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Abstract

The concepts of critical and cocritical radius edge-invariant graphs
are introduced. We prove that every graph can be embedded as an
induced subgraph of a critical or cocritical radius-edge-invariant graph.
We show that every cocritical radius-edge-invariant graph of radius
r > 15 must have at least 3r + 2 vertices.
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1. INTRODUCTION

Let G = (V(G), E(G)) be an undirected connected graph with no loops or
multiple edges. The distance dg(u,v) (or simply d(u,v)) between vertices u
and v is the length of a shortest path joining v and v in G. The eccentricity
e(v) of v is the distance to a farthest vertex from v. The radius r(G) and
diameter d(G) are the minimum and maximum eccentricities, respectively.
The center C(G) and periphery P(G) of graph G consist of the sets of ver-
tices of minimum and maximum eccenticity, respectively. Vertices within
C(G) are called central vertices, and those within P(G) are peripheral ver-
tices. A graph is sel f-centered if V(G) = C(G). The set N;(v) of all vertices
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at distance ¢ from v will be called i-th neighbourhood of v. If i = 1 we will
simply write N(v). The notions and notations not defined here are used
accordingly to the book [2].

For a graph G — e obtained by deleting edge e € E(G), we have
r(G—e) > r(G) and d(G —e) > d(G). A graph G is radius-edge-invariant
(r.ei.) if (G —e) = r(G) for all e € E(G). If d(G —e) = d(G) for all
e € E(G), then G is diameter-edge-invariant (d.e.i.). Such graphs were
studied in papers [1, 3, 4, 5, 7, 9]. Suppose that G is vertex 2-connected,
i.e., any two nonadjacent vertices of GG are joined by more than two inter-
nally disjoint paths and cannot be separated by the removal of fewer than
two vertices.

In [6] Lee and Wang introduced and studied a concept of critical and
cocritical d.e.i. graphs as follows.

Definition 1. A vertex 2-connected diameter-edge-invariant graph G is:

(1) critical d.ed. if deletion of any vertex v in V(@) results in a graph
G — v which is not d.e.i..

(2) cocritical d.e.i. if deletion of any vertex v in V(G) results in a graph
G — v which is d.e.i..

It is useless to write similar definition for graphs which are not vertex 2-
connected, since then r(G — v) = oo for some v € V(G) and thus
r(G—v—e) =r(G—v) for all e € E(G — v). According to the previ-
ous definition, we can define special classes of r.e.i. graphs in the following
manner.

Definition 2. A vertex 2-connected radius-edge-invariant graph G is:

(1) critical r.e.i. if deletion of any vertex v in V(G) results in a graph G—v
which is not r.e.i..

(2) cocritical r.e.i. if deletion of any vertex v in V(G) results in a graph
G — v which is r.e.i..

In this paper we study critical and cocritical r.e.i. graphs. We use graph
operations to construct variety of such graphs. We show that every graph
can be embedded as an induced subgraph of critical or cocritical r.e.i. graph.
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2. PRELIMINARY RESULTS

Dutton et al. [3] proved the following important theorem.

Theorem 2.1. Every self-centered graph on at least three vertices is radius-
edge-invariant.

Walikar et al. [9] characterized r.e.i. graphs of radius one as follows.

Theorem 2.2. A graph of radius one and order n is radius-edge-invariant
if and only if G contains at least three vertices of degree n — 1.

The following proposition is immediate consequence of the previous theorem.

Proposition 2.3. A radius-edge-invariant graph G of radius one and order
n is cocritical if and only if G contains at least four vertices of degree n— 1.

Moreover, an r.e.i. graph G of radius one and order n is critical if and only
if removal of any of its vertices decreases the number of vertices of degree
n — 2 below three. But such a number can be decreased only by removing
a vertex of degree n — 1. Since GG has at least three vertices of degree n — 1
we can claim the following observation:

Proposition 2.4. A radius-edge-invariant graph G of radius one is critical
if and only if it is Ks.

For radius equal two the situation is more complicated. In fact we are unable
to characterize even simple r.e.i. graphs of radius two. Moreover, removal
of a single vertex can also decrease the radius to one. For example every
graph of order n with all vertices of degree n — 2 is critical r.e.i..

Proposition 2.5. If G is radius-edge-invariant vertexr 2-connected graph
and every vertex of G is adjacent to a verter of degree 2 then it is critical.

