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Abstract

The linear arboricity la(G) of a graph G is the minimum number
of linear forests which partition the edges of G. An and Wu introduce
the notion of list linear arboricity lla(G) of a graph G and conjecture
that lla(G) = la(Q) for any graph G. We confirm that this conjecture
is true for any planar graph having A > 13, or for any planar graph
with A > 7 and without i-cycles for some i € {3,4,5}. We also prove

that f#} < lla(G) < f%] for any planar graph having A > 9.
Keywords: list coloring, linear arboricity, list linear arboricity, planar
graph.
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1. INTRODUCTION

All graphs considered here are finite, undirected and simple. We refer to [4]
for unexplained terminology and notations. For a real number x, [z] is the
least integer not less than x. Let G = (V(G), E(G)) be a graph. |V (G)|
and |E(G)| are called the order and the size of G, respectively. We use
A(G) and §(G) to denote the maximum degree and the minimum degree of
G, respectively. Let v be a vertex of G. The neighborhood of v, denoted by
Ng(v), is the set of vertices adjacent to v in G. The degree of v, denoted

*The work is supported by NSFC (No0.10601044), XJEDU2006S05 and Scientific Re-
search Foundation for Young Scholar of Xinjiang University.
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by dg(v), is the number of edges incident with v in G. Since G is simple,
dg(v) = |Ng(v)|. If there is no confusion, we use N(v) and d(v) for the
neighborhood and degree of v instead of Ng(v) and dg(v), respectively.
Let Ni(v) = {u|u € N(v) and d(u) = k}. The girth of G is the minimum
length of cycles in G. A k- or kt-vertex is a vertex of degree k, or at
least k.

A linear forest is a graph in which each component is a path. A map
¢ from E(G) to {1,2,...,k} is called a k-linear coloring if (V(G), (7))
is a linear forest for 1 < i < k. The linear arboricity la(G) of a graph
G, introduced by Harary [8], is the minimum number k for which G has a
k-linear coloring. Akiyama, Exoo and Harary [1] conjectured that la(G) =

[%] for any regular graph G. It is obvious that for a graph G, la(G) >

(#1 and la(G) > [%} when G is regular. So it is equivalent to the
following conjecture, known as the linear arboricity conjecture.

Linear Arboricity Conjecture. For any graph G,
[A(QG)-‘ <la(G) < {A(GQ) + 1-‘ ‘

The linear arboricity has been determined for complete bipartite graphs [1],
series-parallel graphs [10], and regular graphs with A = 3 [1], 4 [2], 5, 6,
8 [6], 10 [7]. The LAC also has already been proved to be true for any
planar graphs in [9] and [12]. In particular, the author proved that if G is a
planar graph with A > 13, then la(G) = [%] In [9] and [11], the authors
showed that the same also holds for a planar graph with A > 7 and without
i-cycles for some i € {3,4,5}.

A list assignment L to the edges of G is the assignment of a set L(e) C
N of colors to every edge e of G, where N is the set of natural num-
bers. If G has a coloring ¢ such that ¢(e) € L(e) for every edge e and
(V(G), ¢ 1(i)) is a linear forest for any i € Cy,, where C, = {p(e)le €
E(G)}, then we say that G is linear L-colorable and ¢ is a linear L-
coloring of G. We say that G is linear k-list colorable if it is linear L-
colorable for every list assignment L satisfying |L(e)| = k for all edges e. The
list linear arboricity lla(G) of a graph G is the minimum number k for which
G is linear k-list colorable. It is obvious that la(G) < lla(G). In [3], the
authors raised the following conjecture, and confirmed that it is true for any
series-parallel graph.
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List Linear Arboricity Conjecture. For any graph G,

{#W < la(G) = lla(G) < {%w

Little was known for this conjecture. In this paper, we will prove that it
is true for any planar graph having A > 13, or for any planar graph with
A > 7 and without i-cycles for some ¢ € {3,4,5}. We also prove that

(#1 < lla(G) € [%} for any planar graph having A > 9.

