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Abstract

S.M. Lee proposed the conjecture: for any n > 1 and any permu-
tation f in S(n), the permutation graph P(P,, f) is graceful. For any
integer n > 1 and permutation f in S(n), we discuss the gracefulness
of the permutation graph P(P,, f) if f = Hi;lo(m +2k,m+ 2k + 1),
and Héc;lo(m +4k,m+4k+2)(m+4k+ 1, m+4k+ 3) for any positive
integers m and [.

Keywords: permutation graph; graceful, Lee’s conjecture.

2000 Mathematics Subject Classification: 05C78.

1. INTRODUCTION

A graph that has order p and size ¢ is called a (p, q)-graph. Let G = (V, E)
be a finite simple (p, ¢)-graph. The graph G is called graceful if there exists
an injection g from V to {0,1,2,...,q} such that the induced edge labels
{g*(uwv) = |g(u) —g(v)| | wv € E} is equal to {1,2,...,q}. The mapping g is
said to be a graceful labelling of GG, and g* is said to be an edge labelling of
G. The concept of graceful graph is due to Rosa [1]. In 1967, he introduced
the notion of f-valuation, which Golomb [2] subsequently called graceful
labelling. In general, it is hard to decide whether a given graph is graceful.
Even if a graph is known to be graceful, it may still be difficult to find a
graceful labelling. Research has focused on specific classes of trees, bipartite
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graphs, cycles, cycle with a pendant edge attached to it at each vertex,
wheels, cycles with chords, grid graphs, one point union of two cycles, one-
point union of complete graphs, unicyclic graphs, etc (see [4]). The theory
of graceful graphs has attracted many mathematicians mainly because of
its aesthetic aspect, as well as its wide range of applications in such areas
as radar pulse codes, x-ray crystallography, circuit design, missile guidance,
radio astronomy, sonar ranging, and broadcast frequency assignments (see
[4, 5, 6]). Recently, instead of studying special classes of graceful graphs,
attention has been turned to their construction. In this paper, we will
consider the construction of graceful graphs via permutation graphs.
Chartrand and Harary introduced the concept of permutation graphs.
For a graph G with n vertices labelled 1,2,...,n, and a permutation f in
S(n), the symmetric group on the symbols {1,2,...,n}, the f-permutation
graph on G, denoted P(G, f), consists of two disjoint copies of G, say G
and G2, along with the n edges obtained by joining vy ; in G1 with vy ¢(;)
in G, i =1,2,...,n. It is obvious that the graph P(G, (1)) is isomorphic
to G x Ky. If G is a cycle Cy, then the (1)-permutation graph of C,
P(Cy, (1)), is a prism graph. Let P, denote the path with n vertices. In
1983, Lee proposed the graceful conjecture of permutation graphs of paths:

Conjecture 1.1. For any n > 1 and any permutation f in S(n), the
permutation graph P(P,, f) is graceful.

Gallian restated this conjecture in [4]. Gracefulness of P(G, f) has been
considered in the following literature. In [8], G is hypercube and f is an
identity map. In [4, 9], G is a star K;, and f is an identity map. In
[10, 11], G is a cycle and f is an identity map. In [3, 7, 12, 13] G is a path
with n vertices and f is a non-identity map.

Lemma 1.2. Let g be a function and f = (a1,a9,...,as) ... (Gpn—t+1, Gn—t4+2,
.y Qn—1,an) be a permutation, define gf = (g(a1), g(az),...,g(as))...
g(an*tJrl)’g(an*tJr?)a s 7g(an*1)’g(an))'

Let n > 1 be a positive integer, f be a permutation in S(n). Define the
function g as follows: g(x) = n+1— =z, if x € [1,n]. Then P(P,,gf) is
graceful when permutation graph P(P,, f) is graceful.

Proof. Since P(P,,gf) = P(P,, f), then P(P,,gf) is graceful when per-
mutation graph P(P,, f) is graceful. [
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Example 1.3. Taking n = 4, f = (13)(24), then gf = (42)(31). Taking
n =75, f = (124), then gf = (542).
In this paper, we obtain the following theorem:

Theorem 1.4. Let n > 1 be an integer, and f be a permutation in S(n).
Then the permutation graph P(P,, f) is graceful if f = Hz;lo(m + 2k,
m+2k+1), and Hz;lo(m+4k,m+4k+2)(m—|—4k:+ 1,m+4k+3) for any
positive integers m and .

Let Z be the ring of integers and let a,b,k € Z and k > 2. The following
notations are used frequently.

@b ={z|zeZ a<z<b)
[a,b]y ={r e Z|a<z<bx=a (modk)},
f(S)={f(x)| =z € S}, where S is a set and f is a function.

Remark 1.5. [a,b] = [a,b]y = 0 if a > b, and f(S) =0 if S = 0.

Example 1.6. The symbols [3,8] = {3,4,5,6,7,8}, [2,8]2 = {2,4,6,8},
3,72 = {3,5,7}, [3,8]2 = {3,5,7}, and for any integer k > 2, [3,3] =
[3,3]r = {3}, [3,1] = [3,1]x = 0.

2. MAIN RESULTS

Let P, be a path with n vertices, f a permutation in S(n), V(G;) = {v;1,
Vj2,..-,Vjn}, j = 1,2. Then the vertex set of the permutation graph
P(P,, f) is V(G1)UV(G3) (shortly V(G)), and its edge set is E(G1)U
E(Go) U{v1jva25¢) | § € [1,n]} (shortly E(G)). The permutation graph
P(P,, f) has 2n vertices and 3n — 2 edges.

In the following, the set behind the function ¢ is the label set of cor-
responding vertices. For instance, ”g(z2i41) = 20 + 1 if ¢ € [0,m — 2],
[1,2m — 3]2” implies "g(x1) = 1, g(x3) = 3,...,9(xam—3) = 2m — 3, and the
set [1,2m — 3|a = {g(z2i4+1) | # € [0,m —2]}". (Note: When m = 1, the
interval [0,m — 2] = [0,—1] = (), so the function g(z2;+1) has no value in
this interval.)

Lemma 2.1. When f = Hll,;:lo(m + 2k, m + 2k + 1) for positive integers m
and | satisfying n > 2(m — 1) + 21, the graph P(Py, f) is graceful.

