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Abstract

Explicit formulae for the y-min and v-max labeling values of com-
plete bipartite graphs are given, along with v-labelings which achieve
these extremes. A recursive formula for the «-min labeling value of
any complete multipartite is also presented.
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1. INTRODUCTION

Throughout the paper, G denotes a simple, connected graph with order n
and size m. We use K, n,..n, to denote a complete k-partite graph and
K, s in the case k = 2.

Definition 1 [1]. A ~-labeling of G is a one-to-one function f : V(G) —

{0,1,2,...,m} that induces a labeling ' : E(G) — {1,2...,m} of the edges
of G defined by f'(e) = |f(u) — f(v)| for each edge e = uv of G.

The value of a y-labeling f on G is val(f) = 3> .cpq) f'(€). The spectrum
of G is spec(G) = {val(f) : f is a y-labeling of G}. The ~-min and y-max
labeling values of G refer to

Valmin(G) = min{val(f) : f is a y-labeling on G} and

Valmax (G) = max{val(f) : f is a y-labeling on G}.



46 G.D. BULLINGTON, L.L. EROH AND S.J. WINTERS

The v-labelings that achieve these extrema are called v-min and y-max
labelings.

The above definition and notation first appeared in [1] where the authors
found closed formulae for y-min and ~-max labeling values of stars, paths,
cycles and complete graphs. They also derived general sharp lower bounds
of valyin(G) in terms of n and m. Focusing on trees, [2] gave formulae for
~v-min and y-max labeling values of double stars and describes all graphs G
for which val,,;,(G) equals n and n + 1. The spectrum for paths, cycles,
and complete graphs was determined in [3]. An alternate definition of ~-
labelings for oriented graphs (having signed edge labels) was presented in [4]
where the authors determined which connected graphs have an orientation
and 7-labeling with value zero.

The main objective of this paper is to find explicit formulae for the ~-
min and y-max labeling values of a complete bipartite graph. The following
will be shown.

Main Result 1. For any two positive integers r > s,

5(2s2 +1)
3

(r—s)

Ualmin(Kr,s) - 4

+s2(r—s)+s{ Jand

1
Valyaz (Krs) =15 <7"s — 5(7“ +5s)+ 1) )

Example 1. To motivate the above result, consider the v-min labeling value
of K33 and K, 3. Intuitively, one may guess that y-min labelings on these
graphs would be as follows.

0 1 0 1

2 3 2 3

4 5 4 )
6

Intuition coincides with reality in these cases. Larger examples are slightly
more difficult to guess. For instance, y-min labelings for K73 and Ky 3,
resp., are:
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In the labeling of K7 3 above, notice that both the two highest and two lowest
labels are assigned to vertices in the largest partite set. If these vertices
and corresponding edges are disregarded, then the graph that remains has
a labeling that is equivalent to a «-min labeling on K33. The analogous
observation can be made for the labelings above for Kg3 and Ky 3.

Generally, if K, , where r = s or 7 = s + 1, then the labeling given by
assigning consecutive labels from 0 back and forth between vertices in “op-
posite” partite sets achieves valyn(Kr ). When r > s+ 1, the labels in
{0,..., L%J}U{r—ks— VQ;SJ ,...,7+8—1} can be assigned to the partite
set of order r, and labels in { L’"Q;SJ +1,...,r+s— L’"Q;SJ —1} can be assigned
consecutively back and forth from the largest partite set to the smallest to
achieve a y-min labeling. Though these labelings are not a ramification of
the proofs that follow, it is a straightforward exercise to show that their
values agree with our formula for val,,in, (K, s).

To find a labeling that achieves valyq. (K ), give labels 0,...,r —1 to
the vertices in the partite set of order r and labels rs — (s — 1),rs — (s — 2),
...,Ts to vertices in the partite set of order s. We prove that this is an
appropriate labeling in Section 3, leaving the given formula for val,,qq (K. s)
as an elementary calculation.

2. y-MIN LABELING VALUE OF Ky, ny . n,

Given a v-labeling £ on G, we use italics and interval notation in the su-
perscript to denote the set of vertex labels used in £. For example, 40
(resp., A[O’j]), denotes the set of labels in £ that are strictly greater than
Jj (resp, in [0, j]). Without italics, corresponding capital letters denote un-
derlying vertex subsets. So, Al%7) denotes the set of vertices having labels
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in A7), The interval notation is used on superscripts of n to denote the
cardinalities of these sets (e.g., nl%) = |Al%9)]). When G = K, _n,, a
subscript is used to denote the restriction of the above definitions to a par-

ticular partite set. For instance, .AZ[O’j ) represents the set of labels from [0, j)

assigned to vertices in the i-th partite set—its cardinality is denoted n;

In the case [0,0) = ¢, .AZ[.O’O) = ¢ and nl[o,o) = 0.
The following lemma will be used to find a recursive formula for the

~v-min labeling value of a complete multipartite graph in Theorem 1.