Proof. Consider the graph G — v. Since v is adjacent to some u in G,
dega(u) = 2, we have degg—_y(u) =1 and thus G — v is not r.e.i. ]

Let G and G’ be disjoint graphs and let u € V(G'). We say that a graph
H is a substitution of G into G’ in place of u, if the vertex set V(H) =
(V(G") = {u}) UV(G) and the edge set E(H) consists of all edges of the
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graphs G’ — u and G and, moreover, every vertex of G is joined to every
neighbour of v in G'.

3. THE EDGE EXPANSION AND CRITICAL RADIUS-EDGE-INVARIANT
GRAPHS

Let 2-Gph be a class of all undirected graphs of the form (H;wu,v), where
(u,v) is some arbitrary ordered pair of vertices of H.

Given a directed graph G without loops and a mapping f : E(G) — 2-
Gph we construct a new undirected graph (G, f) which is called the edge
expansion of G by [ as follows:

Suppose ab = ¢ € E(G) and (H;u,v) € 2-Gph. If f(e) = f(ab) =
(H;u,v), then we replace the edge ab in G by the graph H which identifies
u with @ and v with b. In particular, if f(e) = (H;u,v) for all e € E(G),
then we shall use G[H;u,v] to denote the edge expansion of G by f. Lee
and Wang [6] constructed by this operation many critical d.e.i. graphs. As
we will see, the edge expansion is useful to construct critical r.e.i. graphs as
well.

If there is a graph automorphism g of H such that g(u) = v,g(v) =
u, then the edge expansion results in the same graph independently of an
orientation given to G. Thus for such (H;u,v) we can also define the edge
expansion for undirected G by giving G an arbitrary orientation.

4
G: o~
2
G[C5u, 0 ]:
° ]
u v

Figure 1

Theorem 3.1. Let G be a vertex 2-connected radius-edge-invariant graph
of radius r. Then G[Cy;u,v|, dc,(u,v) =1 is critical radius-edge-invariant
graph of radius v + 1 if and only if for every vertex w of G there is a central
vertex ¢ of G such that dg(w,c) < r —1.
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Proof. We first introduce some additional notation. Suppose a € V(G)
and a is adjacent to edges eq,...,ex. Then the corresponding vertex a’ €
V(G[Cy;u,v]) has k more neighbours. Let us mark them ag,,...,a, (see
Figure 1).

It is obvious that for every b € V(G) we have egc, (b)) = ec(b) + 1,
and for all b, € V(G[Cy;u,v]),a € V(G) it is dgioyuw (@5 0,,) = da(a, b)+1.
Moreover, if ¢ € V(G) is a central vertex of G, then the corresponding ¢’ €
V(G[Cy; u,v]) is a central vertex of G[Cy; u, v]. Observe that r(G[Cy;u,v]) =
r(G) + 1.

(<) We first prove that G [Cy; u, v] is an r.ei. graph. Obviously
r(G[Cy;u,v] — e > r(G[Cyq;u,v]). We will consider the graph G[Cy;u,v] —e
and three cases of deleting the edge e.

Case 1. e = albl;a,b € V(G).

This is the simplest case, since for every vertex w € V(G) we have
eclCyun]—e (W) = eqio e (w'). Thus the eccentricity of any central ver-
tex remains unchanged.

Case 2. e =d'V/;a,b € V(G).
The graph G is r.e.i. and thus in G[Cy;u,v] — e there is at least one vertex
¢ such that ¢ is a central vertex of G and for all w’ € G[Cy;u,v],w € V(QG)
we have dgjoyu,—e(¢, w') = dg—c(c,w) < r(G). Since no edge of the form
w'wy, f € E(G) is missing, we have dgic,uu]—e(¢;w}) < 7(G) + 1. Thus
6(;[04;“,1)},6(0/) - eG[C4;u,v](c/) and T(G[C4; u, U] - 6) - 7A(G[C4; u, U])

Case 3. e =d'aj; l = ab € E(G); a,b € V(G).

Given assumption, we have a central vertex ¢ of G such that dg(c,b) <
r— 1. Thus dG[C4;u,v]fe(c/7a2) = dG[C4;u,v] (a27b/) + dG[C4;u,v](b/7C/) =2+
daicgu(0's¢) < r+ 1. For all other vertices w’ € V(G[Cy;u,v]) we
have dgcy (W' ¢) = daiogup—e(W', ). Thus egioyup—e(d) =7 +1 =
r(G[Cy;u,v]). But then r(G[Cyq;u,v] — €) = r(G[Cyq;u,v]) and G[Cy;u,v] is
r.ei..