2. PLANAR GRAPHS WITH la(G) = lla(G)

For convenience, we introduce two definitions. The weight w(e) of an edge
e =wuv is d(u) + d(v). An even cycle vivg - - vy is called k-alternating if
d(’Ul) == d(U3) == d(’l)Qt,l) = k.

Let L be a list assignment of G, and ¢ be a coloring of G such that
¢(e) € L(e) for any edge e of G. For a vertex v € V(G), we denote by C,(v)
the set of colors that appear on the edges incident with v in G.

CZO(U) = {j | the color j appears i times at edges incident with v},

for any positive integer i. Observe that ¢ is a linear L-coloring of G if and
only if G does not contain a monochromatic cycle under coloring ¢ and
|CL(v)| = 0 for every vertex v of G and any i > 3. Thus, if ¢ is a linear
L-coloring of G then Cy(v) = CL(v) U CZ(v).

The following two lemmas can be found in [9].

Lemma 2.1. Let G be a planar graph with 6(G) > 2. Then either there is
an edge e with w(e) < 15 or there is a 2-alternating cycle vovy - - - Vo1V
such that d(v1) = d(v3) = -+ = d(vap—1) = 2 and maxogi<n [N2(v2;)| = 3.

Lemma 2.2. Let G be a planar graph with girth ot least g and maximum
degree A, and assume that §(G) > 2. If g = 4,5 or 6, then either there is an
edge e with w(e) < 17 — 2g or there is a 2-alternating cycle vovy - - - Va1V
such that d(vi) = d(vs) = -+ = d(vap—1) = 2 and maxogi<n |N2(ve;i)| = 3.

Under the same conditions as given in the next theorem, Wu [9] proved that

la(G) = 2N,
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Theorem 2.3. Let G be a planar graph having girth at least g and maximum
degree A. Then la(G) = lla(G) = [#L provided that one of the following
holds:

3, (2)

1 and g
5andg =5, (4)

A>T >4,

A>3 and g > 6.

Proof. Since [#1 < la(G) < lla(G), we show (1) by proving somewhat

a stronger statement: any planar graph G is linear k-list colorable for k =
A(G)

max(7, [2E1}.

We shall prove it by induction on |E(G)|. The result holds trivially if
|E(G)| < 7. Next we assume G be a graph with |E(G)| > 8, and let L be a
list assignment of G with |L(e)| = k for any e € E(G).

Suppose that G has an edge xy such that w(xy) < 2k + 1. Then by
induction hypothesis, G* = G — xy has a linear L-coloring ¢. Let C, =
C’Z(x)UCfp(y)U(C'&(m)ﬂC;(y)). Since 2|Cy| < dg=(z)+dg+(y) = w(ry)—2 <
2k — 1, |Cyp| < k. We can extend ¢ to a linear L-coloring of G by taking
p(zy) € L(zy)\Cl.

Hence, we assume that w(xy) > 2k + 1 for any edge zy € E(G). Since
k = max{7, [#1}, we have 0(G) > 2 and 2k + 1 > 15. Therefore, for any
edge zy € E(G), w(zxy) > 15. By Lemma 2.1, G contains a 2-alternating

cycle C' = vgvy - - - v2,—1v0 such that d(v1) = d(vs) = -+ = d(vap—1) = 2 and
Jnax | Na(vg;)| = 3.

Without loss of generality, let |Na(vg)| = 3. Let u € Na(vg)\{van—1,v1}
and v € N(u)\{vo}. By induction hypothesis, G* = G—{v1,vs,...,v2p-1}—
vou has a linear L-coloring . Next, we shall extend o to a linear L-coloring
¢ of G by setting p(e) = o(e) for each e € E(G*), and assigning some
appropriate colors for the remaining edges as follows. We consider two
cases.

Case 1. |Cy(v9)| < k.
Since 2|C2(vo)| < dg+(vo) = d(vo) — 3 < A(G) — 3 < 2k — 3, we have
|C2(vg)| < k — 2.

