1.

For many classes of graphs is not easy to determine their radio number.
For radio numbers of paths and cycles in [2] and [3] only upper bounds were
obtained. Later, in [8], Liu and Zhu determined the exact values of these
radio numbers. In [9] Rahim and Tomescu considered radio labelings for
helm graphs (a helm graph H,, is obtained from the wheel W,, by attaching
a vertex of degree one to each of the n vertices of the cycle of the wheel).

Liu [7] determined a lower bound for the radio number of trees and
characterized the trees achieving this bound. To be able to discuss these
results, we introduce the following notions.

Let T be a tree rooted at a vertex w. For any two vertices u and v, if
u is on the path connecting w and v, then wu is an ancestor of v and v is a
descendent of u. The level function on V(T), for a fixed root w, is defined
by

Ly(u) =d(w,u), Vu e V(T).
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For any u,v € V(T'), define
D, (u,v) = max{Ly(t) | t is a common ancestor of u and v}.

Let w’ be a neighbor of w. The subtree induced by w’ together with all the
descendents of w' is called a branch.

Remark 1.1 ([7]). Let T be a tree rooted at w. For any vertices u and v
we have:

(1) ®4(u,v) =0 if and only if u and v belong to different branches, unless
one of them is w;

(2) d(u,v) = Ly(u) + Ly(v) — 24 (u,v).

For any vertex w in T, the status of w in T is defined by

sp(w) = Z Ly(u) = Z d(u,w).
) )

weV (T weV (T
The status of T is the minimum status among all vertices of T
s(T') = min{sy(w) | w € V(T')}.
A vertex w* of T is called a weight center of T if sp(w*) = s(T).

Remark 1.2. The set of all weight centers of a tree T' is known as the
median of T' ([1]).

Because in [7] a radio labeling is also allowed to take value 0, the radio
numbers and limits determined in [7] are one less than the radio numbers
previously defined in this article. We will recall the results from [7], making
the necessary adjustments by adding one to the bounds and radio numbers
arising from these results.

Theorem 1.3 [7]. Let T be a tree with n vertices and diameter d. Then
r(T) > (n—1)(d+1)+2—2s(T).

Moreover, the equality holds if and only if for every weight center w* there
exists a radio labeling f with f(u1) =1 < f(u2) < -+ < f(up) for which all
the following properties hold, for every i with 1 <i<n—1:
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(1) w; and u;+q1 belong to different branches, unless one of them is w*;
(2) {u1,un} = {w*,v}, where v is some vertex with L-(v) = 1;
(3) f(uit1) = f(ui) +d+ 1 — Ly (wi) — Lo~ (uit1)-

Thorn graphs were introduced by Gutman in [5]. For a graph G with
V(G) = {v1,v2,...,0,}, a thorn graph of G with nonnegative parameters
D1, D2, - - -, Pn is obtained by attaching p; new vertices of degree one to the
vertex v;, for each 1 < ¢ < n. A thorn path is called caterpillar. In the fol-
lowing sections we will determine the radio number for two classes of thorn
graphs: a particular class of caterpillars and the thorn star.

2. RADIO LABELING AND RADIO NUMBER FOR A CLASS OF
CATERPILLARS

For n > 2 we denote by C'P,, the caterpillar obtained from the path with n
vertices P, by attaching a new terminal vertex to each non-terminal vertex
of P,. CP, has m = 2n — 2 vertices and diameter d = n — 1.

In this section we will determine the radio number for this type of
caterpillar, more precisely we will show that: rn(CPs) = 5, rn(CP,) =
4k% — 6k + 4 for n = 2k and rn(CP,) = 4k* — 2k +4 for n =2k + 1, k > 2.

We will consider two cases, in accordance with the parity of n.

Case 1. n is even.
Let n = 2k, k > 1. In this case we denote by v1,...,v9; the vertices of
P,, from which the caterpillar C'P, is obtained, by v,_; the terminal vertex
attached to v;, for 2 <4 < k, and by v;,; the terminal vertex attached to
v;, for k+1 <1i <2k —1 (Figure 1).

Yy XMa k-2 UT-‘ "T"Hz Vies Vo Yo
D—I—I ----- O I—I—o
vy Va Y3 Vi Ve Vi Ve Vaae Vo Vi

Figure 1. C'Py

We have m = 4k — 2 and d = 2k — 1.



RADIO NUMBER FOR SOME THORN GRAPHS 205

Theorem 2.1. For n =2k, k > 1, the radio number for CP,, is rn(CP,) =
4k? — 6k + 4.