Lemma 1. Consider a vy-labeling on G = Ky, n,,...n,- Let Aq and Ag be
two partite sets in G with orders no and ng, respectively. Let j be a label on
a vertex in Ag, and let i = min{l : | is a label on vertex in Ay and j < l}.

If n([)?’j) — pl09) < %, then the value of the y-labeling is not increased

(and may be decreased) if label j is swapped with label i.

Proof. Let Ky, p,,.n, have partite set A, of order n,, 1 <r < k. Assume
without loss of generality that n; > no > -+ > ng.
Using 7 and j as defined in the assertion, let v, and vg be the vertex in
A, and Ag labeled i and j, respectively. Notice, \A[o?’j)] = ng?’j), ]A[Bo’j)] =
ng)’j), yAEZ’C’O)\ = 1A§37°°)y =Ny — n([g’j) —1, and ]A(Bj’oo)\ =ng— ng)’j) —1.
Suppose the labels on vertices v, and vg are swapped. The only edge

labels that are affected are edges from v, to Ag and the edges from vg to
A,. Of course, the label on edge v,vg Will be the same.

If we Ag?’j), then the label on edge wvg will increase by i — j. If
w e Afj"x’), then the label on wvg will decrease by i — j. If w € Ag]’]), then

the label on wv, will decrease by ¢ — j. If w € A(Bj’oo), it is more difficult to
tell how the label on wv, will change, since the label on w might be between
7 and 7 or greater than ¢. However, at most it could increase by ¢ — j.

The change in the sum of the v-labeling is at most ng{)’j)(i —7)— (Na —

0, . 05),. . 0, . . 0, 0,5
na? = 1)(i=)=ng 7 i=5)+(ng—ng? = 1)) = (i=) (2" ~2n5" +
ng — Ng), which will be zero or negative provided n([)?’j) - ng)’j) < w. [
The next theorem gives a recursive formula for valyin(Kn, ns,...n, ) provided
at least one partite set contains two or more vertices. (If every partite set
contains only one vertex, then K, ,, . n, is a complete graph. It is shown

in [1] that val,, (K,) = (";)Ll))
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Theorem 1. For any positive integers ni,na,...,ng, with ny = max(nq,
ng,...,nk) > 2,
k k
Ualmin (Knl,ng,...,nk) = Ualmin(Knl—Z,ng,ng,...,nk) + <<Z nz) - 1) < nz)
i=1 i=2

Proof. Suppose Ky, n,.... n, is labeled with a «-min labeling. By [1, Corol-
lary 2.3], we may assume that the labels used are 0, 1,2,3, ..., (Zle n;)—1.
Let A; be the partite set of order n;. We may further assume that label 0
is used in set A; by Lemma 1 since 0 = n[lo,o) — nl00 < Lfﬁ for any ng.

Let j be the largest label used on set A;. If j # (377, n;) —1, then label
j + 1 appears on a vertex in some other partite set A,. In the notation of
Lemma 1, n([)?’j) <ny—1and n[lo’j) = n1—1. It follows that 2n([)?’j) —ng+2 <
Ne < ni. This is equivalent to n([g’j) —(np — 1) < 5™, By Lemma 1, we
may interchange the labels j and j + 1 without increasing the value of the
labeling. This process may be repeated until label (Z?Zl n;)—1isin set A;.

Thus, we may assume that the largest and smallest labels, 0 and
(Ele n;) — 1, are used in partite set A;. Say label 0 is used on vertex
v and label (Zle n;) — 1 is used on vertex w. Every other label lies in
between these two labels. Thus, for each vertex x & Aj, the sum of the
labels on the edges zv and zw is (Zle n;) — 1, regardless of the label on
vertex .

The minimum labeling on the remainder of the graph must be a v-min
labeling of the graph Ky, —2 5y ns,...n, Using the labels 1,2,3, ..., (Zle ni)—
2. Since the value of the labeling is not changed if we add one to every
label, or if we subtract one from every label, the value of the labeling on
Koy moms,..ne — {0, w} 1S valyin(Kp,—2.n,,...n,)- As noted above, the edges
incident with vertices v and w add (Zle n;) — 1 to the value for each vertex
x & Ay. The result follows. [

Corollary (complete bipartite graph). For r > s > 1,

s(2s? r—s)?
Valyin (Kr.s) = @T—m uJ .

—i—sz(r—s)—i-S{ 1

Proof. Formulae for stars and cycles are given in [1], handling the assertion
when s = 1 (where K, ; = K,1) and r = s = 2 (where K39 = C4). Suppose
r > s > 2 where r > 3, and assume that the desired formula holds for
Kr—2,s-
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If r = s, then

Valpmin (Kr,s) = valmin(Ks—2s) + (25 — 1)s

283 + s
3

If r=s+1, then

Valpin (Ky.s) = valmin(Ky—2,-1) + (r+7—1—1)(r — 1)

_r=1E(r-1)%+1)
3

+ (r—1)2(1).