Proof. We distinguish between two cases to show this lemma.
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Case 1. when m is odd:

(1) When m = 1, define the function g : V(G) — [0,3n — 2] as follows:
g(v1,2i41) =3n—3i — 3 if i € 0,1 —1] [3n — 3l,3n — 3]s,
g(v2,2i41) = 3n — 3i — 2 if i € 0,1 —1] [3n — 31+ 1,3n — 2|3,
g(’Ul 214_2) =3 ifi e [O,l — 1] [0, 3l — 3]3,
9(v2.2i42) = 3i +2 if i € (0,1 — 1] 2,30 — 1],
g(’Ul 21+21+1) = 37’L — 3l — 27, — 3 le € [O, [%2[1 — 1] Vl,
g(vaors2ir1) = 31+ 4i —2 ifi €0, [252]—1] Va,
g(v1 2142i12) = 3l + 4i ifielo,[252] —1] Vi,
g(vapi2ipe) =3n—31—2i—4 ifie0,[252] —1] Vi

Where

Vi=_2n—-1-1,3n—3l—3]yifniseven, and [2n —1 —2,3n — 31 — 3]z if n

is odd;

Vo =[3l—2,2n — 1 — 6|4 if n is even, and [3] — 2,2n — | — 4]4 if n is odd;

Vs = [31,2n — 1 — 4]4 if n is even, and [31,2n — [ — 6]4 if n is odd;

Vi=02n—-1-2,3n—3l—4]yifniseven, and 2n —1—1,3n — 3l — 4]z if n
is odd.

Whether n is even or odd, the label-set of vertices of the graph P(P,, f),
g(V(GQ)), is [0,31 —3]3 U[2,31 = 1]3 U [31 — 2,2n — [ — 4], U [2n — [ — 2,3n —
3l = 3] U [3n —3,3n — 3]3 U [3n — 3l + 1,3n — 2|3. Since |g(V(G))| =
2((31—3) /34 1)+ (2n—41—2)/2+ 1+ (n—20—1)+1+2((3—3)/3+1) = 2n,
the ¢ is an injection from V(G) to [0,3n — 2].
In the following, we show that the g* is a bijection from E(G) to
[1,3n — 2]. By the definition of the g, we have:
A = {g"(v1,2i41V2,2i+2), 9" (V1,2i4202,2i+1), 97 (V1,2i4101,2i4+2), 97 (V2,2i4102,2i42) |
ie€[0,l—1]}
= {3n—6i—5,3n—6i— 2,30 — 6i— 3,30 — 6i —4] i € [0,] — 1]}
= [3n— 61+ 1,3n — 5|6 U [3n — 6] + 4,3n — 2]6 U [3n — 60 + 3, 3n — 3]gU
[Bn — 6l + 2,3n — 4]¢;
B = {g"(v1,2i+2v1,2i+3), " (v2,2i+2v2.2i+3)| i € [0,1 — 2]}
={3n—6i —6,3n —6i — 7| i €[0,l — 2|}
=[3n—6l+6,3n —6]g U[3n — 60+ 5,3n — 7];
C= {9* (U1,2l+2z’+2v2,2l+2i+2)7 g (U1,2l+2z’+101,2l+2z‘+2)7 g*(v2,2l+2i+lv2,2l+2i+2)’
ielo,[%52] - 1]}
— {3n— 61 — 6i —4,3n — 61 — 6i — 3,3n — 61 — 6i — 2| i € [0, [ 252 | — 1]}
=[2,3n — 6l —4]¢ U [3,3n — 6] — 3] U [4,3n — 6] — 2]g if n is even,
and [5,3n — 6] — 4]g U [6,3n — 61 — 3] U [7,3n — 6] — 2]g if n is odd;
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D = {g*(vi,2142i+1V2,2042:+1)| 1 € [0, [252] — 1]}
={3n—6l—6i—1]ic[0,[25%] —1]}
= [5,3n — 6] — 1]¢ if n is even, and [2,3n — 6] — 1] if n is odd;
E = {g*(v1 2142i+2V1 2142i43)s §* (V2,214 204202 2140i43)| 1 € [0, [252] — 2]}
={3n — 6l —6i —5,3n — 61— 6i — 6| i € [0, [252] — 2]}
= [7,3n — 6] — 5|6 U [6,3n — 6] — 6]¢ if n is even,
and [4,3n — 6] — 5]g U [3,3n — 61 — 6]¢ if n is odd,;
F={g"(v1,2001,2141), §" (v2, 2002 2041) } = {3n — 61, 1}.
Whether n is even or odd, ¢*(E(G))=AUBUCUDUEUF = [2,3n—6]—1]
UBn—6l+1,3n—2U{3n — 60,1} = [1,3n — 2]. Therefore, the ¢g* is a
bijection from E(G) to [1,3n — 2].

(2) When m > 3, define the function g : V(G) — [0,3n — 2] as follows:

g(’Ul 21+1) 2 ifi e [0, [T-| — 1] [0 m — 3}2,

g(vais1) = 3n—4z—2 ifie[0,[22]—1] [3n—2m+4,3n— 24,

g(v1pit2) =3n—4i—4, ifiel0,[22t]—1] [3n72m+2 3n — 44,

g(va2ite) = 2i+1, ifiel0, |22 -1 [1,m—2s,

(V1 my2i) = 3n — 2m — 3i, ifi€[0,l—1] [3n—2m — 31+ 3,3n — 2m]s,

g2 mi2) =3n—2m —3i+1, ifie[0,l—1] [3n—2m—3l+4,3n—2m+1]s,

9(V1,mt2i41) =m+3i — 1, ifie[0,l—1] [m—1,m+ 3l —4]s,

92, mt2i41) =m+ 3i+ 1, ifie[0,l—1] [m+1,m+3l—2]s,

(V1 ma2is2i) = 3n —2m — 31 — 2i, if i € [0, [2=2omEL] — 1] W,

(V2. myars2i) = m+ 3l +4i — 3, if i € [0, [2=25mEL] — 1]V,

(V1 maais2it1) =m+ 31+ 4i—1, if i € [0, [2=2omEL | — 1] V3,

9o mi242i41) =3n—2m—31—2i —1, ifie [0, [2=2FmELl] 1] V.

Where

Vi =[2n—m—1+41,3n—2m—3l]s if n is even, and [2n—m—1,3n—2m— 3],
if n is odd.

Vo =[m+3l—3,2n—m—1—5]4 if nis even, and [m+3l—3,2n—m—1—3]4
if n is odd.

Vs =[m+3l—1,2n—m—1—-3]4 if nis even, and [m+3l—1,2n—m—1—5]4
if n is odd.