Subcase 1.1. |Cy(vo;)| < k for each 2j with j € {1,2,...,n — 1}.
We take

¢(vou) € L(vou)\Co(vo),

p(vovr) € L(vov1)\Co (vo),

©(vovan—1) € L(vogvan—1)\(C%(vo) U {p(vov1)}), and furthermore



THE LIST LINEAR ARBORICITY OF PLANAR GRAPHS 503

(p(U2j71U2j) € L(U2j71U2j)\CU(U2j) and (p(’UQjUQjJrl) € L(U2jv2j+1)\ Cg(vgj)
for any j € {1,2,...,n —1}.

To check that ¢ is a linear L-coloring of GG, we need to show that there
exists no monochromatic cycle containing at least one edge of E(C)U{vou}
in G and |CZ(z)| = 0 for any vertex z € V(C) U {u} and any i > 3.

First note that if there is a monochromatic cycle C’ in G, then C’
does not contain any edges of C since @(vovan—1) # p(vov1), P(v2j—1v2;) ¢
CO—(UQJ') and gO(UQjUQjJrl) ¢ CO—(UQJ') for each j € {1,2, e, n — 1}. Thus C’
must contain the edges vou and wv. However, since p(vou) ¢ Cy(vg), C’
cannot be monochromatic.

Now let z € V(C) U {u} and i be an integer at least 3. We show that
|CL(x)| = 0. Since d(u) = 2 and d(vy;—1) = 2 for each j € {1,2,...,n —1},
the result is trivially true when x € {u, v1,vs, - van—1}. Since @(vo;j_1v2;) ¢
Co(vaj) and p(vajvaj1) ¢ Cop(v25), we have |Cf(v2;)| = 0 for any j €
{1,2,...,n — 1}. The selection of colors for vou,vovy and wvove,—_1 ensure

that |C%(vo)| = 0.

Subcase 1.2. |Cy(vo5)| = k for some 2j with j € {1,2,...,n—1}.
We take

p(vou) € L{vou)\(C3(vo) U {o(uv)}),

¢(vov1) € L{vgvi)\(CF(vo) U {p(vou)}),

4,0(1)0112”,1) € L(Uovgnfl)\ CU(U()).
For j € {1,2,--- ,n— 1}, if |Cy(vg;)| < k, we take
(p(U2j71U2j) € L(U2j711}2j)\ Ca’(v2j) and cp(’UQj’Ugj+1) € L(U2jv2j+1)\ Co(vgj);
otherwise,

p(v2j-1025) € L(vzj-102j)\(CF (v25) U {p(v2j-2v2j-1)}) and

P (v2jv9j41) € L(v2jv2j+1)\(CF (v2;) U {(va;-1095)}).

Note that |C2(ve;)| < k—2 since k+|C2(ve;)| < |Ch(v2))|+2|C2(ve))| =
d(vo;) —2 < 2k — 2.

We can check that |Cfp(m)| = 0 for any vertex z € V(C) U {u} and any
i > 3 by a similar argument as in Subcase 1.1. Now, suppose that there
is a monochromatic cycle C’ in G. Clearly, C’ cannot contain the edge
vou since @(vou) # o(uv). Thus C’' must contain the edges of C. Since
there exist some 2j such that p(vej_1v;) # @(vaj—2v2j-1), C" # C. Then
C’ must contain the path vovg; 11V 40« - Vor_1v2, of C since p(vy_1vy) #
o(vg1—ovg—1) and p(vovan—1) ¢ Co(vo), where 2 < 21 < 2r < 2n — 2 and
min{|Cy(var)], |Co(var)|} = k. But p(ve,var—1) # p(ver—1v2-—2) leads to the
contradiction that C’ is monochromatic. Thus ¢ is a linear L-coloring of G.
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Case 2. |Cy(v9)| = k.
Since k + |C2(vo)| < |CL(vo)| + 2|C2(vg)| = d(vg) — 3 < 2k — 3, we have
|C2(vo)| <k — 3.