Proof. We use Theorem 1.3.
Let n = 2k, k > 1. In this case C'P, has two weight centers, vy and vg1.
We have
s(CPR,) = scp,(vk) = Z d(u,v)
ueV (CPy)
=3-1+4Q2+ - +k-1)+2-k

= 2k? — 1.
By Theorem 1.3,

rm(CP,) > (m—1)(d+1)+2—2s(T) = (4k — 3)(2k) +2 — 2(2k> — 1)
= 4k* — 6k + 4.

Moreover, in order to prove equality, it suffices to find a radio labeling f
for CP, with span(f) = 4k? — 6k + 4 (or, equivalently, a radio labeling
that satisfies the properties (1)-(3) in Theorem 1.3 for every weight center
of CP,; furthermore, since C'P,, is symmetrical, it suffices to give a radio
labeling for C'P,, with these properties only for weight center vy).

For that, we order the vertices of C'P, as follows: alternate v; and
v;gﬂ for j = k,k—1,...,2, then vy, vy, then alternate U;» and vy; for
j=k—1,k—2,...,1. We rename the vertices of CP,, in the above ordering
by w1, uo, ..., Umn.

We define a labeling f for C'P,, using the rules given by (2) and (3) from
Theorem 1.3 as follows: f(u1) =1, f(uit1) = f(ui) +d+ 1 —d(uiy1,u;) for
1<:<m—-1.

For example, if k¥ = 4, the order in which the vertices are labeled and
their labels are shown in Figure 2.

Since we have the following distances: d(vj,vfﬁj) =k, for 2 <j <k
d(Vjy jyvj—1) = k+1, for 2 < j < k; d(vi,ver) = 2k — 1, d(vak, v),_y) = k+1;
d(vj, vksj) =k, for 1 < j <k—1and d(vg,v; ) = k+1,for2<j <k—1,
we obtain:

m—1
span(f) = f(um) = f(vp1) = f(w) + (m = 1)(d+1) = D d(ui1,w)
= 4k% — 6k + 4. -
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Figure 2. C'Py

The following relations also hold:
fvj) = fvjq1) +2k —1for 1 <j<k-—1;
fvj) = f(vjy1)+2k —1for k+1<j<2k—1;
similary,
f)) = f(viyy) +2k—1for k+2<j<2k—1;
fj) = fj ) +2k—1for 1 <j<k—2
fy) = fu ) +2k = 1

(U2kvvk+2) =k;
|f(vi) = f ()] = 2
established.

Consecutive vertices in the ordering verify the radio constraint by con-
struction. Then it is easy to check that for every two distinct vertices u and
v the radio condition is verified, considering each particular case of pairs
of vertices (both vertices are from P,,, both are terminal or they are of dif-
ferent type), so f is a radio labeling for C'P,. Moreover, from the way f
was defined, it satisfies the properties (1)—(3) in Theorem 1.3 for the weight
center v, since the vertices u; and u;11 belong to different branches for
2<i<m-—1,u; = v and Uy, = V41, With Ly, (vp41) = d(vg, vp41) = 1.

2k—1 if v} and v; are not consecutive in the order previously

Case 2. n is odd.
Let n = 2k + 1. For k = 1, it is easy to see that rn(CPs) = 5, C'P3 being
the star S3. If &k > 2, in order to label the vertices of C'P,,, we denote by
V1, ...,V9k+1 the vertices of P, from which the caterpillar is obtained and
by v} the terminal vertex attached to v;, for 2 < i < 2k (Figure 3). We have
m = 4k and d = 2k. [ |
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‘-

Figure 3. CPojy1

Theorem 2.2. For n = 2k + 1, k > 2 the radio number for CP, is
rn(CP,) = 4k? — 2k + 4.

Proof. We shall see that it is not sufficient to use only Theorem 1.3 to
prove the equality. Let n = 2k + 1, k£ > 2. In this case C'P, has a single
weight center, vi11. We have:

s(CPy) = scp,(ver1) = Y d(u,vgq1)
UEV(CPn)
=3-1+42+ - +k)=2k>+2k — 1.

By Theorem 1.3,
rn(CP,) > (m—1)(d+1)+2—2s(T)
= (4k — 1)(2k + 1) + 2 — 2(2k* 4+ 2k — 1)
= 4k* — 2k + 3.

We will prove that there is no radio labeling for C'P, that satisfies the
properties (1)—(3) for the weight center vgy1 of C'P,, so the inequality is
strict.