Vi=[2n—m—1,3n —2m — 3l — 1]z if n is even, and [2n —m — [ + 1,

3n —2m — 31 — 1]5 if n is odd.
Whether n is even or odd, g(V(G)) = [0,m — 2] U [m — 1,m + 3l — 4]3U
[m+1,m+3l—2]3U[m+3l—3,2n—m—1—3]2U[2n—m—1,3n—2m — 3| U
[3n—2m—31+3, 3n—2m|3U[3n—2m—3l+4, 3n—2m+1]3U[3n—2m~+2, 3n—2]5.
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Since [g(V(G))| = (m—2)+14+2((81 —=3)/3+ 1)+ (2n—2m —4l)/2+ 1+
(n—=m—=20)+14+2(3l—-3)/3+1)+ (2m —4)/24+ 1 = 2n, the g is an
injection from V(G) to [0,3n — 2.
In the following, we show that the g* is a bijection from FE(G) to
[1,3n — 2]. By the definition of the g, we have:
A= {g"(v1it1v22i+1)] 1 € [0, [P5H] = 1]} = {3n—6i—2] i € [0, ["7+] ~ 1]}
= [3n —3m + 7,3n — 2¢;

B = {9* (U1,2i+2v2,2i+2)79* (Ul,2z'+1v1,2z‘+2),9*(112,2z'+1v2,2z‘+2)|
iefo, |t -1}
= {3n—6z’—5,3n—6z’—4,3n—6z’—3\ 1€ [0, {mT_lj —1]}
=[3n—3m+4,3n—5]gU[3n —3m +5,3n —4]¢ U [3n — 3m + 6,3n — 3]¢;

C = {g* (v1,2i12v12i+3), " (V2,2i4202.2i+3)| 1 € [0, [Z51] — 2]}
={3n—6i—6,3n—6i — 7| i€ [0,[ 1] —2]}
=[3n—3m +9,3n — 6] U [3n —3m + 8,3n — 7]¢;

D = {9* (Ul,m+2ivz,m+2z‘+1), g*(vl,m+2i+lv2,m+2i)a g (Ul,m+2z‘vl,m+2z‘+1),
G (V2 m42iV2m42i4+1)| @ € [0,1 — 1]}
={3n—-3m —6i—1,3n —3m —6i +2,3n —3m — 6i + 1,3n — 3m — 61
ie[0,l—1]}
= [3n —3m — 6l +5,3n — 3m — 1] U [3n — 3m — 6 + 8,3n — 3m + 2]¢U
[3n —3m — 6l + 7,3n — 3m + 1] U [3n — 3m — 61 + 6,3n — 3m]s;

E = {g" (vi,m+2i41V1,m+2i+2), 9" (V2,m2i+1V2,m+2i42)| @ € [0,1 — 2]}
= {3n—3m—6i—2,3n—3m—6i—3|iec0,l—2]}
= [3n —3m — 6l +10,3n — 3m — 2] U [3n — 3m — 6] + 9,3n — 3m — 3¢;

F = {g* (V1 m+2142i+1V2,m+214+2i+1) G (V1 m4214-2i V1 m+2142i+1) 5
9" (Va,mi 24 2iV2,mr2i2i1)] i € [0, [2=251EL | — 1]}
={3n —3m — 6l —6¢,3n —3m — 6l — 6i + 1,3n — 3m — 6] — 6i + 2|
i €0, [=2gmH ] — 1]}
= [3,3n —3m —6l]¢ U [4,3n —3m — 6l + 1|g U [5,3n — 3m — 6] + 2]¢ if n is
even, and [6,3n —3m — 6l]g U [7,3n —3m — 6] + 1]g U [8,3n — 3m — 6] + 2]
if n is odd;
G ={g" (Vimrart2ivamiaire)| i € [0, [2=250EL] — 1]}
={3n —3m — 6l —6i+3| i€ [0, [ =272 — 1]}
= [6,3n —3m — 6] + 3¢ if n is even, and [3,3n — 3m — 61 + 3| if n is odd;
H = {g" (vi,mt2142i+101,m+2142i+2), 9" (V2,m4 204 204 1V2,m+-2042i42) |
i € [0, [P — 2]}
={3n—-3m —6l—6i—1,3n —3m — 6l — 6i — 2| i € |0, f%—‘ - 2]}
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=1[8,3n —3m — 6] — 1]g U [7,3n — 3m — 6] — 2]¢ if n is even,
and [5,3n —3m — 61 — 1]g U [4,3n — 3m — 6] — 2]g if n is odd;

I ={g"(vi,m-101,m), 9 (V2,m—1V2m), 6% (V1 204m—1V1 204m),

G (V2. 214m—1V2,214m) }
={2,3n—3m+3,3n —3m — 6] +4,1}.

Whether n is even or odd, ¢*(E(G))=AUBUCUDUFEUFUGUHUI =
[1,3n — 2]. Therefore, the g* is a bijection from E(G) to [1,3n — 2].

Case 2. when m is even:
We define the function g : V(G) — [0,3n — 2] as follows:

9( ) = 0,[=5"1 =1 [0,m — 2],

g(ve, 2z+1) 3n—4i—2, ifie0,[22]—1] [3n—2m+2,3n— 24,

g( ) = ' € [0, (2] — 1] [Bn—2m+4,3n — 44,

g(’Ug 214_2) =2+ 1, if7 € [0 I_ J 1] [

9(V1,m42:) =m + 34, if i €[0,1—-1] [m, m+ 3l — 3]s,

9V my2;) =m+3i—1, if i €[0,1—-1] [m —1,m+ 3l — 4],
9(V1,mt2i41) =3n—2m —3i+ 1, ifie[0,I—-1] [3n—2m—3l+4,3n—2m +1]s,
g(Vami2it1) =3n—2m —3i—1, ifi€[0,l—1] [3n—2m— 3]+ 2,3n—2m —1]s,
9(
9(
9(
9(

V1 maair2i) = m + 31+ 20, if i € [0, [2=2omEL] — 1] W,
V2. ma2itei) = 3n — 2m — 31 — 4i + 3, if i € [0, [2=25mEL] — 1]V,
Vlmtoi2i41) = 3n—2m—3l—4i+1, ifie(0,|2=2omEl| 1] Vg,
V2 mt2u42i41) =M+ 3L+ 20 + 1, if i € [0, [2=25mEL ] — 1] V.
Where
Vi=[m+3l,n+lyif niseven, and [m+3l,n+1—1]zif n
is odd;
Vo = [n+1+43,3n—2m— 31+ 3|4 if n is even,and [n+1+5,3n—2m —31+3]4
if n is odd;
Vs = [n+1+5,3n—2m—3l+1]4 if nis even, and [n+1+3,3n—2m—3l+1]4
if n is odd;
Vi=[m+3l+1,n+1—1]yif niseven, and [m+ 3l + 1,n + ]2
if n is odd.

Whether n is even or odd, g(V(G)) = [0,m — 2] U [m —1,m + 3l — 4|5 U
[m,m+3l—=3]3U[m+3l,n+]Un+1+3,3n —2m — 3l +3]2U [3n — 2m —
3l+2,3n—2m—1]3U[3n—2m—3l+4,3n—2m+1]3U[3n—2m+2, 3n — 2|s.
Since [g(V(G))] = (m —2) +14+2(81 —3)/3+ 1)+ (n—m —2]) + 1+
(2n—2m —40)/2+1+2((31 —3)/3+1)+(2m —4)/2+ 1 = 2n, the g is an
injection from V(G) to [0,3n — 2].
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In the following, we show that the ¢g* is a bijection from E(G) to [1,3n — 2].
By the definition of the g, we can get the sets A ~ I the same as Case 1 (2),
except the following six sets:

A=[3n—3m+4,3n — 2g;

B=1[3n—-3m+7,3n—>5]¢U[3n —3m+8,3n —4]¢ U [3n — 3m + 9, 3n — 3¢;

C =[3n—3m+6,3n—06]gU[3n —3m+5,3n — 7]g;

F=1[6,3n —3m — 6l|g U[7,3n — 3m — 6l + 1] U [8,3n — 3m — 6] + 2]g if n
is even, and [3,3n—3m—6l]gU[4, 3n—3m—61+1]gU[5, 3n—3m—61+2]g
if n is odd;

G = [3,3n —3m — 6l + 3]¢ if n is even, and [6,3n — 3m — 61 + 3¢ if n is odd;

H =[53n—3m—6l—1]gU[4,3n — 3m — 6] — 2|g if n is even,
and [8,3n — 3m — 61 — 1] U [7,3n — 3m — 6] — 2]g if n is odd.

