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Abstract

In a graph G, the distance d(u,v) between a pair of vertices u and
v is the length of a shortest path joining them. The eccentricity e(u)
of a vertex u is the distance to a vertex farthest from w. The mini-
mum eccentricity is called the radius of the graph and the maximum
eccentricity is called the diameter of the graph. The radial graph R(G)
based on G has the vertex set as in G, two vertices u and v are adjacent
in R(G) if the distance between them in G is equal to the radius of
G. If G is disconnected, then two vertices are adjacent in R(G) if they
belong to different components. The main objective of this paper is to

characterize graphs G with specified radius for its radial graph.
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1. INTRODUCTION

The graphs considered here are nontrivial and simple. For other graph
theoretic notation and terminology, we follow [4, 9]. In a graph G, the
distance d(u,v) between a pair of vertices u and v is the length of a shortest
path joining them. The eccentricity e(u) of a vertex u is the distance to a
vertex farthest from u. The radius r(G) of G is defined by r(G) = min{e(u) :
u € V(G)} and the diameter d(G) of G is defined by d(G) = max{e(u) :
u € V(G)}. A graph for which 7(G) = d(G) is called a self-centered graph
of radius r7(G). A vertex v is called an eccentric vertex of a vertex u if
d(u,v) = e(u). A vertex v of G is called an eccentric vertex of G if it
is an eccentric vertex of some vertex of GG. Let S; denote the subset of
vertices of G whose eccentricity is equal to ¢. The concept of antipodal
graph was initially introduced by [8] and was further expanded by [2, 3].
The antipodal graph of a graph G, denoted by A(G), is the graph on the
same vertices as of G, two vertices being adjacent if the distance between
them is equal to the diameter of G. A graph is said to be antipodal if it
is the antipodal graph A(H) of some graph H. The concept of eccentric
graph was introduced by [1]. The eccentric graph based on G is denoted by
G, whose vertex set is V(G) and two vertices u and v are adjacent in G,
if and only if d(u,v) = min{e(u),e(v)}. Also Chartrand et al., [5] studied
the concept of eccentric graphs. The subgraph of G induced by its eccentric
vertices is called the eccentric subgraph of G. In [5] a characterization of all
graphs that are eccentric subgraph of some connected graph was presented.
Kathiresan and Marimuthu [6] introduced a new type of graph called radial
graph. Two vertices of a graph G are said to be radial to each other if the
distance between them is equal to the radius of the graph. The radial graph
of a graph G, denoted by R(G), has the vertex set as in G and two vertices
are adjacent in R(G) if and only if they are radial in G. If G is disconnected,
then two vertices are adjacent in R(G) if they belong to different components
of G. A graph G is called a radial graph if R(H) = G for some graph H.
We denote GG1 = G5 if the two graphs G and G5 are the same graphs and
G1 C Gs if G is a proper subgraph of G5. Next we provide some results
which will be used to prove some theorems in this paper.

Let Fi1, Fio, Fao, Fos, F54 and F3 denote the set of all connected graphs
G for which r(G) = d(G) = 1; r(G) = 1 and d(G) = 2; r(G) = d(G) = 2;
r(G) =2 and d(G) = 3; r(G) = 2 and d(G) = 4 and r(G) > 3 respectively.
Let Fy denote the set of all disconnected graphs.
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Theorem A [4]. If G is a simple graph with diameter at least 3, then G
has diameter at most 3.

Theorem B [4]. If G is a simple graph with diameter at least 4, then G
has diameter at most 2.

Theorem C [4]. If G is a simple graph with diameter at least 3, then G
has radius at most 2.

Theorem D [9]. If G is a self-centered graph with r(G) > 3, then G is a
self-centered graph of radius 2.

Theorem E [6]. A graph G is a radial graph if and only if G is the radial
graph of itself or the radial graph of its complement.

Theorem F [3]. A graph G is an antipodal graph if and only if G is the
antipodal graph of its complement.

The ladder graph L,, [7] with n steps is defined by L,, = P, x Ky where P,
is a path on n vertices and x denotes the Cartesian product of graphs.

2. GRAPH EQUATIONS INVOLVING RADIAL (GRAPHS
Result 2.1. Let L,, be a ladder with n steps. Then

_ nt2 if n=10,2 (mod 4),
T(Ln) - n+1 : _
= if n=1,3 (mod 4).

Result 2.2. Let L,, be a ladder graph with n steps. Then

2P, if n=10,2 (mod 4),
R(L,) =< Cy, if n =1 (mod 4),
20, if n =3 (mod 4).

Proof. Let uy,uo,...,u, and let vi,vs,...,v, be the vertices of the lad-
der L,,. The edge set of L, is E(Ly,) = {u;v;, uitig1,v0i41 : 1 = 1,2,...,
n— 1} U {upvp}.
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Case i. n =0 (mod 4).