Suppose that there exists a radio labeling f for C'P,, with these proper-
ties. We order the vertices of C'P,, by their labels and rename the vertices
in this ordering by w1, ug, ..., um: 1 = f(u1) < f(uz2) < -+ < f(um). Let
Ui, Uit1, Ui+2 be three consecutive vertices in this ordering, 1 < i <m — 2.
We can assume, without loss of generality, that d(u;, ujt+1) > d(uwiy1, uit2).
We shall prove the following claims:

(a) If one of the vertices u;, uit+1, uit2 belongs to the path that connects

the other two, then min{d(u;, wit+1), d(wit1,ui+2)} < k;

(b) min{d(ui, ui+1), d(uiJrl, ui+2)} <k+1;
(c) If v is a peripheral vertex in C'Ps;yq and v = w;, then ¢ is different

from 1 and m. Moreover, if its neighboring vertices u;_1 and u;y1 are
different from vy1, then one of the vertices u;—1 or u;t; is v, 41
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Claim (a). We assume first that one of the vertices wu;, u;+1, u;+2 belongs
to the path that connects the other two.

Suppose that min{d(u;, uiy1),d(wiy1,uip2)} > k. Then d(us, uir1) > 5
and d(uiq1,ui42) > 5. Because we assumed that d(u;, uiy1) > d(uit1, uir2),
u;+2 must lie on the path connecting w; and wu;q, hence d(u;, u;r2) =
d(u;, uir1) — d(ujy1,ui2). By property (3) from Theorem 1.3, f(uit1) —
flu;) =d+1—d(uj,uit1) =n — d(ui, uiy1), hence we have:

fuiv2) = f(ui) = fluir2) = fluipr) + f(uipr) = f(us)

=n —d(uj, uis1) +n — d(uir1, uiso)

= 2n — (d(ui, wiy1) + d(uit1, wiv2))

= 2n — (d(us, wiv1) — d(uit1, ir2) + 2d(Uis1, Uit2))
= 2n — d(ui, uit2) — 2d(Uit1, Uiv2)

< 2n — d(ul, ui+2) — 2% =n— d(uz, ui+2).
This contradicts that f is a radio labeling. It follows that Claim (a) is true.

Claim (b). In order to prove Claim (b) it suffices to consider the case when
no vertex belongs to the path connecting the other two.

Suppose that min{d(u;, w;y1),d(uwis1,uiy2)} > k + 1. It results that
d(ui, ui+1) 2 k?—|—2 and d(qu, ui+2) Z k+2 Since d(ul, ui+1) 2 d(qu,qu),
by Theorem 1.3 (1), we can only have the following situation: ;2 does not
belong to the path connecting u; and w;y1, but there exists a vertex uj,,
adjacent to w;42 that belongs to this path. Then

d(ui, uire) = d(ui, uip1) — d(uiy1, uj, o) +1
= d(u, uit1) — (d(uig1,uip2) — 1) + 1
= d(ui, uit1) — d(Uit1, Uiv2) + 2.
Hence
fuive) — f(ui) = 2n — (d(ui, uit1) + d(wit1, uiv2))

= 2n — (d(us, viv2) + 2d(uit1, uitr2) — 2)
=2n — d(uz, ui+2) — 2d(ui+1,ui+2) + 2
<2n — d(ui,ui+2) — 2(]{} + 2) +2
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=2n — d(u;, uiy2) — (n+3) + 2
=n—1—d(u;,uit2)
< n = d(ui, uiya),
which is a contradiction since
fluive) = fui) 2 d+ 1 —d(us, uir2) = n — d(ug, uit2),
so Claim (b) follows.

Claim (c). Let v be a peripheral vertex in C'Po11 (v is one of vertices vy,
Vok+1, Uy, Vb ). For any vertex u not belonging to the same branch as v we
have d(v,u) > k + 1. Also, d(v,u) = k + 1 holds only for those two vertices
u which are also adjacent to the center vyy;. Let ¢ be an index between 1
and m such that v = u;. By property (1) from Theorem 1.3, {uy,u;,} =
{vk+1,v"}, with d(vg41,v*) = 1, hence i is different from 1 and m and we
have f(u;—1) < f(v) < f(uit+1). Moreover, if u;—1 and u;41 are different
from center vy 1, since min{d(u;_1,v),d(v,u;i+1)} > k + 1, the assumptions
from Claim (a) are not verified, so none of the vertices u;_1, v, u;11 belongs
to the path connecting the other two, and min{d(u;_1,v),d(v,ui+1)} = k+1.
It follows that one of the vertices u;—1 or u;4 is U;H.

Hence we proved Claim (c).

Since f satisfies theorem 1.3 (2), for at least three peripheral vertices
their neighboring vertices w;—; and w;4; are different from the center vg;.
It follows that at least three peripheral vertices have the property that one
of the vertices u;_1 or u;j;1 is v}, 41, which is impossible.

