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Abstract

We consider a vertex colouring of a connected plane graph G. A
colour c is used k times by a face a of G if it appears k times along
the facial walk of . We prove that every connected plane graph with
minimum face degree at least 3 has a vertex colouring with four colours
such that every face uses some colour an odd number of times. We
conjecture that such a colouring can be done using three colours. We
prove that this conjecture is true for 2-connected cubic plane graphs.
Next we consider other three kinds of colourings that require stronger
restrictions.
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1. INTRODUCTION

We use the standard terminology according to [4] except for few notations
defined throughout. Graphs considered can have multiple edges but loops
are not allowed. We will adapt the convention that a graph is planar if
it can be embedded in the plane without edges crossing, and plane if it is
already embedded in the plane.

If a planar graph G is embedded in the plane M, then the maximal
connected regions of M — G are called the faces. The facial walk of a face «
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of a connected plane graph G is the shortest closed walk traversing all edges
incident with a. The degree of a face « is the length of its facial walk. Let
a k-face be a face of degree k.

The degree of a vertex v of a connected plane graph G is the number of
edges incident with v. Let a k-vertex be a vertex of degree k.

Let the set of vertices, edges, and faces of a connected plane graph G
be denoted by V(G), E(G) and F(G), respectively, or by V, E and F if G
is known from the context.

Let ¢ be a vertex colouring of a connected plane graph G. We say that
a face a of GG uses a colour ¢ under the colouring ¢ k times if this colour
appears k times along the facial walk of a.. (The first and the last vertex of
the facial walk is counted as one appearance only.)

Colouring vertices of plane graphs under restrictions given by faces has
recently attracted much attention, see e.g. [1, 5, 6, 7, 8, 9, 11, 14, 15, 16]
and references there. Two natural problems of this kind are the following.

Problem 1. A vertex colouring ¢ is a weak parity verter colouring of a
connected plane graph G if each face of G uses at least one colour an odd
number of times. The problem is to determine the minimum number y,(G)
of colours used in a weak parity vertex colouring of G. Then the number
Xw(G) is called the weak parity chromatic number.

Problem 2. A vertex colouring ¢ is a strong parity vertex colouring of a
2-connected plane graph G if for each face o and each colour c¢ the face «
uses the colour ¢ an odd number of times or does not use it at all. The
problem is to find the minimum number y,(G) of colours used in a strong
parity vertex colouring of G. Then the number x4(G) is called the strong
parity chromatic number.

Our research has been motivated by a paper [3] which deals with parity
edge colourings and strong parity edge colourings in graphs. Recall that
a parity edge colouring is such a colouring in which each path uses some
colour an odd number of times. A vertex variation of this problem, a parity
vertex colouring with respect to paths of general graphs is introduced in the
paper [2].

The rest of the paper is organized as follows. In Section 2 we provide
a new proof of a theorem of Lebesgue [10]. This theorem is applied later in
Section 3. In this Section we study weak parity vertex colouring. We prove
that x,(G) < 4 for every connected plane graph with minimum face degree
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at least 3. In Section 4 we conjecture that x.,(G) < 3 for all plane graphs
of minimum face degree at least 3 and prove this conjecture for 2-connected
cubic plane graphs. Section 5 of this paper is devoted to study the strong
parity vertex colouring. Section 6 deals with the cyclic chromatic number
which is a natural bound on strong parity chromatic number. In Section 7
we discuss two similar problems and formulate open questions.

2. LEBESGUE THEOREM

In this section we state one of the basic results concerning the structure of
plane graphs, the Lebesgue theorem [10] proved in 1940. For the sake of
completeness we give here a new simple proof of this theorem. To be able
to state it we need two new notations.

A k-vertex v, k > 3, is said to be the (ay,aq,...,ax)-vertex if faces
a1,Q2,...,qr, in order incident with v have degrees ai,aq,...,a.

A connected plane graph with minimum vertex degree at least 3 and
minimum face degree at least 3 is called normal map.

Theorem 2.1 (Lebesgue). Every normal map contains at least one of the
following vertices:

1. an (a,b,c)-vertex for

a=3and3<b<6 andc> 3, or a=4andb=4 and c > 4, or

a=3andb=T7and 7 <c <41, or a=4andb=5and 5 <c<19, or
a=3 andb=8 and 8 < ¢ < 23, or a=4andb=6 and 6 <c<11, or
a=3andb=9 and 9 <c <17, or a=4andb=7and7<c<9, or
a=3andb=10and 10<c<14,0or a=5andb=5and5<c<9, or
a=3andb=11and 11 <c<13,0or a=5andb=6 and6 <c<7, or