The radius r of L, is "T“ The radial pairs are as follows:
(wi, Upii), (Wis Vpyim1) where @ = 1,2,...,5 — 1; (Upjo41,Vn); (Uny2,v1);
(uj,uj—r), (uj,vj—ps1) where j=r+1,r+2,... n.

These radial pairs give the radial graph as the union of two path graphs
P! and P2, where

n
Pﬁ DoUp—1,V2p—2, Up—2, U2r—3, Ur—3, U2r—4, Ur—4, U2r—5, Ur—5, U2r—6, Ur—6,
s U2r—(r—2)5 ur—(r—2)7 Vor—(r—1)s Ur—(r—1), Ur and
Pﬁ P Up—1,U2r—2, Up—2,V2p—3, Ur—3, U2r —4Ur—4, V2r—5, Ur—5, U2r—6, Ur—6,
s V2r(r—2)s Upr—(r—2) W2r—(r—1) Uyr—(r—1)s Ur-

(751 Uz us Ug

U1 () U3 V4

Figure 1. The graph L4 with r» = 3.

Uq U4

‘

U1 V4
Figure 2. The graph R(Ly4).

Case ii. n =2 (mod 4).
We can prove the result as in the Case i.

Case iii. n =3 (mod 4).

The radius r of L, is ”TH The radial pairs are as follows:

(uia ur+i)7 (ui, UT+Z'71) where ¢ = ]-7 25 sy ]-7 (uT, Ul); (/U’Ta Un)a (/U’j, uj*?‘)a
(uj,vj—py1) where j =7+ 1,7+ 2,...,n. The radial graph corresponding
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to the above radial pairs is the union of two disjoint cycle graphs C} and
C? where

1.
Cn UL Up+15 Ur—(n—r—1)) V2r—(n—r—1) Yr—(n—r—2)s U2r —(n—r—2)» Ur—(n—r—3)»

V2r—(n—r—3)) Ur—(n—r—4) U2r—(n—r—2)s « - -, Ur—2, V2r—2, Ur—1, U2r—1, Ur, U1.
2.

Cn P01, Urt 1 Up—(n—r—1)s U2r —(n—r—1) Ur—(n—r—2)s V2r—(n—r—2)s Ur—(n—r—3)>

WU2r—(n—r—3)) Ur—(n—r—4), V2r—(n—r—2)5 - - -, Ur—2, U2r—2, Ur—1, V2r—1, Up, V1.

Case iv. n =1 (mod 3).
We can prove the result as in Case iii. [ |

Proposition 2.3. Let G be a graph of order n. Then R(G) = G if and only
ZfG € 11 or F12.

Proof. Follows from the definition. [ |

To improve the readability of the paper, we offer an outline of the proof of
the following two results which are found in [6].

Proposition 2.4. If 7(G) > 1, then R(G) C G.

Proof. If two vertices u and v are adjacent in R(G), then they are non-
adjacent in G, since r(G) > 1. ]

Lemma 2.5. Let G be a graph of order n. Then R(G) = G if and only
if either S2(G) = V(G) or G is disconnected in which each component is
complete.

Proof. If S3(G) = V(G), then R(G) = G. If G is the union of complete
graphs, that is G = K, UK, U---UK,,, then its radial graph R(G) is the
complete multipartite graph Ky, n,. .n,, and consequently, R(G) = G.

If R(G) = G, then d(u,v) = 1 or 7 in G for any two distinct vertices u
and v where r is the radius of G. By Proposition 2.3, r(G) # 1. If 2 < r <
o0, then there exist at least two vertices x and y in G such that they are
nonadjacent in both R(G) and G, which contradicts R(G) = G.

If there is a pair of vertices  and y such that d(x,y) > 2, then they
are nonadjacent in G and R(G). If G has a noncomplete component then

R(G) # G. n

Now, we provide some graph equations involving radial graphs.
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Proposition 2.6. Let G be a graph. Then R(G) = R(G) if G is any one of
the following graphs.

1. G or G is complete.

2. G or G is disconnected with each component complete out of which one
s an isolated vertez.

Proof. If G is complete, then by Proposition 2.3, R(G) = G. Also
R(G)=G.

If G is complete, then by Proposition 2.3, R(G) = G. Also R(G) = G.

If G is disconnected with each component complete out of which one is
an isolated vertex, then R(G) = G by Lemma 2.5. But R(G) = G since G
has a vertex of degree n — 1.

If G is disconnected with each component complete out of which one is

an isolated vertex, then R(G) = G and R(G) = G. |

Lemma 2.7. If G and G are members of Fyo, then R(G) = R(G).