Therefore there is no radio labeling f for C'P,, that verifies the properties
(1)=(3) in Theorem 1.3 for the weight center vy of CP,. Hence rn(CPF,) >
4k? — 2k + 3.

To prove that rn(CP,) = 4k? — 2k + 4 it suffices to find a radio labeling
f for CP, with span(f) = 4k®> — 2k + 4. For that, we order the vertices
of CP, as follows: vyi1, v1, v}, then alternate vékfj and fu;fj for j =
0,1,...,k—2, then vop 11, then alternate vi_; and vop_; for j = 0,1,...,k—2.
We rename the vertices of CP, in the above ordering by wy,us, ..., Um.

We define a labeling f for C P, using the rules given by (3) from Theorem
1.3 as follows: f(u1) =1, f(uit1) = f(ui) +d+ 1 — d(ujt1,u;) for 1 <i <
m — 1, with one exception: f(vogt1) = f(vh) + 2.
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For example, if k = 4, the order in which the vertices are labeled and their
labels are shown in Figure 4.

g u; Ug u; Uy ug Uy

[ [T L]

ey -t et

s
—

U, Uy Uy Uy 1 Uy Uy Uy Wy,
H 24 17 10 28 21 14
(1] 55 46 kT) 1 [+]1] 51 42 33

Figure 4. C'Pojy41

As in Case 1, from the definition of f and the distances between consecutive
vertices in the above ordering, we obtain:

span(f) =4k +1+ 2k — 1)(k —2) + 2+ (2k + 1)(k — 1) = 4k? — 2k + 4.

Also, it is easy to verify that for every two distinct vertices v and v the radio
condition is verified, considering each particular pair of vertices as in Case
1 and taking in consideration the following facts: every consecutive vertex
in the ordering considered above verify the radio constraint by construction,
|f(vi) — f(v;)] > 2k + 1 if v; and v; are not consecutive; similary |f(v]) —
fj)| > 2k — 1 if v; and v are not consecutive; f(vg) — f(vy) =k +2 >
2% + 1 — vk, oh), F()) = f(or) > F(vhy) — Flon) = 2k for i £ b+ 1,
foai1) — f(vp0) = k4+1 > 2k + 1 — d(vagy1,v) ) and the remaining
differences for non-consecutive vertices v} and v; are | f(v}) — f(v;)| > 2k+1.

So f is a radio labeling for C'P,, hence rn(CPay1) = 4k*> — 2k +4. m

3. RADIO LABELING AND RADIO NUMBER FOR A THORN STAR

The thorn star S, j, is the graph obtained from the star graph S;, by attach-
ing k new terminal vertices to each terminal vertex of the star. We denote
by z the center of the star, with vy, vo, ..., v, the terminal vertices from the
initial star S, and with w;1, u;9,...,ujk, 1 <7 < n the new terminal vertices
attached to the vertex v;, for 1 <7 < n.
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We have |V (S, k)| =14+ n+nk=(k+1)n+1 and diam(S, ;) = 4.
We will show that rn (S, ) = (k+ 3)n+ 2 for n > 3 and rn(S ) = 3k + 8.

Theorem 3.1. Forn >3 and k > 1, rn(S, ) = (K + 3)n+ 2.

Proof. We will first show that rn(S, %) > (k + 3)n + 2. For that we use
Theorem 1.3. The weight center of Sy, ;. is z, hence we have

5(Snk) = 88,,(2) = Z d(z,v;) + Z d(z,uij) = n+ 2nk.

1.

1.k

i
J

It follows that rn(S, %) > 5(k + 1)n + 2 — 2(n + 2nk) = (k + 3)n + 2.

To prove equality, it suffices to find a radio labeling f for S, with
span(f) = (k+ 3)n + 2.

We define a label f for S, ; as follows:
f(z) =1, f(vn) =5, flvj)) =(k+3)n+2-3n—j—1)for 1 <j<n-1
(vertices vj have as labels numbers starting with kn 48, the maximum label
of these vertices being (k + 3)n 4 2), and terminal vertices are labeled with
values from 7 to kn + 6 as follows: f(uj) = 7+ (j — 1)+ (t — 1)n, for
1<j<n,1<t<k. Forn=4andk = 3 the labeling is shown in Figure 5.

N

14 0 12
/5 23\CI
10 26 16

Figure 5. A radio labeling for Sy 3.