Whether n is even or odd, ¢*(E(G))=AUBUCUDUFEUFUGUHUI =

[1,3n — 2]. Therefore, the g* is a bijection from E(G) to [1,3n — 2]. ]

Lemma 2.2. When f = [I,_%(m + 4k, m + 4k +2)(m + 4k + 1,m + 4k + 3)
for positive integers m and l satisfying n > 2(m — 1) +4l,the graph P(P,, f)
18 graceful.

Proof. We distinguish between two cases to show this lemma.
Case 1. When m is odd,

(1) m=1,
(i) n = 41, we define the function g : V(G) — [0,3n — 2] as follows:

g(v14i+1) =3n—6i—3 ifie[0,l—1] [6l+3,12] — 3]e,
g(v2.4i41) =6i+5 ifie[0,l-1] [5,6l—1]s,
g(U1,4i+2) = 61 ifie [OJ — 1] [0 6l — ]
g(U2,4i+2) =3n—-6i—5 ifie [O,Z — 1] [61 + 1,12 — ]
g(v1,4i43) =3n—6i—6 ifie[0,l—1] [6],12] — 6],
g(v2,4i43) = 60+ 2 ifief0,l—1] [2,6]— 4],
g(v1.4i44) =60+ 3 ifie[0,l—1] [3,6]— 3]s,
g(voai4a) =3n—6i—2 ifi€[0,l—1] [6l+ 4,120 —2].

The label-set of vertices of the graph P(P,, f) is g(V(G)) = [0,6] — 3|3 U
[2, 61— 1]3U[61, 121—3]3U[61+1, 121—2]5. Since |g(V (G))| = 4((61—3)/3+1) =
8] = 2n, the ¢ is an injection from V(G) to [0,3n — 2.

In the following, we show that the ¢g* is a bijection from E(G) to
[1,3n — 2]. By the definition of the g, we have:
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A ={g"(v1,4i+1v2,4i+3), 9" (V1,4i+2V2,4i+4), " (V1 4i+3V2, 4541 )5
9" (V1 4i+av2,4i4+2)| 0 € [0,1 — 1]}
— (30— 12i — 5,30 — 12i — 2,3n — 12i — 11,30 — 12i — 8| i € [0,1 — 1]}
= [7, 3n — 5]12 U [10,3n — 2]12 U [1, 3n — 11]12 U [4, 3n — 8]12;

B = {g* (U1,4i+lvl,4i+2)a g (111,4z'+2111,4z‘+3), 9*(U1,4i+3111,4i+4),
9% (V2,4i+3V2,4i44), 9" (V2,4i42V2,4i43), 9 (V2 4i41V2,4i42)] 4 € [0,1 — 1]}
= {3n — 12 — 3,3n — 12/ — 6,30 — 12 — 9,3n — 12 — 4,3n — 12i — T,
3n—12i — 10| i € [0,1 — 1]}
= [9,3TL — 3]12 U [6,3n — 6]12 U [3,3n — 9]12 U [8,3TL — 4]12 U [5,3n — 7]12
U [2,377, — 10]12;
C = {g"(v1,4i+4v1,4i+5), 9" (V2,4 +4v2,4i45)| 7 € [0, — 2]}
{3n —12i —12,3n — 12i — 13| i € [0,1 — 2]}
= [12,3n — 1215 U [11,3n — 13] 2.
We can get ¢*(E(G))=AUBUC = [1,3n—2|. Therefore, the g* is a bijection
from E(G) to [1,3n — 2.

(i) n = 41 + 1,
(a) I =1, we define the function g : V(G) — [0,3n — 2] as follows:

g(v11) =12, g(vi2) =0, g(vi3) =8, g(via)= g(v15) =6,
g(v21) =3,  g(v22) =9, g(v23) =2, glvos) = 13 g(vas) = 4.
3

Clearly, the g is an injection from V(G) to [0,3n—2] and the ¢g* is a bijection
from E(G) to [1,3n — 2].

(b) I > 2, we define the function g : V(G) — [0,3n — 2] as follows:

g(v1,4i41) =3n—6i—3 ifie€0,l—2 [6] 4+ 12,126,
g(’Ug 4z+1) 614+ 5 ifi e [0,1—2} [5,61—7]6,

g(’Ul 41+2) =061 ifi € [O,Z — 1] [O, 6l — 6]6,

g(’UQ 41+2) 3n—6i—5 ifie [0,172] [614’10712[72}6,
g(v14i43) =3n—6i—6 ifie[0,l—2] [6] +9,12] — 36,
g(’Ug 4z+3) =61+2 ifie [0,1—2} [ 61—10]6,

g(’Ul 4z+4) =6t+3 ifi e [0,1—1} [3 6l — ]
9(vaaia) =30 —6i—2 ifie[0,l—1] (60 + 7,120 + 1],
g(v1 p—a) =6l +5, g(vap—a) =6l —2, g(vagn_3)=06l+3,
g(V1n—2) =61+ 1, g(vap—2) =6l—5, g(vyn)=06l4+6,
g(van) =61+ 8.

The label-set of vertices of the graph P(P,, f) is g(V(G)) = [0,6 — 3|3 U
2,60 — 7]3 U [6] + 7,120 + 1]5 U [6 + 9,12[]5 U {61 — 5,61 — 2,61 + 1,
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61 + 3,60 + 5,60 + 6,60 + 8}. Since |g(V(G))| = (61 — 3)/3 + 1+ 2((61 — 9)/
3+1)+ (60l —6)/3+1+7=28l+2=2n, the g is an injection from V(G)
to [0,3n — 2.