Subcase 2.1. L(vov1)\C2%(vo) € L(vou)\C2(vp).
We take p(vov1) € L(vov1)\(C2(vp) U L(vou)). Furthermore, for any j =
{1,2,...,n — 1}, we take
P(v2j-1v25) € L(v2j-1025)\Co (v2;) and @(v2;v2;41) € L(v2502j41)\Co (v2;)
if |Cy(v2;5)| < k; otherwise,
p(v2j-1025) € L(v2j-102j)\(C7 (v2j)U {p(v2j—2v2j-1)}) and
(v2jv2j41) € L(v2jv2j41)\(CF(v27) U {p(v2j-1v2;)}), and finally
(vov2n-1) € L(vov2n—1)\(Cg (v0) U {p(vov1), ¢(v2n—1v20-2)}) and
(vou) € L(vou)\(C3(vo) U {p(vovan—1),o(uv)}).

Subcase 2.2. L(vgv1)\C2(vg) € L(vou)\C2(vy).
Since |C2(vg)| < k — 3, we have |L(vou)\C2(vo)| = |L(vov1)\C2%(vo)| = 3.

We take @(vov1) = o(uw) if o(uv) € L(vovi)\C2(vp), and p(vovy) €
L(vov1)\C2(vp), otherwise. For j € {1,2,...,n — 1}, we assign a color
v2j—1v2j and v9jv9j41 by the way as described in Subcase 2.1.

And then p(vgv2,_1) € L(vovan—_1)\(C2(vo)U{@(van_1v2n_2), @(vov1)}).
If o(uv) € L(vou)\C2(vg), but o(uv) ¢ L(vov1)\C2(vo), then |L(vou)\C2(vo)|
> 4. So, we take

¢(vou) € L(vou)\(C%(vo) U {p(vovan—1), p(vov1), o(uv)}); otherwise,

p(vou) € L{vou)\(CF(vo) U {p(vovan—1), ¢(vov1)}).
It is easy to check that ¢ is a linear L-coloring of G both in Subcase 2.1 and
Subcase 2.2 by a similar argument as in Subcase 1.2. So we complete the
proof of (1).

By using Lemma 2.2, one can similarly prove (2), (3), and (4). ]

¥
¥
¥

For a plane graph G, F(G) denotes the set of faces of G. The degree of a
face f, denote by d(f), is the number of edges incident with it, where each
cut edge is counted twice. A k-face is a face of degree k.

Theorem 2.4. Let G be a planar graph with maximum degree A > 7 and
without i-cycle for some i € {4,5}. Then la(G) = lla(G) = [529}

Proof. We prove the theorem by contradiction. Let G = (V,E) be a
counterexample with the minimum size to the theorem, and be embedded
in the plane. Set k = [#] Then k > 4 since A > 7. By a similar
argument as in proof of Theorem 2.3, we can obtain the following claims.
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Claim 1. For any edge zy € E(G), w(zy) > 2k + 2.

Claim 2. G has no even cycle vgvy -+ - va,—10g such that d(vy) = d(vs) =

= d(vap—1) = 2 and max |Na(vg;)| = 3.
0<i<n

Let G’ be the subgraph induced by edges incident with 2-vertices. Since G
does not contain two adjacent 2-vertices by Claim 1, G’ does not contain
any odd cycle. So it follows from Claim 2 that any component of G’ is either
an even cycle or a tree. So it is easy to find a matching M in G saturating
all 2-vertices. Thus if zy € M and d(z) = 2, y is called a 2-master of x.
Note that every 2-vertex has a 2-master.

We define a weight function ch on V(G) U F(G) by letting ch(v) =
2d(v) — 6 for each v € V(G) and ch(f) = d(f) — 6 for each f € F(G).
Applying Euler’s formula |V (G)| — |E(G)| + |F(G)| = 2, we have

Yo @)= D> (2dw)-6)+ > (d(f)—6)=-12.

zeV(G)UF(Q) veV(G) fEF(G)

In the following, we will reassign a new weight ch’(z) to each x € V(G) U
F(G) according to some discharging rules. Since we discharge weight from
one element to another, the total weight is kept fixed during the discharging.

