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Abstract

We give the multicolor Ramsey number for some graphs with a
path or a cycle in the given sequence, generalizing a results of Faudree
and Schelp [4], and Dzido, Kubale and Piwakowski [2, 3].
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1. Introduction

We consider simple graphs with at least two vertices. For given graphs
G1,Ga,...,Gy and k > 2 multicolor Ramsey number R(G1,Go,...,Gk)
is the smallest integer n such that in arbitrary k-colouring of edges of a
complete graph K, a copy of G; in the colour ¢ (1 < i < k) is contained (as
a subgraph).

Let ex(n, F) be the Turdn number for integer n and a graph F, defined
as the maximum number of edges over all graphs of order n without any
subgraph isomorphic to F.

Theorems 1, 2 and 3 presented below are very useful for study multi-
colour Ramsey numbers for paths and cycles. In this paper we generalize
the results presented in Theorems 4 and 5.

Theorem 1 (Faudree and Schelp [4]). If G is a graph with |V (G)| =
kp+r (0 < k,0 <r <p) and G contains no Pyy1, then |E(G)| < kp(p—1)/2
+7(r — 1)/2 with the equality if and only if G = kK, U K, or G = K, U
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(Kp—1)/2 +F(p+1)/2+(kfl71)p+r) for some 0 < I < k, where p is odd, and
k>0,r=(p=+1)/2.

Let ¢(G) be the circumference of G, i.e., the length of the longest cycle in G.

Theorem 2 (Brandt [1]). Every non-bipartite graph G of order n with more

than @ + 1 edges contains cycles of every length t, where 3 <t < ¢(Q).

For positive integers a and b, set 7(a,b) = a mod b = a — [ ¢ ]b. For integers
n >k >3, set

(1) win, k) = %(n )k — %r(kz o),
where r =r(n— 1,k — 1).

Theorem 3 (Woodall [7]). Let G be a graph of order n and size m with
m >n and ¢(G) = k. Then m < w(n, k) and the result is best possible.

In 1975 Faudree and Schelp published the following results concerning a
multicolor Ramsey number for paths.

Theorem 4 (Faudree and Schelp [4]). If ro > 6(r1 +72)?, then R(Py,, Py,
Br)=ro+ 5] +13] =2 forri,r>2.

Ifro > 6(XF_, 7:)2, then R(Pry, Pary 16, Pargs - .., Par,) = S o ri— K for
0=0,1, k>1andr; >1(1<i<k).
Recently, Dzido, Kubale, and Piwakowski published the following results.

Theorem 5 (Dzido et al. [2, 3]). R(Ps,Ck,Ck) = 2k — 1 for odd k > 9,
R(P4,P4,Ck) =k+2 fork>6, R(Pg,P5, Ck) =k+1 fork>8.

Moreover, some asymptotic results are cited below.

Theorem 6 (Kohayakawa, Simonovits, Skokan [6]). There exists an integer
no such that if n > ng is odd, then R(C,,C,,Cy) =4n — 3.

Theorem 7. (Figaj, Luczak [5]). For even n, R(C,,C,,Cy) = 2n + o(n).
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2. Results

First we prove the following theorem, extending the result of Dzido et al.
(see Theorem 5).

Theorem 8. Let t,q (t > q > 2) be positive integers and m be odd in-
teger. Let for even q either t > %qQ —2¢+2andm =t+ L] ort >
% (3¢> —10g +16) and m < t+|1|—1. Let for odd q, t > § (3¢*> — 14¢ + 21)
and m <t+ 3] — 1. Then R(P;, P;,Cy,) =2t +2|2] - 3.

Proof. Let n = 2t +2|4] —3 and a =t + |4] — 2. First we prove that
R(Py, P;,Cy,) > 2t + 2| 2] — 3. Let K, be (red, blue)-coloured without red
P, and without blue P;. It is possible by R(P,, P;) = a+ 1. So there exists
the critical colouring of the graph H = K, U K,. Let the edges of H be
coloured with green. Since H is bipartite graph it does not contain any C,,.