In the following, we show that the ¢g* is a bijection from E(G) to
[1,3n — 2]. By the definition of the g, we have:

A = {g" (V1 4i+1V2,4i13), 9" (V1,4i+2V2 4i4+4), " (V1 4i+3V2, 4i41), 9 (V1 4i 4402 4i42) |
ic0,0—2])
= {3n—12i —5,3n — 12i — 2,30 — 12i — 11,3n — 12i — 8 i € [0,1 — 2]}
= [22, 3n — 5]12 @] [25, 3n — 2]12 @] [16, 3n — 11]12 @] [19, 3n — 8]12;

B = {g" (v1,4i+1v1,4i+2), 9% (V1 4i+2V1,4i+3), 9% (V1 4i4+3V1 4i+4) 5
9" (V1 4i+4V1,4i+5), 9% (V2,4i+-3V2,4i44), §* (V2,4i4-2V2,4i43) »
9" (v2,4i+1V2,4i+2), 9 (V2,4i+4V2.4i45)| © € [0,1 — 2]}
= {3n —12¢ —3,3n — 12 — 6,3n — 12¢ — 9,3n — 12¢ — 12,3n — 12¢ — 4,
3n — 120 — 7,3n — 12i — 10,3n — 12i — 13| i € [0,] — 2]}
= [24, 3n — 3]12 U [21, 3n — 6]12 U [18, 3n — 9]12 U [15, 3n — 12]12U
[23, 3n — 4]12 U [20, 3n — 7]12 U [17, 3n — 10]12 U [14, 3n — 13]12;

C =1{9"(v1,n-av2n—2), 9" (V1,n—3V2.n-1), 9 (V1,n—2V2,n—4),
g* (Ul,nflv2,n73)a g (Ul,nvz,n), g* (Ul,n74vl,n73)a g* (Ul,n73v1,n72),
g* (Ul,anULnfl)a g (Ul,nqvl,n), g* (U2,n74v2,n73)a g* (U2,n73v2,n72)a
g* (v2,n72v2,n71)a g (U2,n711)2,n)}
={10,13,3,6,2,11,7,4,9,5,8,12,1} = [1,13].
We can get ¢*(E(G))=AUBUC = [1,3n—2|. Therefore, the g* is a bijection
from E(G) to [1,3n — 2.

(iii) n > 41 + 2, we define the function g : V(G) — [0,3n — 2] as follows:

g(v14i+1) =3n—6i—3 if i€ [0,l—1] [3n—61+3 3n — 36,
g(vo.4i41) =60+ 5 ifief0,l—1] [5,6l— 1],
g(’l}174i+2) =61 ifi e [O,l — 1] [0, 6] — ]
g(v2,4i42) =3n—6i—5 ifie0,l—2] [3n—6l+7,3n—>5],
g(v1,4i43) =3n—6i—6 ifie[0,l—2] [3n—6l+6,3n— 6],
g(’l}274i+3) =61+ 2 if i € [O,l — 1} [2, 6] — ]
9(v1,4i44) = 67+ 3 ifie[0,l—1] [3,6l— 3]s,
g(v24ita) =3n—6i—2 if i€ [0,1—1] [3n—6l+4 3n — 2]e,
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g(v1 ai12i41) =3n—61—2i—4 if i € [0, ["5‘“] -1 W,
g('U2,4l+2i+1) =6l+41—2 if i € [0, [n?lq —1] Vs,
9(v1,4142i42) = 61 + 4i if i € [0, L"EMJ —1] Vs,
g(V24i12i42) =3n—61—2i—5 if i € [0, L”?”J -1 Vi,
g(via1-1) = 3n — 6l — 1, g(va41_2) = 3n — 61.

Where

Vi =1[2n—20—2,3n — 6l —4]5 if n is even, and [2n — 2] — 3,3n — 61 — 4],

if n is odd;

Vo = [6l —2,2n — 2] — 6]4 if n is even, and [6] — 2,2n — 2] — 4]4 if n is odd;
Vs = [60,2n — 21 — 4]4 if n is even, and [61,2n — 2] — 6], if n is odd;
Vy=[2n—20 —3,3n — 6l — 5] if n is even, and [2n — 2] — 2,3n — 61 — 5]
if n is odd.
Whether n is even or odd, the label-set of vertices of the graph P(P,, f) is
g(V(G)) = (0,60 — 3]3 U [2,6] — 1|5 U[6] — 2,2n — 20 — 4] U [2n — 20 — 3, 3n —
61 —4]1 U [3n— 61 +3,3n — 33U [3n — 61 +4,3n — 2]3U {3n — 61 — 1, 3n — 61}
Since [g(V(G))| =2((61-3)/3+1)+(2n—81—2)/24+ 1+ (n—4—1)+1+
2((61 —6)/3 + 1) + 2 = 2n, the g is an injection from V(G) to [0,3n — 2].
In the following, we show that the g¢g* is a bijection from E(G) to
[1,3n — 2]. By the definition of the g, we have:

A = {g" (V1 4i+1V2,4i+3), 9" (V1 4i+2V2 4i+4), §* (V1 4i+10V1 4i42),
9" (v2,4i43v2,4i4+4)| 7 € [0,1 — 1]}
— (30— 12i — 5,30 — 12i — 2,3n — 12 —3,3n — 12i — 4] i € [0,1 — 1]}
= [3n— 120+ 7,3n — 5]15 U [3n — 120 + 10,3n — 2]1,U
[3n — 1201+ 9,3n — 3|12 U [3n — 121 4 8,3n — 4]19;

B = {g* (v1 4i+3V2,4i41), 9 (V1 4i+4V2 4i12), ¢ (V1 4i+2V1 4i43),

9" (V1,4i+3V1,4i4+4), 9" (V1,4i+4V1,4i+5 ), 9 (V2454202 4i43) s
9 (V2,4i+1V2,4i42), 9% (V2,4i+4v2.4i45)| 1 € [0,1 — 2]}

— {3n— 12i — 11,30 — 12i — 8,3n — 12i — 6,30 — 12i — 9,
3n — 12 — 12,30 — 12 — 7,3n — 12 — 10,3n — 12i — 13| i € [0,1 — 2]}

— [3n — 120 +13,3n — 11]12 U [3n — 120 + 16,3n — 8]12 U [3n — 121 + 18,
3n — 6]12 U [3n — 120 + 15,30 — 912 U [3n — 120 + 12, 3n — 12]1o U
3n—1204+17, 3n—T7]12U[3n— 120414, 3n—10] 12U[3n— 120411, 3n—13] 1o;

C = {g* (vi,a42i41V2,4140i41)] 1 € [0, [252] — 1]}

= {3n — 121 — 6i — 2| i € [0, [25%] — 1]}

= [4,3n — 121 — 2] if n is even, and [1,3n — 12] — 2] if n is odd;
D = {g* (Ul,4l+2z‘+2vz,4l+2¢+2),9*(111,4l+2z‘+1U1,4l+2¢+2),