2. a (3,b,¢,d)-vertex for

b=3andc=3 andd > 3, or b=4andc=4and 4 <d <5, or
b=3andc=4and 4 <d <11, or b=4andc=5 andd =4, or
b=3andc=5and5<d<7, or b=5andc=3 and5<d<7, or

b=4andc=3 and 4 < d <11, or

3. a(3,3,3,3,¢e)-vertex for
3<e<5h.
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Proof. We proceed by contradiction. Suppose there is a normal map
G = (V,E,F) on a set V of n vertices which contains none of the ver-
tices mentioned above. Let e be the number of edges and let f be a number
of faces of GG. From the Euler polyhedral formula n —e+ f = 2 we can easily

derive
> (2deg(er) = 6) + > (deg(v —12.
a€F veV

Consider an initial charge function ¢ : VU F — Q such that p(a) =
2deg(a) — 6 for v € F and p(v) = deg(v) — 6 for v € V. Initially,

dowl@)+ Y pv) = -
acF veV

We use the following rule to transform ¢ into a new charge function ¢ : V' U
F — Q by redistributing charges locally so that > . ¢(a)+> oy ©(v) =

2aer V(@) + 2 ,cp Y(v).

Rule. Each face «a transfers the charge % to each vertex v incident

with a. Therefore (o) = 0 for any o € F'. Hence
(1) > b)) =~
veV

We are going to show that ¢(v) > 0 for every v € V' which will trivially be
a contradiction with (1). Let v € V be an (a1, as,...,ai)-vertex. Then

(2) W) =p)+) — 2deg(@) =6 _ ) g, 22% = 3k—6— 62@—@

deg(o
acel g( i=1
vEQ

It is easy to see that if £ > 6 then ¥(v) > 0. Recall that graph G does not
contain any vertex from the list.

If £ = 3 all possibilities for degrees of faces incident with the vertex v
(here m+ denotes any integer > m) are listed in Table 1. It is a routine
matter to verify that ¢ (v) = 3—6(%—%%—{—%) > 0 for every triple (a1, az, as)
from the list of Table 1.

In Table 2 and Table 3 there are listed all possibilities for degrees of
faces incident with the vertex v in the case if £ =4 and k = 5, respectively.
Using (2) we can easily verify that for any possibility there is ¢(v) > 0.
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Table 1. Degrees of faces incident with a 3-vertex.

ay 3 3 3 3 3 3 4 4 4 145 | 5|5 |6+

as 7 8 9 | 10 | 11 (124] 5 6 7 |84+ 5 | 6 |7T+|6+

az || 424|244 | 184|154 | 144|124 | 204|124 | 10+ [ 84| 104 | 8+ | 7+ | 6+

Table 2. Degrees of faces incident with a 4-vertex.

air |l 3 | 3 |3[33]|3]3]3|3]|3]|3 |4+

az || 3 | 4 3|5 |3 |6+] 4| 4|4 |5+|5+|4+

as 4 3 |53 1|6+| 3|4 |6+|5+] 4 |5+|4+

a4 |12+ |12+ |8+ |8+ |6+ |6+ |6+ | 4 |5+ |5+ |5+ |4+

Table 3. Degrees of faces incident with a 5-vertex.

a1 || 313313133 |4+

az || 3| 3| 3| 3 [4+|4+|4+

az || 3| 3 [4+|4+| 3 |4+ |4+

asg || 3 |44+ 3 |4+ |44 |44 |4+

as || 6+ |4+ |4+ |4+ |4+ |4+ |4+

3. WEAK PARITY VERTEX COLOURINGS

Using distinct colours on all vertices of a connected plane graph G produces
a weak parity vertex colouring of G. Hence x.,(G) is well defined for every
connected plane graph G. It is easy to see that x,,(G) = 1 if and only if all
faces of G have odd degree.
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Next we determine the parameter y,, (D, ) for the graphs of r-sided prisms.
The r-sided prism, r > 3, is a plane graph consisting of two r-faces; an
internal r-face « = (u1,u2, ..., u,) and an external r-face 3 = (v1,v,...,v;)
and r 4-faces a; = (u;, wjy1,vi41,v;) for all ¢ = 1,...,r; indices modulo 7.

Theorem 3.1. Let D, be an r-sided prism, r > 3. Then

2 if r=0 (mod4),
Xw(Dr) = .

3 if r#0 (mod 4).
Proof. Tt is easy to see that x,(D,) > 2. To prove the theorem we
distinguish two cases according to r = k (mod 4).

Case 1. If r = 0 (mod 4) then we define a suitable weak parity vertex
2-colouring ¢ as follows: p(u1) = p(v3) =2, p(v1) = p(v2) = p(v;) = 1 for
all i > 4; p(u3) =1, p(u;) =1 for all j > 2, j =0 (mod 2) and p(u;) = 2
for j > 5,7 =1 (mod 2). It is a routine matter to check that ¢ fulfills our
requirements.