Thus
Z ch/(x) = Z ch(z) = —12.

2€V (G)UF(G) 2€V (G)UF(G)

We shall show that ch/(x) > 0 for each x € V(G) U F(G), a contradiction,
completing the proof.
If G contains no 4-cycles, then we give the following discharging rules.

R1-1. Each 2-vertex receives 2 from its 2-master.

R1-2. Each 3-face f receives % from each of its incident 5" -vertex.

R1-3. Each 5-face f receives % from each of its incident 5" -vertex.

We can obtain that ch/(x) > 0 for each z € V(G) U F(G) by using the same
argument in [11]. This complete the proof of the case that G contains no
4-cycles.

Now assume that G contains no 5-cycles. The discharging rules are
defined as follows.

R2-1. Each 2-vertex receives 2 from its 2-master.
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R2-2. For a 3-face f and its incident vertex v, f receives % from v if
d(v) =4, 1if d(v) =5, 3 if d(v) = 6 and 2 if d(v) > T.
R2-3. For a 4-face f and its incident vertex v, f receives % from v if

4 <d(v) <6, 1ifd(v) > 1.

By the same argument in [11], ch/(z) > 0 for each x € V(G)U F(G). Hence,
the proof was done for the case that GG contains no 5-cycles. [

3. PLANAR GRAPHS WITH A > 9

Lemma 3.1 ([5], Lemma 1). Let G be a planar graph with 5(G) > 3. Then
there is either an edge e € E(G) with w(e) < 11 or a 3-alternating 4-cycle.

Theorem 3.2. Let G be a planar graph with A(G) > 9. Then (#1 <

la(G) < lla(@) < [AGH)
Proof. We prove the theorem by proving somewhat a stronger statement
that any planar graph G is linear k-list colorable for £ = max{5, (%] }.

We shall prove it by induction on |E(G)|. Let L be a list assignment
of G with |L(e)| = k for any e € E(G). Clearly, the result is true when
|E(G)| < 5. Next we assume |E(G)| > 6.

Suppose that G has an edge xy such that w(xy) < 2k + 1. Then by
induction hypothesis, G — zy has a linear L-coloring ¢. Let C, = C?p(w) U
C2(y) U (CL() N CL(y)). Since 2ICy| < da-ay (&) +dassy y) = wlzy) ~2 <
2k — 1, |Cy| < k. We can extend ¢ to a linear L-coloring of G by setting
p(zy) € L(zy)\Cl.

Hence, we assume that w(zy) > 2k + 1 for any edge zy € E(G) as
follows. Since k = max{5, (A(G;H]}, we have 0(G) > 3 and 2k +1 > 11.
Thus for any edge zy € E(G), w(zxy) > 11. By Lemma 3.1, there is a 4-cycle
v1v2v3v4v1 of G such that d(vy) = d(vs) = 3. Let {u} = N(v1)\{v2,vs} and
{w} = N(v3)\{ve,v4}. Note that u and w might be the same vertex. By
induction hypothesis, G* = G — {v1,v3} has a linear L-coloring o. Next, we
shall extend o to a linear L-coloring ¢ of G. To do this, set p(e) = o(e) for
each e € E(G*), and we consider three cases.

Case 1. max{|Cy(v2)],|Cs(v4)|} < k.
Since 2|C2(v2)| < dg+(v2) = d(v2) — 2 < A(G) — 2 < 2k — 3, we have
|C2(v9)| < k — 2, and similarly |C2(vy)| < k — 2. We take
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p(v1v) € L(v102)\Co (v2),

¢(v3va) € L(v3v4)\Cy (v4),

@(v203) € L(vav3)\(C3(v2) U {p(v3v4)}) and
@(vivs) € L(viva) \(C2(va) U {p(viv2)}).