9" (V2414214102414 2i42)] © € [0, [ 252 ] — 1]}
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={3n—121—6i—5,3n— 121 —6i —4,3n— 121 —6i — 3| i € [0, [ 252 | — 1]}
=[1,3n — 121 — 5] U [2,3n — 12] — 4]¢ U [3,3n — 12] — 3]s if n is even,
and [4,3n — 12] — 5] U [5,3n — 121 — 4] U [6,3n — 12] — 3]¢ if n is odd,;
E = {g*(v1 q1+2i42V1 4142i43): §* (V2,414 254202 ai0i43)| 1 € [0, [252E] — 2]}
— {3n— 121 —6i — 6,30 — 121 — 6i — 7] i € [0, [ "53] — 2]}
= [6,3n — 12] — 6] U [5,3n — 121 — 7] if n is even,
and [3,3n — 121 — 6] U [2,3n — 121 — 7]¢ if n is odd,;

F = {g"(v1,q1v1,4141), 9" (V1,41-1v2,41-3), 9" (V2,41—3V2,41—2), 9" (V1,1—1V1,41),
g (vr,av2.41-2), 9" (Vo,a1—2v2.41-1), 9" (V1,a1—2v1,41-1), 9" (V2,1V2,4141) }
— (30— 121 — 1,30 — 120,30 — 121 +1,3n — 120 + 2,3n — 120 + 3, 3n—
120 +4,3n — 120 + 5,3n — 121 + 6}
— [3n— 120 — 1,3n — 120 + 6].
Whether n is even or odd, ¢*(E(G))=AUBUCUDUEUF =[1,3n — 2].
Therefore, the g* is a bijection from E(G) to [1,3n — 2].

(2) m > 3, we define the function g : V(G) — [0,3n — 2] as follows:

g(1pit1) =3n—4i—2, ifie[0,[22]—1] [3n—2m+4,3n— 24,
g(va2i11) = 2i, ifie[0,[22]—1] [0,m— 3]s,

9(v1,2i42) =20+ 1, if i €0, 5] = 1] [1,m — 2],

g(v22i2) =3n—4i—4, ifiel0, 2] —1] [3n72m+2 3n — 4]y,
g(V1,myai) =3n—2m —6i—1, ifie[l,l-1] [3n—2m—6l+5,3n—2m—T]e,
(V2 mta;) =m + 60+ 4, if i € [0,1—1] [m+4,m+ 6l — 2],
9(V1,mtait1) =m~+6i — 1, ifi € [0,1—1] [m —1,m+ 6l — 7,
9(V2.mtait1) =3n—2m—6i—3, if i€ [0,i—2] [3n—2m—6l+9,3n—2m— 3],
9(V1 miyaive) =3n—2m—6i—4, if i €[0,1—2] [3n—2m— 6l + 8,3n—2m— 4]e,
9(V2,myaive) =m +6i+ 1, ifi € [0,{—-1] [m+1,m+ 6l — 5],

9(V1 myaits) =m + 60+ 2, ifie[0,l—1] [m+2,m+6l— 4]6,

(V2. mtaits) = 3n — 2m — 61, if i € [0,1—1] [3n— 2m — 6l + 6,3n — 2m]
(V1 myars2i) =3n—2m — 6l —2i —2, ifie [0, [2=2mEl] 1] V7,

(V2. myars2i) = m+ 6l +4i — 3, if i € [0, [2=4omEL] — 1] Vs,

91 myarroic1) =m +614+4i—1, if i € [0, [2=2omEL | — 1] VA,
9(Vamiai+2i41) = 3n—2m — 61 —2i — 3, ifi € [0, [2=2omEL | — 1) V,
g(v1,m) =3n—2m+1,

9(v2,m+yai—3) = 3n — 2m — 6l + 2,

9(V1 myai—2) = 3n —2m — 6l + 1.

Where
Vi=[2n—m—2l—1,3n—2m — 6l — 2] if n is even,
and [2n —m — 20 — 2,3n — 2m — 6] — 2|y if n is odd;
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Vo = [m+6l—3,2n—m—20—5|4 if n is even, and [m~+6l—3,2n—m—20—3]4

if n is odd;
V3 = [m+6l—1,2n—m—20—3|4 if nis even, and [m+6l—1,2n—m—20—5]4

if n is odd;
Vi=[2n—m —2]—2,3n —2m — 6] — 3|2 if n is even,

and [2n —m — 20 —1,3n — 2m — 6] — 3]z if n is odd.
Whether n is even or odd, the label-set of vertices of the graph P(P,, f) is
gV(G)) =[0,m =21 U[m —1,m+6l —4]sU[m+1,m+ 6l —2]3 U [m +
6l —3,2n —m —2l = 3]s U[2n —m — 2l — 2,3n — 2m — 6] — 2|; U [3n —
2m — 6l + 5,3n — 2m — 4]3 U [3n — 2m — 61l + 6,3n — 2m|3 U [3n — 2m +
2,3n — 2], U{3n —2m + 1,3n — 2m — 6l + 2,3n — 2m — 6l + 1}. Since
lg(V(G)|=(m—-2)+1+2((6l—-3)/3+1)+(2n—2m —8l)/24+ 1+ (n —
m—4l) +1+ (61— 9)/3+1+ (61— 6)/3+ 1+ (2m —4)/2+1+3 = 2n, the
g is an injection from V(G) to [0,3n — 2].

In the following, we show that the ¢g* is a bijection from E(G) to

[1,3n — 2]. By the definition of the g, we have:

A = {g*(v12i4102,2i41)] 7 € [0, [252] — 1]}
={3n—6i—2[ic0,[22] - 1]}
= [3n —3m + 7,3n — 2¢;

B = {g*(v1,2i+2v2,2i+2), 9% (V1 24101 2i+2), G (V2,21 1V2,2i12) |
ielo, 251 - 1]}
={3n—6i—5,3n—6i—3,3n —6i —4| i € [0, | 21| — 1]}
=[3n—3m+4,3n—5]6U[3n —3m +6,3n — 3|g U [3n —3m + 5,3n — 4]s;

C = {g"* (v1,2i12v1,2i+3), 9" (v2,2i4202,243)| @ € [0, [Z51] — 2]}
={3n—6i—7,3n—6i— 6] i€ [0,[21] —2]}
=[83n—3m+8,3n—T7]gU[3n —3m +9,3n — 6]¢;

D = {g" (Ul,m+4iv2,m+4i+2), g*(vl,m+4i+lv2,m+4i+3)a g (U1,m+4z‘v1,m+4z‘+1),
G (V2,m44i12V2,m+4i43)] 7 € [1,1 = 1]}
={3n—3m—12i—2,3n —3m —12i+1,3n —3m — 12i,3n — 3m — 12i — 1|
ie[l,l—1]}
= [3n—3m—12{+10,3n—3m—14]12U[3n—3m—121413,3n—3m—11]12U
[Bn—3m—121412,3n—3m—12]12U[3n—3m — 121+ 11, 3n—3m —13]19;