Case 2. Let 7 20 (mod 4). Suppose that there is a weak parity vertex
2-colouring ¢ of D,. An edge xy is monochromatic if p(x) = ¢(y); otherwise
it is heterochromatic. Every 4-face «; uses any colour an odd number of
times. Therefore no consecutive edges w;v; and wu;y1v;41, ¢ = 1,...,7 are
simultaneously monochromatic or heterochromatic.

If r =1 (mod 2) we immediately have a contradiction that ¢ is a weak
parity vertex 2-colouring.

Let r =2 (mod 4). As both o and 3 have even degree the colour 1 (and
also the colour 2) is used on « and on  an odd number of times. Altogether
the colour 1 is used on the vertices of D, an even number of times.

On the other hand there are exactly 5 heterochromatic edges in the
set S = {w;v;;i = 1,...,7}. Hence, on the heterochromatic edges from S,
there is an odd number of vertices coloured with colour 1. Because on the
monochromatic edges of S there is an even number of vertices of colour 1
we have together an odd number of vertices in D, having the colour 1. This
contradicts to the above derived fact, that the colour 1 was used an even
number of times.

This yields xw(D;) > 3 if r # 0 (mod 4). The opposite inequality can
be proved by a construction of a suitable weak parity vertex 3-colouring. It
is left for the reader. [
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For plane graphs we are able to prove the following.

Theorem 3.2. Let G be a connected plane graph with minimum face degree
at least 3. Then
Xu(G) < 4.

Proof. Suppose that the theorem is not true. Let G = (V| E, F) be the
minimal counterexample (with respect to the number of vertices). First, we
investigate properties of G.

Claim 1. There is no 1-vertex in G.

Proof. Assume that such a vertex u exists in G. Then there is a neighbour
v of u in G such that the edge uv lies on a facial walk of the face a. Clearly,
the vertex u appears exactly once on the facial walk of o while v appears d
times, d > 2. There are the following two possibilities.

Case 1. The vertex u is not incident with a 4-face. Let G = G — u be
a plane graph obtained from G by deleting the vertex u and let & be a face
of G corresponding to the face a. Clearly G has a weak parity vertex 4-
colouring ¢. Then a colouring ¢ of G can be defined as follows: ¢(x) = ¢(x)
if x # u and p(u) = ¢(v). To see that ¢ is a weak parity vertex 4-colouring
observe that the vertex v appears d — 1 times on the facial walk of & and d
times on the facial walk of «, which means that the colour ¢ = p(u) = p(v)
appears on « two times more than on a.

Hence, « uses a colour an odd number of times if and only if & does.

Case 2. The vertex u is incident with a 4-face & = (v, u,v,w). This
means, that there is a multiedge vw. Let G=G-u—vwbea plane graph
obtained from G by deleting the vertex v and deleting one edge vw. Clearly
G is connected and has a weak parity vertex 4-colouring . Using the 4-
colouring ¢ we define a colouring ¢ of G as follows: ¢(x) = ¢(x) for every
x #wand ¢(u) € {1,2,3,4} — {¢(v), p(w)}. It is easy to check that ¢ is a
weak parity vertex 4-colouring of G.

So we have a contradiction in both cases. |

Claim 2. There is no 2-vertex in G.

Proojf. Assume that such a vertex u exists in G. We distinguish the fol-
lowing three cases.
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Case 1. The vertex u is incident with two 3-faces. Let v and w be
its two neighbours. Let G=G—-—u—vwbea graph obtained from G by
deleting the vertex u and one of the edges vw. Clearly, G has a weak parity
vertex 4-colouring . Then a desired weak parity vertex 4-colouring ¢ of G
can be defined as follows: ¢(x) = @¢(x) if * # u and ¢(u) € {1,2,3,4} —
{e(v), o(w)}.

Case 2. The vertex w is incident with a 3-face «, but not with two
3-faces. Then the second face incident with w is a k-face 3, k > 4. Let
é G — u be a graph obtained from G by deleting the vertex u. The graph
G is connected, thus it has a weak parity vertex 4-colouring ¢. Let ¢ be a
colour used by ﬁ an odd number of times, where (3 is a face corresponding
to the face 0 of G. We extended this colouring @ of G to a 4- colouring
¢ of G as follows: p(z) = ¢(z) for every x € V(G), x # u and we put
o(u) € {1,2,3,4} — {c}. Clearly, the face 5 uses the colour ¢ also an odd
number of times. Since « is a 3-face it uses some colour an odd number of
times.