If r > s+ 2, then by Theorem 1,

Valpin (Kr.s) = valmin(Kr—2) + (r+s—1)s

_ 5(2s2 +1) (r— 3)2J ‘
3 4

+s2(r—s)+s{

3.  v-MAX LABELING VALUE OF K,

In this section, we prove the following theorem from which the closed formula
for valyeq (Ky ) in the Main Result follows.

Theorem 2. The v-labeling of K, s where the first partite set is labeled
{0,...,7 =1} and the second partite set is labeled {rs— (s —1),rs— (s —2),
...,1r8} is a y-mazx labeling.

The following lemma will be used to deduce a ~-labeling that achieves
Valpmag (Kr.s).

Lemma 2. Let A be the set of vertex labels in a y-labeling L on K, g with
partite sets A, and Ag. Suppose j € A is a label on verter v € A,.

(1) If j — 1 €H0,...,aB}\ A and vertez label j is replaced with j — 1 on v,

then the value of the y-labeling is changed by n(ﬁj’oo) — ng)’j).
(2) If j+1 € {0,...,aB}\A and j is replaced with j + 1 on v, then the

value of the y-labeling is changed by ng)’j) — ng’oo).
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Proof of (1). Suppose that L, 7, ng)’j) and n(ﬁj’oo) are as above. Let
> |7 — x| denote the sum of terms in the computation of the value of £

involving j and vertex labels on Ag. If j is changed to j — 1, then
. . . . i, 0,
Slimlma= S, e =)+ Y@= +1) = X li—al+nf > —ng?).

. The assertion of (2) follows similarly.

|
Throughout the rest of the section, let £ be a y-max labeling on K, ;. Notice
that £ contains the vertex labels 0 and rs. (To see this, apply Lemma 2 on
the extreme labels of L.)

So, the change in value is n(ﬁj’oo) —n[ﬁo’j )

Standard form of a y-max labeling on K, ;. By Lemma 2, the labels
of £ can be arranged in the following standard form. The vertices in the
partite set of K, s of order r can be partitioned into subsets Ry, R, ..., R,
so that the labels on vertices in R; are consecutive. Using R; to denote the
vertex labels on R;, all labels in R; are taken to be less than those in R;
whenever ¢ < j; as shorthand, we write R; < R;. In addition, the labels
in R; UR; are nonconsecutive when i # j; for brevity we say R; and R;
are nonconsecutive. Defining S1,S52,...,53 and &1,8s,...,83 analogously
for the partite set of K, s of order s, one can assume by Lemma 2 that the
labeling L is of the form

RiI<SI<Ra<S < orS1<R1I <SS <Ry < ---

where 0 (resp., rs) is a label in the first (resp., last) subset of the chain,
oo — ] < 1, and the labels in each “intermediate” R; (resp., S;) are con-
secutive with the labels in some S; (resp., R;). Let r; (resp., s;) denote the
cardinality of R; (resp., S;).

For convenience, we let r be the cardinality of the partition set of K,
that has vertex label 0 in £. This forces £ to be of the form 0 € R1 < &1 <
Ro < ---; it is not necessary that r > s.

Notice that if Rq < &7 is the standard form of £, then the labeling, by
Lemma 2, is

{0,1,...,r =1} <{rs—(s—1),rs = (s —2),...,7s — 1,rs}

and Theorem 2 is shown. Therefore throughout the rest of the section, there
may be an implicit assumption that Ro # (). If needed, we can also assume
that r,s > 2 and r and s are not both two since the “min{r, s} = 17 case
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follows from [1, Cor. 1.3] and it is easy to check that {0,1} < {3,4} is a
maximum ~-labeling on K ».

Lemma 3. If y-max labeling L is in standard form0 € R1 < S < Ry < -+
on K, s with Ry # 0, then S; and Ry are not consecutive label sets.

Proof. Let i be the least label in §1, and let j be the least label in Ro. If
i and j are switched, the 7-labeling value (of £) changes by:

di=G—-0)(r+(s—s1)—(r—r1—1)—(s1—1)) +s1(s1 — 1).
Since 81 and Rs are consecutive, j —i = s and
d=s1(r1+1—(r—ry)+(s—s1)).
Therefore, since s; # 0 and £ is a y-max labeling,
r1+1<(r—ry)—(s—s1).