E= {g*(vl,m+4i+2v2,m+4i)a g*(vl,m+4i+3v2,m+4i+l)a g (U1,m+4z‘+1U1,m+4z'+2),
G (V2,m44i41V2,m+4i42), (V1 m44i+201 m4-4i+3)s 0 (V2,m 44102, m+4i41),
G (V1 m+4i+301,m+4i+4)s (V2 m+4i+3V2,mt4i+4)| © € [0,1 — 2]}
= {3n—3m— 120—8,3n—3m—121—5,3n—3m—12i—3,3n—3m —12i —4,
n—3m—121—6,3n—3m—12i—7,3n—3m—12:—9,3n—3m —12i— 10|
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i€[0,l—2]}

= [3n—3m—121416,3n—3m —8]12 U[3n —3m — 121+ 19, 3n —3m — 512U
[3n—3m —121+21,3n —3m — 3|12 U[3n — 3m — 121420, 3n — 3m — 4] 15U
[3n—3m—121+18,3n—3m —6]12 U[3n —3m —12]+17,3n —3m — 712U
[3n— 3m — 121+ 15, 3n — 3m — 9] 15 U[3n — 3m — 121+ 14, 3n — 3m — 10] 12

F = {g* (01 mta142i02,m+a142i)| 1 € [0, [2=25mEL] — 1]}
= {3n —3m — 121 — 6i + 1] i € [0, [ =254 — 1)}
= [4,3n —3m — 12l + 1]¢ if n is even, and [1,3n — 3m — 121 + 14
if n is odd;

G = {9" (Vi mra14+2i+1V2,m+4142i+1)> 9 (V1 m4 4142001 m4-4142i+1),
9" (V2,4 2iV2,mrar2i1)] @ € [0, | 2=25mH | — 1]}
={3n—-3m — 120 — 6i — 2,3n — 3m — 12l — 6i — 1,3n — 3m — 12 — 64|
i € [0, =g | 1))
= [1,3n — 3m — 120 — 2] U [2,3n — 3m — 121 — 1] U [3,3n — 3m — 121
if n is even,
and [4,3n —3m —12] —2]g U [5,3n —3m — 12 — 1]g U [6,3n — 3m — 12[]¢
if n is odd;
H = {g" (V1 m+a142i4101, m+414+2i4+2) > 9 (V2,m4-4142i+102,m+41+2i+2) |
i € [0, [=Alpmtl] — 9]}
= {3n—3m— 120 —6i—3,3n—3m— 121 — 6i — 4| i € [0, [2=4mEL] _ 9]}
=[6,3n —3m — 12] — 3¢ U [5,3n — 3m — 12] — 4] if n is even,
and [3,3n —3m — 121 — 3|g U [2,3n — 3m — 121 — 4] if n is odd;

I = {g*(vi,mv2.m+2): * (V1,m4+1V2.m+3): 9 (V1,m+-41—2V2 m+41—4),

G (V1 m4a1-1V2,m+41-3), * (V1,m=1V1,m)> " (V1,mV1,m+1);

" (V1mt-41—3V1 m441—2) G (V1 mt-41—201 m44i—1)5 G (V1 mt-41—101 m+41),

9 (V2,m—1V2.m), " (V2.m+2V2,m+3), (V2 m+41—4V2, m+41—3),

9" (V2,mya1-3V2,m1a1-2), 9 (Vo,midl—1V2,m+a1) }

={3n—3m,3n—3m+1,3n—3m — 121+ 3,3n —3m — 121+ 6,3n — 3m +

3,3n—3m+2,3n—3m —121+8,3n —3m — 121+ 5,3n —3m — 12[ + 2,3n —
3m—2,3n—3m—1,3n—3m—121+4,3n—3m—121+7,3n—3m —12/+9} =
[Bn —3m — 121+ 2,3n — 3m — 120l + 9] U [3n — 3m — 2,3n — 3m + 3|.
Whether n is even or odd, ¢*(E(G))=AUBUCUDUEUFUGUHUI =
[1,3n — 2]. Therefore, the g* is a bijection from F(G) to [1,3n — 2].

Case 2. When m is even,

(1) except the case m = 2 and n = 41+ 2, we define the function g : V(G) —
[0,3n — 2] as follows:



ON LEE’S CONJECTURE AND SOME RESULTS 495

g1 2it1) =3n—4i—2, ifie[0,[22]—1] [Bn—2m+2,3n— 24,
g(v2,2i41) = 2i, ifie[0,[22]—1] [0,m— 2],
g(v1,2i42) = 2i + 1, ifiel0, 22 —1 [1,m—3]s,
g(v22it2) =3n—4i—4, ifie[0,[22]—1] [Bn—2m+4,3n— 4],
g(V1 myai) =m +6i+ 1, if i € [1,1-1] [m+7,m+ 6l — 5],
9(V2,m+yai) = 3n — 2m — 6i — if i € [0,1—1] [Bn—2m— 6]+ 2,3n— 2m—4]e,
9(V1,m+tait1) = 3n — 2m — 6i Jr 1, ifie0,l-1] [3n—2m—6l+7,3n—2m+1]s,
9(V2,mtaiv1) = m + 6i + 3, if i € [0,1—-2] [m+3,m+ 60— 9,
9(V1,m+aiv2) = m + 6i + 4, if i €[0,1—-2] [m+4,m+ 6l — 8,
g(V2,miyait2) =3n—2m —6i—1, ifie€[0,l-1] [3n—2m— 6]+ 5,3n— 2m—1]s,
9(V1 myaivs) =3n—2m —6i —2, ifi€[0,l-1] [3n—2m— 6l + 4,3n— 2m—2],
9(V2.mtaits) = m + 6i, if 1 €10,1—1] [m,m + 61 — 6],
9(V1,mrar2i) = m + 61+ 2i + 2 if i € [0, [2=25mEL) — 1] V7,
9(Vamiais2) =3n—2m —6l —4i+3  if i€ [0, [2=AEmEL 1] Vs,
9Vt mtai42i41) =3n—2m — 6l —4i+1 if i€ [0, [2=2omEL ] — 1] V3,
g(va, m+4l+21+1) m+ 60+ 2i + 3 if i € [0, [2=AomEL ] — 1]V,
g(’Ul m) = —1, g(v2,m+4l—3) =m+6l—2, g(vl,m+4l_2) =m+6l—1.
Where
Vi =[m+6l+2,n+ 2+ 2]y if nis even, and [m + 61 4+ 2,n + 20 + 1]2
if n is odd;
Vo = [n+20+43,3n—2m—61+3]4 if n is even, and [n+2l+5,3n—2m—6[+3]4
if n is odd;
V3 = [n+2045,3n—2m—6l+1]4 if n is even, and [n+2l+3,3n—2m—6l+1]4
if n is odd;
Vy=[m+6l+3,n+2l+ 1]y if nis even, and [m + 61 + 3,n + 21 + 25
if n is odd.