Case 3. The vertex u is not incident with any 3-face. Let u be adjacent
with the vertices v and w. Let G = G — u + vw be a plane graph obtained
from G by deleting the vertex u and inserting the edge vw. Let o and 3 be
the faces of G incident with the vertex u and let & and ﬁ be the faces of G
corresponding to « and [, respectively. Clearly, G has a weak parity vertex
4-colouring @. Let us colour the vertices of G as follows: ¢(z) = @(x)
for every x # u. Let ¢; be a colour used by a an odd number of times
and let co be a colour used by B an odd number of times. Then we put
o(u) = ¢ € {1,2,3,4} — {c1,c2}. The face o () also uses the colour c;
(c2) an odd number of times. Hence, ¢ is a required weak parity vertex
4-colouring of G.

Thus we have a contradiction in all three cases. [ |

By Claims 1 and 2 the graph G has minimum vertex degree §(G) > 3. For
the rest of the proof we need some new notations. For a k-vertex v let
V1,02, ...,V be neighbours of v in a clockwise order. Now we define the
plane graph G=(V,E F) as follows: V =V —v, E = E((V —v)g) U
Ule{'l)ivi+1}. The set F is defined in the following way. Let a; € F be a
face of G which is incident with edges vv; and vv;;1 (indices modulo k). Let
& € F be a face of G determined by the vertices vy, vo,...,vk. Let a; € F
be the face different from & and incident with the edge v;v; 41 if «; is not a
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3-face. If a; is a 3-face then &; is not defined (it does not exist). If § € F
and [ # «; for every i € {1,...,k} then § € F.

Clearly, G has a weak parity vertex 4-colouring @. For each 8 € F ,
let ¢(3) denote the set of colours used by § an odd number of times. Let
¢; € c(a;). Next we use the Lebesgue’s Theorem 2.1. By this theorem G
contains a k-vertex (3 < k < 5) of one of the types listed in this theorem.
We distinguish the following three cases.

Case 1. Let k = 3. Then G contains a 3-vertex incident with faces
a1,a9, and ag. Consider G and its weak parity vertex 4-colouring ¢. For
each ¢ € {1,2,3} choose a colour ¢; from c(a;). Using the colouring ¢ we
define a 4-colouring ¢ of G as follows: ¢(x) = ¢(z) for every x # v. The
vertex v is coloured with a colour from {1,2,3,4} — U?:1{Ci}- It is easy to
see that ¢; € ¢(«;) for every i € {1,2,3}. Hence, ¢ is a weak parity vertex
4-colouring of GG. It is a contradiction.

Case 2. Let k = 4. Then G contains a (3, az, a3, as)-vertex v incident
with a 3-face a7, an as-face a9, an as-face ag, and an ay-face ay. The
graph G has a weak parity vertex 4-colouring @. Using this 4-colouring
@ we define a weak parity vertex 4-colouring ¢ of GG in the following way:
o(x) = ¢(z) for every x # v. For ¢(v) we choose one colour from the set
{1,2,3,4} — U?:Q{Ci} where ¢; € ¢(a;). It is easy to see that the set ¢(f3)
is nonempty for any face 8 € F — {«1, as, a3, as}. Furthermore, c(ay) # 0
since a1 is a 3-face. From the construction of ¢ it is easy to see that ¢; € ¢(«;)
for every i € {2,3,4}. So we have a contradiction.

Case 3. Let k = 5. In this case G contains a (3, 3,3, 3, a)-vertex, i.e. a
vertex incident with four 3-faces and an a-face a. Clearly, G has a weak
parity vertex 4-colouring ¢. Using this colouring ¢ we define a 4-colouring
¢ of G as follows: p(z) = @(z) if © # v. For ¢(v) we choose a colour from
the set {1,2,3,4} — {c}, where ¢ € c¢(a). It is easy to see that ¢ is a weak

parity vertex 4-colouring of GG, a contradiction. [

A vertex colouring is proper if adjacent vertices have different colours. When
we use the four colour theorem for 2-connected plane graphs then we are
able to prove a little stronger result.

Theorem 3.3. Let G be a 2-connected plane graph. Then there is a proper
weak parity verter 4-colouring of G, such that each face of G uses some
colour exactly once.
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Proof. Let a be a k-face with a facial walk (vq,ve,...,vg,v1), k > 4. We
insert the diagonals vivs, v1vy4, ..., V10— into the face a. If we perform this
operation for all faces of G of degree at least 4, we obtain a triangulation T’
such that V(G) = V(T). Applying the four colour theorem we colour the
vertices of T" with four colours such that adjacent vertices receive distinct
colours.

Let cp(z) be a colour of the vertex = of 7" under this colouring. Let
o(x) = er(x) be a colouring of vertices of G. Then clearly ¢(v1) # ¢(v;)
for all 2 < i < k on the face o of G. Hence, the face « uses the colour
©(v1) only once. The same holds for any other face § of G. This means that
the colouring ¢ is a proper weak parity vertex 4-colouring of G having the
desired property. [ |

4. A WEAK PARITY VERTEX 3-COLOURING OF CUBIC PLANE GRAPHS

When analysing the proof of our Theorem 3.2 we are not able to decrease
the upper bound 4 to 3 only in two cases. So we strongly believe that the
following holds.