Hence span(f) = f(vp—1) = (k + 3)n + 2. It remains to verify the radio
condition for each pair of vertices. We have the following cases:
° d(ujt,vj) =1,1<j<n,1<t<Ek. It suffices to show that in this case
we have |f(v;) — f(ujt)| > 4.
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For1<j<n-1

|f(vg) = fug)| = f(vg) — f(uje)
=(k+3n+2-3n-—j—-1)-T—(j—1)—(t—1)n
=(k+1—tn+2j—1>n+2—-1>4

For j=n

‘f(vn)_f(unt)‘ :f(unt)_f(vn)
=7+n—-1)4+(t—-1)n—-5=tn+1>n+1>4.

o d(uji,ujs) =2,1<j<n,1<t#s<k. Inthis case we have
[f(uje) = fujs)| = [t =1)n = (s = D)n| = |(t = s)n| = n = 3.

o d(uj,ws) =4,1<j#1<n,1<ts<k. From the way f was defined

we have f(uji) # f(ws).
o d(z,uj) =2,1<j<n,1<t<k Wehave

Flug) - ()2 T—1=6,
e d(z,v;) =1,1<j <n. We then deduce
fwj) = F(z) = flon) = f(z) =5 -1 =4
o d(vg,vj) =2, 1< j#k <n. In this case the following relations hold:
|[f (vx) = f(vj)| = 3 for k,j <n,
fvj) = flon) > f(v1) = f(vp) = (E+3)n+2-3(n—2)-5=Fkn+3 > 3.

o d(vjuy)=3,for1<j#i<n, 1<t<k.
For j = n we obtain

|f(uit) = f(on)| 2 7—=5=2.
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For j #n
|f(uie) = f(vj)| > (kn+8) — (kn+6) = 2.

In all cases the radio condition is satisfied. [ ]

As in case of caterpillars C'P, with n odd, in order to prove that rn(Sy ;) =
3k + 8 it is not sufficient to find a suitable labeling of the vertices of Sy,
and then apply Theorem 1.3 for the reverse inequality; we also need some
additional results.

Forwards we say that the vertex v; and the terminal vertices attached
to it are vertices of type 1, vertex vs and the terminal vertices attached to
it are vertices of type 2, and the center z is of type 3.

For a radio labeling f of S5, we order the vertices ascending by their
labels and rename the terminal vertices w;; in this order by y1,y2, ..., y2x;
we have

fly) < fly2) < -+ < f(yar)

We denote by Y the sequence y1, ya, . . ., Y2k, by fy the sequence of the labels
attached to vertices of Y: f(y1), f(y2),- .., f(y2r), and with d, the sequence
of differences between consecutive labels from fy, where the i-th element of
the sequence is denoted by dlj}y = f(yi+1) — f(yi), for 1 <i <2k —1.

On the class of radio labeling of Sy we define the function Ay as

follows:
2%k—1

Ay(f) =Y dy, = f(yar) — f(v1)-
i=1

Remark 3.2.

1. In the sequence dy, it is not possible to have two consecutive elements
with value 1.

2. Ay attains a minimum only for radio labelings f* of Sy with the se-
quence of differences

dpy ={1,2,1,2,...,1,2,1}.

For those labelings Ay (f*) = 3k — 2.
3. fyar) = f(y1) + Ay (f).
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Proof. 1. Suppose that there exists an index ¢ such that dicy =1 and
djf;l = 1. It follows that

FWir1) — f(yi) = f(Wire) — f(yir1) = 1.

Since the pairs of vertices y; and y;11, respectively y; 11 and y;12 must satisfy
the radio condition, it follows that d(y;,yi+1) = d(Yit1,Yi+2) = 4, hence
y; and y;;o are of the same type. We obtain d(y;,y;+2) = 2. Since the
radio condition must be satisfied for the vertices y; and y;2, it follows that

fWit2) — f(yi) > 5 —d(yi,yi+2) = 3. But
fWir2) = fyi) = fWir2) — fyir1) + fyir1) — fly)) =1+ 1=2,

a contradiction.
2. Using the first remark, it is obvious that the minimum can be ob-
tained only in the conditions stated in this remark. In this conditions we
have
Ay(f)=1-k+2-(k—1)=3k—2.

We denote A}, = Ay (f*) =3k — 2.

Lemma 3.3. Let f be a radio labeling for Sy j. If for a type t, with t € {1,2}
there exists an index i between 1 and 2k such that f(y;) < f(vr) < f(yi+1),
then the following properties hold:

1. djcy > 4;

2. If djcy <5, then y; and y;+1 are of type 3 —t;
3. Ifi+2<2k, then d} +di' > 6;

4. Ifi—1>1, then dj ! +dj, > 6.

Proof. From the radio condition we have:
foe) = f(yi) 25— d(ve, 33),

f(yir1) = f(ve) > 5 —d(vt, yiy1)-
It follows that

f(yir1) — f(yi) > 10 — [d(ve, yi) + d(vt, Yiv1)]-
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But d(v¢,y;) has value 1 if y; is of type ¢, and 3 otherwise. We then obtain
dicy = f(yi+1) — f(yi) > 10 — (3 + 3) = 4. Moreover, if dicy < 5, then
d(ve,yi) + d(ve, yiv1) > 5, from which it follows that d(ve, y;) = d(ve, yit1) =
3, hence y; and y;41 are of type 3 —t.