Now we prove that R(Py, Py, Cr,) < 2t 4 2[4 — 3.

Note that |E(K,)| = (2t + 2[2] — 3)(t + [4] — 2) and |E(K,.)| =
(t+ 4] -2)2

Lot d = |B(Kn)| — |B(Kaa)| = (t+ 4]~ 2)(t + (3] — 1).
So

T F [ R}

Suppose that we can colour E(K,) with three colours (red, blue, green)
without red P, blue P; and green Cp,. So the red subgraph of K, has
at most ex(n, P,;) edges and the blue subgraph of K, has at most ex(n, ;)
edges. Now we apply Theorem 1 for p = t—1. We have two cases. If 2|q and
t = q then set k = 3,7 = 0. In the opposite case, set k =2 and r = 2[§| - 1.
Thus, we can write ex(n, Py) < (t —1)(t —2) + (2[2] = 1)([Z] - 1).
Moreover, by Theorem 1 for p = ¢ — 1, we get ex(n, P;) < %. So

ex(n, Py) < (t— 1)(g— 2) + 1(2(2) — 1)(g—2).

Let s = ex(n, P;) + ex(n, Py). So the red-blue subgraph of K, has at most
s edges and

0, 2|q,

SS(t—l)(t+q—4)+(q_1)(q_2)_{ 8a-2) o
T3 q-
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By the above fact and (2) we note that d — s > h(q,t), where

wn=[8)([2) 1) -t U0

022 fg.
Moreover, h(g,t) > 0 if and only if

$(3¢> —10¢ +16), 2|q,
t >
% (3q2 - 14q + 21) ) 2 /{/Q-

So for t satisfying the above condition the green subgraph G’ of K, has
more edges than the graph K,,. Namely, |E(G')| > |E(Kua)| + h(g,t).
Note that G’ is not a bipartite graph. In the opposite case we have at least
t+|4]—1= R(P;, P,) vertices in a part of the bipartite graph and the proof
is done since we get a red P, or a blue P;.

By definition (1), we get
wln,m—1) =w2t+2[1| -3, m—1)= (t+ L] -2)(m—1)—3r(m—2—r),
where 7 =r(n—1,m —2). Sow(n,m —1) < (t+ %] —2)(m —1).

We would like apply the theorems of Woodall and Brandt. We look for
a lower bound of the longest cycle in the green graph G’. Thus let b > 0 be
maximum integer b > 0 such that the following inequalities hold

(i) b-a < h(g,t)
and
(i) winm—1) < (t+ |8 —2)(t + ) —2+b) < [B(@)]

Evidently b < 2, else we get a contradiction to the first of the above inequal-
ities. Moreover, if 2|g and t > I (3¢> — 8¢ + 8) , then b = 1. For other cases
b=0.

Then, by Theorem 3, we get ¢(G') > (t + [2] — 1+ b). Thus we get a
cycle of order at least (t + [4] — 1+ b) in the green graph G'.

Moreover, @ +1=(t+[21] —2)?+1 < |E(G")]. So, by Theorem
2, the green graph G’ is weakly pancyclic. Hence we get a green cycle C,,
for m <t + 2] — 1+ b, a contradiction. Therefore each (red, blue, green)-
colouring of E(K,) contains a red Py, a blue P; or a green C,. So we get
the upper bound for R(P,, P;, Cy,). The proof is done. |

In general case we get the following theorem.
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Theorem 9. R(P,, P;,Cp,) > [4] — 2+ max {t + | 2], m+ [L]}.

Proof. Let r = |4] =3+ max {t+ |%|,m+ |£]} and © = [] — 1. Let
K,_, be subgraph of K, (blue, green)-coloured without blue P; and without
green C),. Such critical colouring exists by R(P;, P,,) = r —x+ 1. Let other
edges of K, be coloured with red. The red subgraph does not contain any F,.
The proof is done. ]

Now we extend the result of Faudree and Schelp presented above in Theo-
rem 4.