Whether n is even or odd, the label-set of vertices of the graph P(P,, f) is
g(V(G)) =[0,m —2]; U [m,m + 6l —6]3 U [m +4,m + 6l — 5|3 U[m + 6l +2,
n+20+2)1U[n+20+3,3n —2m—6l+3|2U[3n—2m —6l+2,3n —2m — 13U
[Bn—2m —6l+4,3n —2m+1|3U[3n —2m+2,3n — 2] U{m —1,m+ 6] — 2,
m+6l—1}. Since [g(V(G))| = (m—2)+1+(60—6)/3+1+ (6l —-9)/3+1+
(n—m—4l)+14+(2n—2m—38l)/2+1+2((61—3)/3+1)+(2m—4)/2+1+3 = 2n,
the ¢ is an injection from V(G) to [0,3n — 2].

In the following, we show that the ¢g* is a bijection from E(G) to
[1,3n — 2]. By the definition of the g, we can get the sets A ~ I the
same as Case 1 (2), except the following six sets:

A=[3n—3m+4,3n — 2;
B=[3n—-3m+7,3n— 5]6U [3n —3m+9,3n — 3] U [3n — 3m + 8, 3n — 4]¢;
C =1[3n—3m+5,3n—T]g U[3n —3m + 6,3n — 6]¢;
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F =][1,3n —3m — 12l + 1]¢ if n is even , and [4,3n — 3m — 12] + 1]
if n is odd;
G =[4,3n —3m — 121 — 25 U[5,3n — 3m — 121 — 1]¢ U [6,3n — 3m — 121]g
if n is even,
and [1,3n —3m — 121 — 2|g U [2,3n — 3m — 121 — 1] U [3,3n — 3m — 12]¢
if n is odd;
H =[3,3n —3m — 121 — 3|6 U [2,3n — 3m — 12] — 4] if n is even,
and [6,3n —3m — 121 — 3|g U [5,3n — 3m — 12] — 4]¢ if n is odd.
Whether n is even or odd, ¢*(E(G)) = AUBUCUDUEUFUGUHUI =
[1,3n — 2]. Therefore, the g* is a bijection from FE(G) to [1,3n — 2].

(2) m=2and n =4l + 2,

(a) I =1, we define the function g : V(G) — [0,3n — 2| as follows:

g(vi1) =16, g(v12) = 1, g(v1,3) = 15, g(v1,4) = 7, g(v1,5) = 12, g(v16) = 3,

9(v2,1) =0, g(v22) = 10, g(va3) = 6, g(v24) = 13, g(v25) = 2, g(va6) = 4.
Clearly, the g is an injection from V(G) to [0,3n — 2] and the ¢g* is a

bijection from E(G) to [1,3n — 2].

(b) 1 > 2, we define the function g : V(G) — [0,3n — 2] as follows:

g(v1,4i42) = 6i + 3 ifie[l,l—2 [9, 61 — 9],
g(v24it2) =3n—6i —8 if i€ [0,1—2] [6] + 10, 12l 2],
g(v14i+3) =3n—6i—3 ifie[0,l—1] [61 Jr 9,121 + 3],
g(v2,4i43) = 6i+5 if i € [0,1— 2] [5,60 — 7]e,
g(v1,4i44) =60+ 6 if i € 0,1 —2] 6, 61 6]s,
g(v274i+4) =3n—6i—5 ifie0,l—2] [6] + 13,121 + 1],
g(’l}174i+5) :37176276 lfl S [0,17 1] [6[+6 12[]6;
9(v2,4i15) = 6i +2 ifie[1,1-1] 8,61 — 4],

g(vl,l) =3n—2 g(UQ,l) =0 9(1)112) 1

g(v25) = g1 1) =61 =2  g(va,_4) =6l +5
9(v2,n—3) = 6l g(Win—2) =6l+2 g(van_2)=6l+8
g(v1n) =60—3 g(van) = 6l — 5.

The label-set of vertices of the graph P(P,, f) is g(V (G
6,61 — 6]s U [61 + 6,121 + 3]3 U [6] + 10,121 + 1]5 U {0,
60 —2,6l,60 + 2,60 + 5,60 + 8,121 +4}. Since |g(V(G))| =
+(61—12)/34+14+ (61 —3)/3+1+11=81+4=2(4+2)
injection from V(G) to [0,3n — 2.

In the following, we show that the g¢g* is a bijection from E(G) to
[1,3n — 2]. By the definition of the g, we have:

) = [5 6l — 4]3 U
1,2,6] — 5,60 —

((6l—9)/3+1)
= 2n, the g is an
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A = {g"(v1,4i+2V2,4i+4), 9" (V1,4i+3V2,4i+5 ), 9 (V1 4i+2V1,4i43) 5
9 (V2 4i+4v2.4i45)| © € [1,1 — 2]}
— {30 — 12/ — 8,3n — 12i — 5,30 — 12i — 6,3n — 12i — 7| i € [1,1 — 2]}
— [22,3n — 20)12 U [25,3n — 17]12 U [24,3n — 18)12 U [23,3n — 19]12;

B = {9* (U1,4i+4v2,4i+2)a g (U1,4i+5v2,4i+3), 9*(111,4z'+3111,4z‘+4),
9% (V1,4i+4V1,4i45), 9" (V144501 4i46)> 97 (V2,4i4-3V2 45+ 4),
9" (V2,4i+2V2.4i+3), 9% (V2,4i+5V2,4i46)| 7 € [0,1 — 2]}
= {3n— 12— 14,3n — 12 — 11,3n — 12i — 9,3n — 12i — 12, 3n — 12i — 15,
3n — 12i — 10,3n — 12i — 13,3n — 12i — 16| i € [0,1 — 2]}
= [16, 3n — 14]12 U [19,3n — 11]12 U [21,3n — 9]12 U [18,3n — 12]12 @]
[15, 3n — 15]12 @] [20, 3n — 10]12 @] [17, 3n — 13]12 U [14,377, — 16]12;

C ={g"(v11v2,1), 9" (v1,2v2,4), 9" (V1,3v25), 9" (V1,1v1,2), 9" (V1,2V13),
g (v2,1v2,2), g% (V2,402 5), g% (V1 p—1V2,n—2), " (V1 n—3V2 n—1),
g (Ul n—2U2n— 4) g (Ul,n71v2,n73)ag*(vl,nv2,n)a g (Ul,n74v1,n73),
9 (V1,n—3V1n-2), (V1 n—2V1,n-1), 9" (V1,n—-10V1,n), " (V2,0 —aV2 n—3),
g (02,n73v2,n72)39 (U2,n721)2,n71),9*(U2,n71112,n)}
={3n—-2,3n—-6,3n—5,3n—3,3n—4,3n—8,3n—7,10,13,3,6,2,11,7,4,
9,5,8,12,1}
=[1,13]U[3n —8,3n — 2].
We can get ¢*(E(G))=AUBUC = [1,3n—2|. Therefore, the g* is a bijection

from E(G) to [1,3n — 2. |

Proof of Theorem 1.4. The conclusion comes from Lemmas 1.2, 2.1

and 2.2. -
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