Conjecture 4.1. Let G be a connected plane graph of minimum face degree
at least 3. Then
Xuw(G) < 3.

The requirement on the minimum face degree is substantial. To see this
consider a graph H obtained from K4 by replacing each of its edges with
two parallel edges. There is a plane drawing D of H having four triangles
and six digons. Clearly, x,, (D) = 4.

A set of vertices S C V of a 2-connected plane graph G = (V, E, F) is
face-independent if no two vertices of .S are incident with the same face.

A set S C V is mazimal face-independent if S is face-independent, but
the set S U {v} is not face-independent for every vertex v € V — S.

The following main result of this section supports the above Conjec-
ture 4.1.

Theorem 4.1. Let G be a 2-connected cubic plane graph. Then
Xuw(G) < 3.

Moreover, the bound 3 is best possible.
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Proof. Examples of prisms (see Theorem 3.1) show that the bound 3 is
best possible. To prove that 3 is the upper bound we have to show that
there is a weak parity vertex 3-colouring for every 2-connected cubic plane
graph G.

Consider a maximal face-independent set R of vertices of V(G) and
colour each vertex of R with red colour; colour all other vertices white.
Each face incident with a vertex from R is called a red face. Let F(R) be
the set of red faces. The face which belongs to the set F(G) — F(R) is
called a white face. An edge incident with two white faces is called a white
edge. Let us call this colouring the initial one. Observe that in this initial
colouring each vertex is incident with at least one red face.

A construction of our colouring will continue in three main steps. First
we outline the idea of this construction.

In the first step we recolour the white faces that are adjacent with at
least three other white faces into pink ones by colouring some other vertices
with red colour and changing also some white faces into red ones. The first
part of the construction terminates when in the obtained partial colouring
there is no white face adjacent with at least three other white faces. In this
moment all white faces will create chains of white faces such that each white
face in it is adjacent to at most two other white faces.

In the second step some vertices of these chains will be coloured with
blue colour and their faces became blue. The construction in the second
step will terminate if there is no white face in the obtained colouring.

In the third step the pink faces will be changed into blue ones by colour-
ing some of the remaining white vertices with blue colour.

Note that the construction is led in such a way that if a face is called
red (or blue) then it uses a red (a blue) colour an odd number of times.

The general construction of the first step is the following.

Let o = (vy,vg,...,v;) be a white k-face, k > 6, that is adjacent with
at least three other white faces. Let 31, (s,..., B be faces adjacent with «
in order such that v;v;+1 is a common edge of a and f;, i € {1,2,...,k};
indices modulo k. Let, w.lo.g., v1v and v;vj41 be white edges and let the
edges vov3, V304, . . . ,vj—1V; be not white edges. Then clearly 32, 33, ..., 3j—1
are not white faces and the face f; is a red one. Then we extend previous
colouring in the following way. The vertices vo,vs,...,v; are coloured with
red colour. The vertices v; and v;y1 remain white. Faces 31 and (3; have
became red faces. The vertex v is now incident with two red faces, namely
with 81 and §;. After above changes the face « is called pink. Notice that
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the faces 32, 33,...,3j—1 have two more vertices coloured with red colour.
To continue in the construction in the first main step we choose another
white face adjacent with at least three white faces. If such a white face does
not exist we continue with the second main step.

Now each white face has at most two white neighbouring faces. Hence,

the white faces are grouped into open or closed chains. Let aq,aq,...,aq
form an open (closed) chain of white faces with white edges e, e9,..., €41
(e1,€e9,...,e, respectively) separating gradually these faces. Faces incident

to two white edges have degree at least 4, otherwise there would be a vertex
incident to only white faces.

If a1, a9,...,0q4 is an open (closed) chain with even ¢ then exactly one
vertex of each of the white edges eq,e3,e5,...,e—1 is coloured with blue
colour and each white faces of this chain incident with a blue coloured vertex
is said to be a blue face.

If a1,a9,...,04 is an open chain with odd ¢ then we do the same as
above with the chain of the faces aq,a9,...,a;_1. The face oy is incident
with a vertex w which is incident with two not white faces (and neither with
et—1). We colour this vertex with blue colour and a; becomes blue.

If a1, 9,...,04 is a closed chain with odd t then at least one of white
faces, say oy, has degree at least 5. (Otherwise, the graph would be isomor-
phic to a t-sided prism with both ¢-gonal faces red, what is impossible.) The
face oy then contains a white vertex w incident with two not white faces. We
colour it with the blue colour and the face oy becomes blue. The remaining
faces a1, ao,...,q4_1 create an open chain of even number of faces and we
proceed as above.