Proposition 10. Let tg >t > to > --- >t > 2, k > 2 be integers and
n=ty+ Yk, (4] —1). Let z =2 if to =t1 =ty and 2 fto, and x =0 in
the opposite case. Then R(Pyy, Py, Py,...,Py,) > n+x.

Proof. Let tg = t; = to and 2 ftg. We define the critical colouring of
the graph Ky4,—1, with x = 2. Let A,B,C,D,E;,(j = 3,...,k) be sets
with |A] = |B| = |C] = D] = '] and |Ej| = [] ~ L,G = 3,....K).
Let the edges with ends in the sets AU B and C U D be coloured with
the colour 0, the edges with one end in the set A and the second one in
the set C be coloured with the colour 1, the edges with one end in the set
B and the second one in the set D be coloured with the colour 1. Other
edges with ends in AU B U C U D colour with the colour 2. Let V; =
AUBUCUDU Ug;; E;,(j =3,...,k). Let colour the edges with both ends
in E; or one end in F; and the second one in the set V; with the colour
J, (7 =3,...,k). Note that the colouring contains no monochromatic P, in
the colour 1.

If the condition ty = t; = t3 and 2 [to does not hold we define the critical
colouring of the graph Ky ,—1, with 2 = 0. Namely, let |[A| = to+ [ %] — 2,
Bl =1%]-1,(j=2,....k) and V; = AU, E;, (j = 2,..., k). Let colour
the edges with both ends in F; or one end in £; and the second one in the set
V; with the colour j, (j = 2,...,k). The edges with ends in the set A colour
critically with colours 0 and 1 (it is possible by R(Py,, Pr,) = to+ 4] —1)).
The proof is done. u

Now we show some sufficient conditions for R(P,, P, Pr,, ..., Py) =n+x
Withxzoor:r:2andn:t0—|—2f:1 (L%j —1).

Theorem 11. Let ty > t; >ty > --- >t > 2, k > 2 be integers and
n=ty+>F, (4] —1). Letz =2 ifto =t1 =t and 2 [Jto, and v = 0
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in the opposite case, and let r; = (n+x) mod (t; —1) (i =0,1,...,k). The
sufficient conditions for R(Pyy, Py, Py, ..., P;,) =n+x are as follows:

(1) to > t1, 2|t; for each i > 1 and

s (£ (15 1) +1)' £ (15 -1). 5 (18] -1 +2)

)

oIS

(ii) to > t1, 2 [t; for exactly one i > 1 and

w25 (18] 1) +1) - 5 (18] -0 £ (14 1) +2)

)

(iii) to € {4,6,8}, to =1t1 >ty and t; =2 for each i =2,...,k,

(iv) to € {3,5}, to =1t1 >ty and t; =2 for eachi=2,...,k,

(V) to=t1 =te=3>t3 andt; =2 for eachi =3,...,k ortg =1, =t2 =
t3=3 and t; =2 for each i =4,...,k,

(vi) t; =2 for each i =0,... k.

Proof. By Proposition 10 we get the lower bound n + x < R(FP, P,
P,,...,P,). Now we prove the upper bound. Evidently, 0 < r; < ¢; — 1.
By definition of n and ry we have

3) i(@-1>+1:w-(t0—1)+r0,

=1

where w > 0 and 0 < rg < tg — 2 are integers.
By Theorem 1 we get >F o ex(n + z, P;,) < s, where
s = % Zfzo(ti —-2)— %Zf:o ri(ti—1—r7;). Let g = (";“x) — s. Evidently,

k k
n-+x 1
4) g= 5 <n—|—x—1—§ ti+2k‘—|—2)—|—2§ ri(ti — 1 —1r;).
i=0 i=0

Note that, g > 0 is a sufficient condition for R(P,, P;,, Py, ..., P,) < n+z.
Let y be the number of odd ¢;, for i = 1,...k. So