In order to prove properties 3 and 4 of the lemma it suffices to consider
the case djcy = 4, since for greater values of djcy the inequalities are obvious.
In this case from the property 2 of the lemma it follows that y; and y;,1 are
of type 3 —t and d(v,y;) = d(ve,yi+1) = 3.

If y; 12 has the same type as y; and y;+1, then d(y;1+1,yi+2) = 2 and from
the radio condition we have

fWiv2) = f(yiv1) +5 — d(yir1, Yiv2) > f(yiv1) + 3.

Then A
b T =44 fyire) = f(yirn) 2 4+3=T.

Otherwise, if y;12 has type ¢, d(vt,yi+2) = 1 and from the radio condition
we obtain

TWiv2) = f(ve) +5 — d(ve,yivr2) = f(ve) +4 = f(yir1) + 2,

hence '
b Tdil>4+2=6.

Property 4 can be proved analogously. [ |

Remark 3.4. Let f be a radio labeling for Sy ;. If there exists an index i
between 1 and 2k — 1 such that f(y;) < f(2) < f(yi+1), then dlj}y > 6.

Proof. From the radio condition we have:

FWiv1) — f(yi) > 10 = [d(z,yi) + d(2,yi41)] = 10 — (2 + 2) = 6. -
Using these results we can determine a lower bound for rn(Ssy ).
Theorem 3.5. For k > 1, rn(Sqe) > 3k + 8.

Proof. Let f be a radio labeling for S ;. We prove that span(f) > 3k +8.

We consider the following cases, by comparing the labels f(z), f(v1), f(v2)
with the labels from fy-.
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Case 1. None of the labels f(z), f(v1), f(v2) are between f(yi) and
S (yar)-

In this case the sequence of all vertices ordered by their labels is obtained
starting from the sequence Y by adding, in turn, each of the vertices z, vq,
vy at the beginning or at the end of the current sequence. We denote by z’,
v}, respectively v4 the vertex near which z, v1, respectively ve are added in
the sequence. Then, using the radio condition, we obtain:

span(f) > 1+ Ay (f) + [f(2) = f(Z)] + [f(v1) — fF(0)| + [f(v2) — f(v3)]
> 1+ Ay(f)+5—d(z,2")+5—d(vi,v]) + 5 — d(va, vh)
= Ay (f) +16 — [d(z,2") + d(v1,v]) + d(ve, vh)].

Let S = d(z,2") + d(v1,v]) + d(va,v5). For t € {1,2} and 1 < i < 2k we
have: d(z,y;) = 2, d(vy,y;) = 1 if y; is of type t, d(ve,y;) = 3 if y; is of type
t, d(vi,v2) = 2 and d(vt, z) = 1. Moreover, at most two of the vertices z’,
v, vh are in Y. It follows that S < 7.

If § <6, then

span(f) > Ay (f)+16 -S> A} +16 — S >3k —2+16 — 6 = 3k + 8.

If S =7, then at least one of the vertices v; with ¢ € {1,2} is y; or yo and

d(v,v;) = 3. We can assume, without loss of generality, that v] = y;. We

have f(v1) < f(y1) < f(y2). We will prove that f(yor) > f(v1) 4+ 3k + 1.
From the radio condition for v; and y; we obtain

fly1) > f(v1) +5 —d(vi,y1) = f(v1) +2

and then f(y2) > f(v1) + 4.
If f(y1) > f(v1) + 3, then

fyar) = Fy1) + Ay (f) = f(y1) + By = f(or) +3+3k =2 = f(uv1) +3k+1.

Otherwise we have f(y1) = f(v1) + 2 and it follows that d(vi,y1) = 3 and
y1 is of type 2.
Moreover, if yo is of type 1, from the radio condition we have

f(y2) > f(v1) +5—d(vi,y2) = f(v1) +4 = f(y1) +2.
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Otherwise
f(y2) = f(y1) +5 —d(y1,92) = f(y1) +3(= f(v1) +4).

In both situations we obtain d}y = f(y2) — f(y1) > 2, hence Ay (f) > A},
and the following relation holds:

fyze) = fy1) + Ay (f) = f(y1) + AF +1
> fo) 4243k —2+1=f(v1) +3k+ 1.