So in the second step all white faces are changed into blue ones. After
finishing this second step every face of G is either red, or blue or pink. As
we mentioned above, every red face uses red colour an odd number of times,
every blue face uses the blue colour an odd number of times. So we need to
check pink faces. This is done in the third step gradually.

Let a be a pink face. If « already uses the blue colour an odd number of
times we rename it to a blue one. If « uses the blue colour an even number
of times we colour the white vertex v; of o with the blue colour. This is
always possible because the remaining two faces $; and [ incident to v
are both red. If we have performed the third step on every pink face we
are done. After the above constructed colouring the vertices are coloured
either with red colour, or with blue colour or they are white. Every face is
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either red or blue which means that it uses one of colours red or blue an odd
number of times.
This finishes the proof. [ |

5. STRONG PARITY VERTEX COLOURING

A strong parity vertex colouring is well defined for every 2-connected plane
graph G. To see this let us colour distinct vertices of G with different colours.
Every colour on each face of GG is in this case used exactly once. In general
this does not hold for connected plane graphs that are not 2-connected, see
the graph H on Figure 1.

us Uy

uy
(%) us

Figure 1. Graph H.

For a contrary, let H have a strong parity vertex colouring ¢. Let p(u1) = c.
Consider the outer face « which is a 6-face. The face « there uses at least
two colours under ¢ and each of them an odd number of times. The vertex
u1 appears two times on the facial walk of a. Its colour ¢ has to be used
by « at least three times. If, w.l.o.g., the vertex us uses the same colour ¢
then also the vertex ug has to use c¢. Otherwise the 3-face (uy,us2,us) uses
the colour ¢ exactly two times which is not allowed. If colour c is used on
vertices u1,us and wug then it is used by « four times. Consequently, the
colour ¢ must be used exactly on one of vertices u4 or us. This means that
the 3-face (uq,uq,us) uses exactly two colours which is a contradiction.

Let us provide a few examples of plane graph G for which the exact
value of x4(G) is known. It is easy to see that xs(G) = 1 if and only if
all faces of G have odd degree. This means that if G contains a face with
even degree then x(G) > 2. On Figure 2 there is a strong parity vertex
2-colouring of the cube Q.

Observe also that

Xs(G) = Xxw(G)

for every 2-connected plane graph G.
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1

Figure 2. Strong parity vertex colouring of the cube Q.

A set of vertices P C V of a 2-connected plane graph G = (V, E,F) is
face-dominating if every face of F' is incident with a vertex of P.

Motivated by the strong parity vertex 2-colouring of the cube we are
able to prove the following theorem.

Theorem 5.1. Let G be a 2-connected plane graph all faces of which have
even degree and G contains a set S of vertices which is face-independent
and face-dominating. Then

XS(G) =2.

Proof. It is enough to show a strong parity vertex 2-colouring. Let us
colour the vertices of S with the colour 1 and the vertices of V' — S with the
colour 2. Because of the properties of the set S every face of F(G) contains
exactly one vertex of S. Hence, each face uses the colour 1 exactly once.
Then the colour 2 is on each face o used deg(a)) —1 times. Because for every
face a deg(ar) = 0 (mod 2) the proof is done. ]

The wheel W,,, n > 4, on n vertices is defined as a plane graph obtained by
joining a vertex v, (a central vertex) with every vertex of an (n — 1)-vertex
cycle C,—1. It is an easy exercise to prove the following theorem.

Theorem 5.2. Let W,, n > 4, be an n-vertex wheel. Then
1 i n=0 (mod?2),
XsWn)=1 3 if n=3 (mod 4),
5 4f n=1 (mod4).

The following observation is very useful.
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U3

Figure 3. Configuration K.

Lemma 5.1. If a 2-connected plane graph G contains a configuration K of
Figure 3 then

xs(G) > 6.

Proof. Suppose that xs(G) = k, k < 5. Then at least two vertices of
K have the same colour under a strong parity vertex k-colouring ¢. Let,
w.l.o.g., these two vertices belong to the 4-face o = (w1, wsa,v2,v1). Then
on « there exists also a third vertex of the same colour. So let, w.l.o.g.,
o(w1) = e(wa) = p(ve2) = 1 and let p(v1) = 2. Then 1 € {p(vs3), p(ws3)}
and consequently ¢(vs) = p(ws) = 1. We have a contradiction because all
four vertices of the face (we,ws, v3, v2) are coloured with the colour 1. [ |

Next we shall determine y4(D,) for r-sided prisms, r > 3. Recall that an
edge is monochromatic if both its ends are coloured with the same colour.
Otherwise it is heterochromatic.