Subcase 1.1. u # w.

If |Cy(w)| = k then k + |C2(w)| < |CL(w)| + 2|C%(w)| = d(w) — 1 < 2k — 2,
and so |C%(w)| < k — 2. Then we assign v3w a color

p(vsw) € L(vzw)\(Cq (w) U {p(v2v3)}) if |Co(w)| = k, and

p(vaw) € L(vzw)\Cyp(w), otherwise. Finally,

p(viu) € Lviu)\(C3(u) U {p(viva)}) if |Co(u)| > k, and

p(viu) € L(vu)\Cy(u), otherwise.

To see that ¢ is a linear L-coloring of GG, we shall check that ]Cfp(w)] =0
for any vertex x € {v1,v9,vs,v4,u,w} and any ¢ > 3, and there exists
no monochromatic cycle containing at least one edge of {vivy, vovs, v3vy,
V4V, V1U, VW }.

~Since d(v1) = d(v3) = 3, @(viva) # @(viv2) and p(vavs) # @(v3v4),
|Co(2)] = 0 for z € {v1,v3} and any i > 3. [C,(v)| = 0 for any i > 3 since
p(v1v2) ¢ Co(vz) and p(vav3) ¢ C2(vg). Similarly, |C(vs)] = 0 for any
i > 3. Since ¢(viu) ¢ C%(u) and p(vsw) ¢ C%(w), |Co(u)| = |CL(w)| =0
for any 7 > 3.

By contradiction, suppose C is a monochromatic cycle in G. Since
o(vgvr) # p(vivy) and p(vavy) # p(viu) or p(viu) ¢ Cy(u), C cannot
contain the edge vqv;. Similarly, C' cannot contain the edge vovs. Thus C
must contain the path wvjve or the path wvsvy. However, since ¢(vive) ¢
Cy(v2) and @(vsvy) ¢ Cy(v4), C cannot be monochromatic.

Subcase 1.2. u = w.
Since 2|C2(u)| < d(u) — 2 < 2k — 3, we have |C2(u)| < k — 2.

Assign vsu a color ¢(vsu) € L(vsu)\(C2(u) U {¢(vavs)}). A choice for
a color for viu is somewhat complicated.

If p(v3u) = (v3va) = P(v1v4) then p(viu) € L(viu)\(CF(u)U{p(vsu)}).

If it is not, p(viu) € L(viu)\Cy(u) when |Cy(u)| < k. For the case
|Cy(u)] = k, we have k + |C2(u)| < |CL(u)| + 2|C2(u)| = d(u) — 2 < 2k — 3,
and thus |C2(u)| < k — 3. Then assign a color ¢(viu) € L(viu)\(C2(u) U
{p(v1v4), p(v3u)}) for viu. '

To see ¢ is a linear L-coloring of G, we verify that |C7,(z)| = 0 for any
vertex x € {v1,v9,v3,v4,u} and any ¢ > 3, and and show that there exists no
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monochromatic cycle containing at least one edge of {vqvs,vovs, v3V4, V401,
viu, vgu}. We can check that |CL(z)| = 0 for any vertex x € {v1,v2,v3,v4}
and any ¢ > 3 by a similar argument as Subcase 1.1. The selection of colors
for v1u and v3u ensure that |C}(u)| = 0 for any i > 3. By contradiction, sup-
pose G contains a monochromatlc cycle C. One can see that C' cannot con-
tain the edge vovs since p(vov3) # p(vsu) and p(vavs) # p(vsvy). Clearly,
C' # vyuvszvav; by the choice of the color of viu. Since p(viv2) ¢ C,(v2) and
p(vsvg) ¢ Cy(vg), C cannot contain the edges vivy and vzvy. Thus C' must
contain the path vqviu, but p(viu) ¢ Cy(u) or p(viu) # p(vivy), C is not
monochromatic.