Then
span(f) = f(yax) + [f(2) = F(Z)] + [ (v2) = f ()]
> f(v1) +3k+1+10 — [d(z,2") + d(ve,v})]
>14+3k+14+10—[S — d(v1,v))]
>3k 412~ (T—1) =3k + 8.

Case 2. Only one of the values f(v1) and f(vy) is between f(y1) and
f(y2r) (f(2) is not between f(y1) and f(yax))-

We can assume, without loss of generality, that f(vy1) € {f(y1),--.,
f(y2r)}. Then there exists an index p between 1 and 2k — 1 such that
fyp) < f(v1) < f(yp+1). From lemma 3.3 we have d > 4.

If dI}Y > 6, using remark 3.2 we obtain:

Ay(f)>6+1-k+2-(k—2)=3k+2.

Otherwise we have 4 < dfcy < 5, and, from Lemma 3.3, it follows that y,
and y,41 are of type 2 and k > 2. Then p—1 > 1 or p+2 > 2k. We assume
p+2 > 2k, since the case p—1 > 1 can be treated analogously. Using lemma
3.3 it follows that dI}Y + dl};rl > 6. Moreover, since y,, and y,41 are of type
2, there exists an index ¢ between 1 and 2k — 1 such that y, and y441 are of
type 1, and then

A} = f(ygr1) = F(yg) > 5— d(ygs1,y4) =5 —2=3.

It follows that Ay (f) >6+3+1-(k—1)+2-(k—3)=3k+2.
In all cases we obtain Ay (f) > 3k + 2, and it follows that
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span(f) = f(yar) + [f(2) = f(Z)] + [ (v2) = f(v))]
> 1+ Ay (f) +|f(2) = F(Z)] + [f (v2) = f(3)]
> 143k +2+10 — [d(z,2') + d(va, v})]
>3k +3+ 10— (2+3) =3k +8.

Case 3. f(v1) and f(ve) are between f(y1) and f(yax), but f(z) is not.
Then there exist two indices p and g between 1 and 2k — 1 such that

flyp) < fv1) < f(yp+1) and f(yg) < f(va) < f(Yg+1)-

By Lemma 3.3 we have d?y >4 and d;{y > 4. We prove that Ay (f) > 3k+4.
If d?y > 5 and d;lcy > 5, then, from Remark 3.2, it follows that

Ay(f)>5+5+1-k+2-(k—3)=3k+4.

If dl}y =4 and d;{y > 5, then, using the same lemma, for p+1 < 2k we have
dl}y + dl};rl > 6 and for p — 1 > 1 we have dz;;l + dz;y > 6. Hence, if there
exists, d?;tl > 2 and dfc;l > 2 we obtain

Ay(f)>4+54+1-(k—1)+2-(k—2)=3k+4

since in the sequence dy, it is not possible to have two consecutive elements
with value 1. Analogously we can prove that, if dfcy > 5 and dgcy = 4, then
Ay (f) > 3k +4.

It remains to consider the situation when dfcy = d‘}y = 4. Using an
argument similar to the previous one, it can be proved that in the sequence
dy, the value 1 cannot be on one of the positions p—1, p+1, ¢—1, ¢+1, if
such a position exist. Then Ay (f) >4+4+1-(k—2)+2-(k—1) =3k +4.

In all situations we have Ay (f) > 3k + 4, hence

span(f) =1+ Ay (f) + |f(2) = f(z')]
>14+3k+4+5—d(z,2')>3k+10—-2 =3k +8.

Case 4. f(z) is between f(y1) and f(yax), but f(v1) and f(v2) are not.
Then there exists an index p between 1 and 2k — 1 such that f(y,) <
f(2) < f(yp+1). By remark 3.4 we have dl;y > 6. We assume, without
loss of generality, that f(v1) < f(y1) and f(ve) satisfies one of the relations:

fv2) < f(v1) or f(va) > f(yar)-
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If p = 1, then the smallest labels are f(vi) < f(y1) < f(2) < f(y2) and we
obtain Ay (f) >6+1-(k—1)+2-(k—1) =3k + 3, hence it follows

span(f) = 1+ Ay (f) + [ f(v1) = f(y)| + |f(v2) — f(v3)]

>143k+3+5—d(vi,y1) + 5 — d(va, vh)
>14+3k+3+5-34+5-3=3k+8.

If p > 1, then, using same type of arguments as in case 1, we will prove
that f(y2) > f(v1)+4. Since in dy, is not possible to have two consecutive
elements with value 1, it will follow that

fyar) > fly2) +6+1-(k—=1)+2-(k—2)
> f(r) 4443k +1>3k+6

and so
span(f) > f(yax) + [ f(v2) = f(v3)] = 3k + 6 + 5 — d(v2,v5) > 3k + 8.