Theorem 5.3. Let D, be an r-sided prism, r > 3. Then

2 if r=0 (mod4),

4 if r#£0 (mod4) andr & {3,7},
WBD=9 5 i ron,

6 i r=3.

Proof. From Lemma 5.1 we have xs(Ds3) > 6. The opposite inequality
follows from Figure 4.

From Figure 2 and from the fact that D4 contains a 4-face we get
Xs(Dy) = 2. Next we distinguish four cases.
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23

Figure 4. Strong parity vertex colouring of the 3-sided prism Dsj.

Case 1. Let r = 4k, k > 1. Then starting with the graph of the cube of
Figure 2 and using (k — 1) times the construction and colouring of Figure 5
we obtain a 4k-sided prism with a strong parity vertex 2-colouring.

Figure 5. Extending the colouring of a prism.

Case 2. Let r = 4k + 2, k > 1. Starting with the graph of Figure 6 and
using (k — 1) times the construction and colouring of Figure 7 we get that
xs(Dy) < 4.

Figure 6. Strong parity vertex colouring of the graph Dg.
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Figure 7. Extending the colouring of a prism.

To prove the opposite inequality, suppose that ¢ is a strong parity ver-
tex 3-colouring of D, using colours a,b,c. Then each 4-face contains one
monochromatic edge. This means that there are exactly 2k + 1 monochro-
matic (and also heterochromatic) edges in the set S = {u;v;;i = 1,...,r}
which cover all the vertices of D,. Let the face a (face [3) use the colour
z, ¢ € {a,b,c} z, times (zg times). Recall that z, and zg is always either
an odd number or zero and that max{z,,zg} # 0 for every = € {a,b,c}.
Moreover,
Ao + bo + co = 4k + 2,

a5+b5+65:4k¢+2.

W.lo.g., let cg = 0. Then ag # 0, bg # 0, co, # 0, and consequently,
min{aq,bs} = 0. Let, wlo.g., by = 0, consequently a, = 1 (mod 2) and
ag = 1 (mod 2). This means that in S there are no monochromatic edges
with respect to colours b and c¢. Hence, each heterochromatic edge of S
contains a vertex coloured with the colour a. Thus we have bg+c, = 2k +1
which contradicts the proposition that both bg and ¢, are odd integers.

Case 3. Let r =4k +1, k> 1 (r =4k + 3, k > 2). Because r is odd
then in any strong parity vertex k-colouring there must be a 4-face without
monochromatic edge. Therefore, xs(D,) > 4.

Starting with the graphs of Figure 8 and using the construction and the
colouring of Figure 7 (k — 1) times ((k — 2) times) we get that

Xs(Dy) <4ifr=4k+1,k>1 (xs(D,) <4if r=4k+3,k > 2).

Case 4. Let r = 7. Suppose there is a strong parity vertex 4-colouring
¢ of Dy with four colours a,b,c,d. Let the colour = € {a,b,c,d} is used z,
times by the face o and x3 times by the face 3. Clearly z, = 1 (mod 2)
or o = 0, analogously zg3 =1 (mod 2) or 23 = 0 for every x € {a,b,c,d}.
Since r is an odd integer, both faces a and 3 use exactly three colours. Let,
w.l.o.g, the face « use the colours a, b, ¢ and the face § use the colours a, b, d.
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We say that a 4-face is monochromatic, if it is incident with a monochromatic
edge; otherwise it is heterochromatic. It is easy to see that D7 must have
an odd number of heterochromatic 4-faces.

4

R

Figure 8. Strong parity vertex colouring of the graphs D5 and D1;.

There are only two possible partitions of 7 into three odd summands,
namely 7=34+3+1lor7=5+1+1.

Next we show that ¢, = 1 and dg = 1. Let, for a contrary, ¢, > 3.
Clearly, if ¢(u;) = ¢ then p(u;—1) # ¢ and @(u;+1) # ¢, otherwise the face
[ uses the colour ¢ which is impossible. Hence, w.l.o.g., ¢(u1) = ¢(uz) =
o(us) = ¢, by = 3 and a, = 1. There are two possibilities: {p(ug), @(ur)} =
{a,b} or {¢(ug), p(ur)} = {b,b}. In both cases we get a contradiction. This
means that ¢, = 1. Analogously we can prove that dg = 1.

If there is an edge u;v; with ends coloured with the colour ¢ and d, then
there are two heterochromatic 4-faces, but the third is impossible.

e
44

Figure 9. Strong parity vertex colouring of the 7-sided prism D7.
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If there is no edge u;v; having ends coloured with ¢ and d, then there is
exactly one heterochromatic 4-face. This enforces six monochromatic 4-
faces whose vertices are coloured only with colours @ and b. This leads to a
contradiction with requirements on colouring of faces a and (.