Proof. Since G and G are members of Fyo, by Lemma 2.5, R(G) =G and

R(G) = G and hence R(G) = R(G). ]

Lemma 2.8. Let G be a disconnected graph with each component complete
and has no isolates. Then R(G) = R(G).

Proof. Since each component of G is complete, by Lemma 2.5, R(G) = G.
Also G € Fyy. Again by Lemma 2.5, R(G) = G. Thus R(G) = R(G). ]

Lemma 2.9. Let G be a connected graph such that R(G) = R(G). Then
either G or G is a member of Fas.

Proof. We prove this lemma by assuming that G ¢ Fys. It suffices to show
that G € Fys. If not, then Ge A= Fi1 U FioU Fy3 U Foy U F3 U Fy. It is
impossible that G is connected if G € Fi; U Fia.

From Theorems A and C, if G € Fy3, then G € Fhy U Fhs. But, since
G ¢ Fys, only the case G € Fy3 has to be considered. By Proposition 2.4,
R(G) C G. If G € Fys3, then R(G) C G and hence G C R(G). Thus R(G) C
R(G), a contradiction. Since G is connected G ¢ Fj.

If G € Fy, U F3, then by Theorem B, G € Fy9, a contradiction.

Now let G € Fy. If G has at least one isolated vertex, then R(G) = G.

But R(G) C G. Thus R(G) € R(G) C G. This contradicts the fact that
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R(G) C G. If G has no isolated vertices, then G € Fys, a contradiction. The
above argument force us to conclude that G is a member of Fhs. [ |

Lemma 2.10. Let G be a disconnected graph such that R(G) = R(G). Then
each component of G is a complete graph and has no isolates.

Proof. Suppose at least one of the components of G is not complete. Then
R(G) C G. This implies that G C R(G). |

The following examples show that the notions of radial graph and antipodal
graph are independent.

Figure 3. A radial graph but not an antipodal graph.

Figure 4. An antipodal graph but not a radial graph.
Next we characterize those antipodal which are radial graphs.

Theorem 2.11. A graph G is both radial and antipodal if and only if either
G € Fyy or each component of G is complete.

Proof. If either G € Iy or each component of G is complete, then A(G) =
R(G) = G, by Lemma 2.5.

Conversely assume that G is both radial and antipodal. Assume that
G ¢ Fy. We must claim that each component of G is complete. Suppose
G has at least one noncomplete component. Then A(G) # G. This is a

contradiction. []
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3. THE RADIUS OF RADIAL GRAPHS

Theorem G [6]. If both G and G are of self-centered graphs of radius 2,
then so is R(G).

Proposition 3.1. Let G be a graph of order n. Then r(R(G)) = 1 if and
only if either A(G) =n —1 or G is disconnected with at least one isolated
verter.

Corollary 3.2.
(a) Let G be a connected graph. Then R(G) € Fiy if and only if G € Fi;.

(b) Let G be a connected graph. Then R(G) € Fia if and only if G € Fa.
(c) Let G be a disconnected graph. Then R(G) € Fy1 if and only if G = K,,.
(d) Let G be a disconnected graph. Then R(G) € Fio if and only if G has

at least one isolated vertex and has a nontrivial component.

Proposition 3.3. Let G be a disconnected graph. Then R(G) € Fag if and
only if G has no isolated vertez.

Proof. Follows from the definition. [

Next we provide a characterization theorem for R(G) and R(G) to be mem-
bers of Fys.

Theorem 3.4. Let G be a connected graph. Then R(G) and R(G) are
members of Fyy if and only if G and G are members of Fas.

Proof. 1If G and G are members of Iy, then by Lemma 2.5, R(G) = G
and R(G) = G.

Conversely assume that R(G) and R(G) are members of Fay. Assume
that G §‘é Fyy. Then G € A= Fj1 U FjoU Fo3 U Fyy U F3 U Fy.

If G € Fy1, then by Theorem 2.3, R(G) = G, a contradiction to the fact
that R(G) € Fay. If G € Fia, then R(G) = G, a contradiction. If G € Fas,
then by Theorem A, G € Fy or G € Fy3. Then R(G) = G or R(G) C G,
a contradiction, since R(G) € Fyy. It is easy to obtain a contradiction if
G € Fyy or G € F5. G € F4 will not hold since G is connected. Therefore

G € Fy. Similarly we can prove that G € Fa. [ |

Theorem 3.5. Let G be a connected graph. Then R(G) € Fa3 if G € Fao
and G € Fos.
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Proof. By Lemma 2.5, R(G) = G. Also G € Fy3 and hence R(G) € Fys.

Theorem 3.6. Let G be a connected graph. Then R(G) € Fs3 if G € Fy
and G € F3.
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