-5 (15-1))

1=
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Let
k

0 e ()

Then by the definition of n we have

k
to+ > (|4]|-1)+2
) QZ(G—TO)O = ({;J ) +%To(t0—1—ro)

k
1
+§ E ’f‘i(ti—l—n).
=1

Hence, by (7) and (6), we get
Akl <V£J — 1) +:c>(2a:+ 1—-y)

o= 50 45| ) ) 44

k
Z it — 1 —1y).

I\D\H

1
(8) —27"0 T0+1

If a > 0 and g > 0 then we can find some additional restriction on t; to
obtain the upper bound of Ramsey number for the sequence of paths.
By (6), the assumption a > 0 gives

) rozg(m_l)wﬂ

Let us consider three cases.

Case 1. Suppose that tg > t1. So z = 0. Thus, by the value of n, we get

k

(10) TO:Z(BJ —1)+1.

i=1

By (6), (10) and the assumption a > 0, we have y = 0 or y = 1. Moreover,
if y=0then a =2 and if y = 1 then a = 1.
By (8),

o s+ (5 (5] ) 0% (15])

1=
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is a sufficient condition for g > 0.
Thus we get tg > 13 — (ro — 1) for y = 0 and tg > ro(2rg — 1) + 1 for

y =1
Elementary counting leads to the condition (i) and (ii), respectively.

Case 2. Suppose that ty = t; > to. Thus z = 0 and by (8) we get

w a3 (B (15)0) o (5

—ro(ro+1)+ = Z ri(ti — 1 —1;).
12

If a+179 >0 and g > 0 then we can find some further restriction on ¢; to
obtain the above Ramsey number for the sequence of paths.
First, by (6) and the assumption a + 9 > 0, we note that

(12) TO>;<§;<BJ_1>W—1>'

Moreover, by (11), if

s (2 ([3)-1) 00z ([5)-1)

1= 1=

1
13) to>
(13) to>——

then g > 0.
By definition of rg, (3) and (12), we get

t0—22T0:§;<LZJ—1>—w-(t0—1)

353 )

Let us assume that w > 0. Then, by ty = t1, we get

(14)

k

(S (L] ) r2v)> 3] al3)
SO (E R

1=
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The left-side inequality in (15) follows by the right-side inequality from (14).
The right-side inequality in (15) follows by the most left and the most right
relation in (14). Hence we get a contradiction.

Let us assume that w = 0. Then, by (3) and ¢ty = t1, we get rg =
L] + SF, (L%J — 1). By (14) we get y = 0 or y = 1. So, by (13) and
(6), we get tg > ﬁ@ro(ro + 1)+ (ro —1)(r0 — 2+ y)).

Considering the case we get tg > 3rg — 7+ 16/(rg + 2) for y = 0 and
to > 3rg—3+4/(ro+1) for y = 1. Elementary counting leads to the condition
(iii) and (iv), respectively.

Case 3. Suppose that tg = t; = to. If the condition (v) holds then
n = 3,z = 2. If the condition (vi) holds then n = 2,2 = 0. Thus, by (4), we
get g > 0 for these cases and the result holds. The proof is done. [ |

We conclude with the following result for three paths.

Corollary 12. Let m,t,q (m >t > q > 2) be positive integers. Let either
m > ((t+q)>=T(t+q)+14) and 2 f(t+q) orm > 1((t+q)* —6(t+q)+12)
and 2|t and 2|q. Then R(P;, P, Py) =m+ [ 5] + 1] —2.

Proof. If 2 [(t+ q) then we apply Theorem 11 (ii). If 2|t and 2|¢ then we
apply Theorem 11 (i) for m > 2 and Theorem 11 (vi) form =¢g=t=2. m
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