Case 2. |Cy(v;)| < k and |Cy(vj)| = k for {i,j} = {2,4}.
By the symmetry of the roles of vy and vy, assume |C,(v2)|] < k and
|Cx(vs)] = k. By the similar argument as in proof of Case 1, we have
|C2(v2)| < k —2 and |C2(vy)| < k — 3. We take

p(v1v2) € L(v1v2)\Cs (v2),

p(vav3) € L(v2v3)\(Ca(v2) U {p(v102)}),

p(v3w) € L{vaw)\Co(w) if |Co (w)| < k, and p(vsw) € Lvgw)\(CF(w) U
{¢(vov3)}), otherwise. Then we successively take

¢ (v3va) € L(vzva)\(CF (va) U {p(v203), p(vsw)}) and

p(v1va) € L(v1v2)\(C3 (va) U {p(v3v4), p(v102)})-
Finally we assign a color for viju as follows. If |Cy(u)| < k, @(viu) €
Loru)\Co(w). T [Colu)] > F, p(orw) € L{omu)\, (C2(u) U {p(orvs)}) if
u # w; p(viu) € L(viu)\(C2(u) U {p(v1vs), o(vsw)}), otherwise.

It is easy to check that ¢ is a linear L-coloring of G by a similar argument
as in proof of Case 1.

Case 3. |Cy(v;)| = k for each i € {2,4}.
Then |C2(v2)| < k—3 and |C2(vy)| < k—3. We take ¢(viu) € L(viu)\Cy(u)
if |Co(u)] < k, and p(vsw) € L(vsw)\Cop(w) if |Co(w)| < k. Next we
suppose that |Cy (u) 2 k and |Cy(w)| > k.

If L(v1v9)\CZ%(ve) € Cl(vg) N Cl(vy), we take

©(v1v2) € L(v192)\(C2(v2) U (CL(vy) N CL(vy))), and then

(
p(viu) € L(viu)\(CF(u) U {p(v1va)}),
p(v3w) € L(vzw)\(C3(w) U {p(v1u)}),
p(v2v3) € L(vauz)\(C2(va) U {p(viv2), p(vzw)}),
p(vsvg) € L(U3U4§\(Cf(v4) U {W(Uzv:a;, p(vzw)}),
( ) o(v

\(C3(va) U {p(vsva), (v1u)}).

p(viva) € L(vivg
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By the similar argument as in the proof of Case 1, one can show that ¢ is a
linear L-coloring of G.

By symmetry, we consider that L(viv9)\C2(vs), L(vav3)\C2(vs), L(v3vs)\
C2(vy) and L(vqv1)\C2(v4) are all contained in CL(vy) N CL(vy).

We claim that (L(v1v2)\C2(v2)) N (L(v3vs)\C2(v4)) = (. Suppose it is
false, and |C2(vq)| = |C2(vy)|, without loss of generality. Therefore,

2k — 2|C2 (vg)| — |CZ(v2)| + k — |CZ(v4)|
L(v1v2)\C3 (va)| + [ L(v304)\C3 (v4)]
Cy(va) N Cy(v4)|

Cy(va)

d(v2) — 2|C(v2)]

2k — 1 —2|C%(vy)|.

~~N =

INCINCIN NN N

It follows that 2k < 2k — 1, a contradiction.
Thus we take
p(v1v2) = @(v3vy (L v102)\C3(v2)) N (L(v304)\CF(v4)) and
o(viu) € L(viu)\(C%(u) U {p(v1v2)}). And then
p(vsw) € L{vsw)\ (CF(w) U{p(vsva)}) if u # w;
o(vsw) € L(vaw)\ (C2(w) U {p(v3vy), p(v1u)}), otherwise. Finally,
p(v2v3) € Lv2v3)\(C7 (v2) U {p(v3v4), p(v3w)}) and
p(v1va) € L(v1v4)\(CF(va) U {p(v3v4), p(viu)}).
One can verify that ¢ is a linear L-coloring of G.

\_//-\

) €
(C
\
\

The proof is complete. u
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