Letting ¢ be the greatest label in Ry and j be the greatest label in Sy,
swapping i and j changes the -labeling value by: (j—i)(—(r1 —1)— (s —s1)
+(r—r1))=s1((r—r1) —(s—s1) —r1 +1) >2s; > 0, a contradiction. =

Standard form revisited. If y-max labeling £ is in standard form 0 €
Ri1 <S8 <Rp<--- on K, with ry := [Ry| =7 and Ry # 0, then r; < §
and the label sets Ry and S; are consecutive. [To see this, recall that S;
is either consecutive with Ry or Ro. If 71 > 5, then by Lemma 2 we can
consider S and Sz to be consecutive, but this cannot happen by Lemma 3.]

We can also deduce that the largest and smallest labels, 0 and rs, in £
are not assigned to vertices in the same partite set. That is, the standard
form of £ on K, 4 is not of the form

DERI <SS <Ro< " <Ra1<Su1 <Ry with > 2 and rs € R,,.

Proof. Consider the complementary labeling £* of £ by replacing each
label [ with rs — [ (cf., [1]). On this labeling with the same value, we can
deduce similarly that r, < § and S,—1 and R, are consecutive. Thus, a > 2
sincer =ry+ -+ rq.

If 51 < %, then Lemma 2 yields that Ro can be considered consec-
utive with Sy (resp., Sq—1), a contradiction of Lemma 3. If s; > 5, then
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Lemma 2 applied to the complementary labeling £* yields that R,_1 can
be considered to be consecutive with S,_1, a contradiction of Lemma 3. m

The standard form of £ achieving valy., (K s) must assign labels 0 and s
to vertices in different partite sets. That is, the standard form of £ must be

0ERI <S8 <Re<--<Rg <8z with g > 1.

We are now ready to show that the above standard form must have g = 1.

Proof of Theorem 2. Suppose that the standard form of £ on K,  is of
the form

0ERI <81 <Rz <---<Rg< Sz where 3 > 2.

By Lemma 2 and the complementary labeling, r1 < 5, s < 5, R1 and &
are consecutive, and Rg and Sg are consecutive. There are two cases.

Case 1. 3 = 2. Note that vertex set S is labeled with {ry,...,r1+s1—1}
and Ry is labeled with {rs — (ro + so — 1),1rs — (ro + s9 — 2),...,7s — S2}.

If ro > s1, swap labels {ry,...,r1+s1—1} with {rs—so—(s1—1),...,rs—
s9 — 1,7rs — s9} and (on Rg) relabel {rs — (ro + s —1),...,rs — (s2 + s1)}
with {rq 4+ s1,...,71 + s1 + (r2 — s1)}. Notice that this relabeling gives a
positive change to the y-labeling value since there is no change of labels on
edges between Ry and S; while there is positive change of labels on edges
between R; and Sy (resp., Ry and Sq), giving the contradiction.

If ro < s1, swap labels {r1,r1 +1,...,71+7r9—1} on Sy with {rs— (ro+
s9—1),rs—(ro+s2—2),...,rs—sa} and (on Sq) relabel {r1+ry,...,r1+s1—1}
as {rs — (s1 +sa2+1),...,7s — (r2 + s2)}. As before, the y-labeling value
change between labels on S; and Ry stay the same, but there is positive
change of labels on edges between S; and R; (resp., Ry and Sq), giving the
contradiction.

Case 2. 3 > 2. If sy < § (resp., rg < %), then by Lemma 2 (resp.,
and the complementary labeling), we can consider R1,Si, and Ry (resp.,

Sp_1,Rp,Sp) consecutive, contrary to Lemma 3 (resp., using the comple-
T

mentary labeling). Therefore, sy > § and rg > 4. Let i be the highest

label in Ro and let j be the lowest label in S3. The contradiction comes by
swapping ¢ and j, since the y-labeling value changes by
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G=i)(s1—(s=s1=1)+(r—(r1+r2)—(r1+r2—1))
>@G—i)(5—(s—s1)+1+5—(r1+r2)+1)
>(G-i)(E—(s—s)+1+5—(r—rg)+1)

> (=51 - §) + (5= 5 +2) >0,

—~~

It follows that the standard form of £Lis 0 € R1 < S;. [ ]

4. OPEN QUESTION

For any graph G of order n and size m, [1, Section 2.3] gives that val,;, (G) =
val(f) for some y-labeling f with consecutive vertex labels {0,1,2,... ,n—1}.

Analogously, in wondering if more can be said about the vertex label set
of a v-max labeling, we notice that 0 and m are vertex labels in any y-max
labeling of G. The path P, and the cycle C3 have y-max labelings with
vertex label sets {0,1} and {0,1,3} = {0,1} U {3} respectively; K, ; has a
v-max labeling with vertex label set {0,1,...,7 — 1} U {rs — (s — 1),7rs —
(s —2),...,7rs}. All such examples lead us to ask:

For any connected graph, does there exist a ~-max labeling of G with a
vertex label set that is the union of no more than two sets of consecutive
numbers?
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