From the radio condition, f(y1) > f(v1) + 2. If the inequality is strict, then
it is obvious that f(y2) > f(y1)+1 > f(v1) +4. Otherwise we have f(y;) =
f(v1) + 2 and, using the radio condition, we obtain d(vq,y;) = 3, which
implies that y; is of type 2. As in case 1, it follows that f(ys) > f(v1) + 4.

Case 5. Only f(z) and one of the labels f(v1) or f(va2) are between

f(y1) and f(yar); assume f(ve) is between f(y1) and f(yax).
Then there exist two indices p and ¢ between 1 and 2k — 1 such that

fyp) < f(2) < fyp+1) and f(yg) < f(v2) < f(yYg+1)- By Lemma 3.3 and
Remark 3.4 we have dl}y > 6 and d;{y > 4. We will prove that Ay (f) >
3k + 5. It will follow that

span(f) > 14+ Ay (f) + |f(v2) — f(v5)] > 1+3k+5+5—3 =3k +8.
Thus, if d;{ > 5, then
Y
Ay(f)>6+5+1-k+2-(k—3)=3k+5.

Otherwise, if d?cy = 4, using arguments similar to the previous cases, it
follows that in the sequence dy, value 1 cannot be on positions ¢ — 1, ¢+ 1,
if these positions exist. Then Ay (f) > 4+6+1-(k—1)+2-(k—2) = 3k+5.
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Case 6. All of the labels f(z), f(v1), f(v2) are between f(y1) and f(yar)-
Then there exist three indices p, ¢ and r between 1 and 2k — 1 such that
flyp) < f(2) < Flyps1)s [(yg) < f(o1) < f(yge1) and flyr) < flv2) <
f(yr+1) and we have d > 6, d} >4 and d}, > 4.

If one of the values qu or dy_ is strictly greater than 4, then Ay (f) >
6+5+4+1-k+2-(k—4)=3k+7. It follows that in the sequence dy,
value 1 cannot be on positions ¢ — 1, g+ 1, r — 1, r + 1, if these positions
exist, hence Ay (f) >4+4+6+1-(k—2)+2-(k—2)=3k+8.

In both situations we have span(f) > 1+ Ay (f) > 3k + 8. ]

Theorem 3.6. For k > 1, rn(Sy ) = 3k + 8.

Proof. By Theorem 3.5, it suffices to build a radio labeling f for Sy with
span(f) = 3k + 8. Let f be a labeling defined as follows:

f(z) =1,

f(ull) =4, f(ulj) = 4+3(] — 1), for 2 <7< k‘,

flug1) =5, fugj) =5+43(j — 1), for 2<j <k,

fo1) =14 fluar) +5 — d(vi,ug) = f(ugk) + 3,

flug) = f(’l)l) +5— d(vl,vg) = f(u%) +34+3= f(u%) + 6.

Then f(ugx) =5+ 3(k —1) = 3k +2 and span(f) = f(ve) = 3k + 8.

For n =4 and k = 3 the labeling is shown in Figure 6.

40\ 5

T 8 8
0/14 i 17

10 11

Figure 6. A radio labeling for S 3.

We prove that f is a radio labeling for Sy, by considering each possible
type of pairs of vertices and verifying the radio condition for it.

e Forany 1 <t <2 1<j <k we have

[ (uij) = f(2)| = f(un) = f(2) =3 =5 —d(z,u).



RADIO NUMBER FOR SOME THORN GRAPHS 221

e Forany 1 <t <2, 1<1i<j<k we have

| f(utg) = fu)| = 3(F —4) > 3="5— d(uj, us).

Moreover, d(ugj,uy;) = 4 for t = 3 —t and f(uj) # f(uy;) from the
way f was defined.
e For any 1 < i < j < k the following relations hold

(Ul) — f(ulk) =3k+5— (3k‘ + 1) =4=5— d(vl,ulj).

(Ul) - f(UQk) =3k+5— (3k+2) =3> 5—d(’l)1,U2j).
(1)2) — f(ulk) =3k+8— (3]€+ 1) =7> 5—d(1)2,u1j).
(1)2) — f(UQk) = 3]€+8— (3]€+2) =6 Z 5—d(U2,’LL2j).

e We have the relations:

f(v2) = f(2) = f(v1) = f(2) = fluar) +3 -1
=3k+4>5—d(z,v1) =5—d(zv92),

f(v2) = f(v1) = 3. ]

For related problems see the survey paper [4].
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