So we have x4(D7) > 5. The opposite inequality we obtain from Fig-
ure 9. [ |

6. THE CycLiC CHROMATIC NUMBER AND THE STRONG PARITY
VERTEX COLOURING

The cyclic chromatic number x.(G) of a 2-connected plane graph G is the
minimum number of colours in an assignment of colours to the vertices of G
such that whenever two vertices are incident with the same face they have
different colours. Obviously A*(G) < x.(G), where A*(G) is the degree of
a largest face. The cyclic chromatic number was introduced by Ore and
Plummer [12] in 1969. There is a quite rich literature devoted to study this
parameter. For recent results in this area see [5, 6, 7, 16] and the references
therein.

It is easy to see that for every 2-connected plane graph G there is
XS(G) < XC(G)‘

Using this observation and the results of [5, 6, 7, 16] we immediately have

Theorem 6.1. Let G be a 2-connected plane graph and let A* be the degree
of a largest face of G. Then

(i)

w6 < | 5]

(ii) If G is 3-connected, then
Xs(G) <A*+1  for A*>60,

Xs(G) <A*+2  for A*>18.



540 J. CzAP AND S. JENDROL

7. CONCLUDING REMARKS

Let Xpw(G) be the minimum number of colours in a proper weak parity ver-
tex colouring of a connected plane graph G. It is easy to see that x,,(K4) = 1
and Xpy (K4) = 4 for the tetrahedral graph K4. This together with Theorem
3.3 gives the following theorem.

Theorem 7.1. Let G be a 2-connected plane graph. Then

Xpw(G) < 4.
Moreover, the bound is tight.

It is easy to see that xp.,(D,) = 3 for every r > 3.

Theorem 6.1 gives us the best known up to now upper bounds on the
parameter x(G) for any 2-connected plane graph G. We strongly believe
that the following holds.

Conjecture 7.1. There is a constant K such that for every 2-connected
plane graph G
Xs(G) < K.

We do not know any 2-connected plane graph H with xs(H) > 7. Hence,
we believe that K = 6 in the above conjecture.

Let xps(G) be the minimum number of colours in a proper strong parity
vertex colouring of a 2-connected plane graph G.

Problem 3. Let G be a 2-connected plane graph. Determine x ps(G).
Note that for the wheel Wiy there is
Xw(WB) - 27 Xpw(WE)) = 47 XS(W5) = 57 Xps(WEJ) = 5.

Lemma 7.1. If a 2-connected plane graph G contains at least one 4-face,
then
Xps(G) > 4.

Proof. Let a = (u1,u2,us,us) be a 4-face and let ¢ be a proper strong
parity vertex colouring. It is enough to show, that ¢(u;) # ¢(u;) for every

i # j.
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Assume that p(u;) = p(u;) = 1 for some i # j. Then the face o uses the
colour 1 three times because ¢ is a strong parity vertex colouring. Hence,
there are two adjacent vertices on the face o which have the same colour.
It is a contradiction with the fact that ¢ is a proper colouring. [ |

The following theorem completes our investigations of vertex parity param-
eters for prisms.

Theorem 7.2. Let D, be an r-sided prism, r > 3. Then

4 4f r=0 (mod 2),
Xps(Dr) =4 5 if =1 (mod 2) and r # 3,
6 i r=23.

Proof. From Theorem 5.3 follows that x,s(D3) = 6. Next we distinguish
two cases.

Case 1. Let r = 2k, k > 2. Using the Lemma 7.1 we obtain x,s(D,) > 4.
Hence, it is enough to show a proper strong parity vertex 4-colouring. Start-
ing with the graphs of Figure 10 and using (k—1) times the construction and
colouring of Figure 7 we obtain a proper strong parity vertex 4-colouring of
a 2k-sided prism.

4

42N
N

2
Figure 10. Proper strong parity vertex colouring of the graphs D4 and Dg.

Case2. Let r = 2k+1, k > 2. First we prove that x,s(D;) < 5. Starting
with the graphs of Figure 11 and using (k — 1) times the construction and
colouring of Figure 7 we obtain a proper strong parity vertex 5-colouring of
a (2k + 1)-sided prism.
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4

R i
o N\

Figure 11. Proper strong parity vertex colouring of the graphs D5 and Dx.

Now we show that 4 colours are not enough. Suppose that there is a proper
strong parity vertex 4-colouring ¢ of D,.. From the proof of Lemma 7.1 fol-
lows that each 4-face uses exactly four colours. Therefore, {p(u;), o(v;)} =
{o(uit2), p(vit2)} for every i € {1,...,r} (indices modulo r). Hence,
{e(u1),o(v1)} = {e(u,),(v,)}. So we have a contradiction, because the
face (uy,v,,v1,u1) uses the colours ¢(v1) and ¢(u) exactly two times. ®
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