From Proposition 2.5 it follows that G[Cy;u,v] is critical r.e.i..

(=) We will prove the reverse course by a contradiction. Suppose that
there exists a vertex a such that dg(a,c) = r for all ¢ € C(G). Let b be any
neighbour of a. Consider the graph G[Cy;u,v] — b'b, where e = ab.

For any vertex w € V(G), eq(w) > r we have egic,uv)—wp, (W) > 7+ 1.
Obviously the eccentricities of additional vertices obtained by edge expan-
sion are greater by at least one. Now we will inspect the eccentricities of
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remaining vertices. Suppose ¢ € C(G). We have dgc,u—ve, (¢ a') =1
which implies dgjoyu,-pe. (€5 0.) = daicysuv -, (¢5a’) +2 > 7+ 2. Thus

r(G[Cy;u,v] = V'b.) =1 +2 > r(G[Cy; u,v]).
The graph G[Cy;u,v] is not r.e.i., a contradiction. [ |

Theorem 3.2. For every natural number r > 3 and every graph G there
exists a critical radius-edge-invariant graph H of radius r such that G is an
induced subgraph of H.

Proof. We will obtain the desired graph H in two steps. We first take Co,_1
and substitute G into Co,._1 in place of some of its vertex. The resulting
graph @ is self-centered and thus r.e.i.. It is clear that it also satisfies the
condition from Theorem 3.1. Thus H = Q[C4;u,v] is critical r.e.i. graph if
dc, (u,v) = 1. The following example (Figure 2) shows the construction for
r = 3 and for an arbitrary radius. [ |

r-1

g oo
v S .

G G G

Figure 2

Because of the previous theorem, we cannot obtain a forbidden subgraph
characterization for critical radius-edge-invariant graphs of radius greater
than two. For radius equal to two the situation remains unclear. Little
more complicated construction shows that ¢ does not need to be necessarily
self-centered and thus there are many possibilities for the values of radius
and diameter of H.
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Theorem 3.3. Let r,d be two natural numbers such that 5 <r+1<d <
2r — 1. Then for any graph G there exists a critical radius-edge-invariant
graph H such that r(H) =r,d(H) = d,V(G) C C(H) and G is an induced
subgraph of H.

Proof. Consider the graph @) on Figure 3. We first show that @ is r.e.i.
of radius r — 1 and diameter d — 2 and that @) contains at least one central
vertex ¢,d(c,v) < r — 2 for every v € V(Q). The demanded result then
follows from Theorem 3.1.

N
| \,@X‘)’/ |

o oqlN

AP

Figure 3

First suppose that d # 2r—3,d # 2r—2. Observe that C(Q)={cy, c2,...,cs}.
We have d(c;,uj) = r — 2 if i, j are both odd or even and d(c¢;,u;) =r —1
otherwise. For any other v € V(Q),v # ¢;,v # u; there is d(¢;,v) < r —2
for all ¢;. Moreover, for every vertex w € V(Q) we have at least two central
vertices ¢;, ¢; such that d(c;,w) <r —1, d(cj,w) < r —1 and there are two
geodesics c¢;-w, cj-w which are edge disjoint. Thus @ is an r.e.i. graph of
radius r — 1.

Now we show that d(Q) = d — 2. We need to prove that e(v) < d — 2
for all v € V(G) and find two vertices a,b € V(Q) such that d(a,b) = d — 2.
We have e(c¢;) = r — 1. Consider any other vertex z,x # u; and arbitrary
vertex y. We are going to show that d(x,y) < d — 2.

If both = and y lie on the left (right) side of the center of @, then they
lie in a cycle z-y-c;-x. We can form such a cycle having the length no greater
than 2(d —r) — 1+ (r —3) + (r — 3) = 2d — 7. But then d(z,y) < d —4.
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If x and y lie in the distinct parts then they belong to two cycles of the form
T-ci-y-uo-u1-z and x-c;-y-ug-uz-x. We can form such cycles having summary
length not exceeding 2[2(d —r) — 1]+ 2[2(r —3) + 1] + 3+ 3 = 4d — 6. Thus
x and y lie in at least one cycle of length not exceeding 2d — 3 which implies
d(z,y) <d-—2.

At last if x = wu; then every y # w; lies in a cycle of the form z-¢;-
y-z of length at most 34+ 2(r —3) + 1+ 2(d —r) — 1 = 2d — 3 and thus
d(z,y) <d—2. If x = u;, y = uj, u; and u; are not adjacent, then d(z,y) =
min{2(d—r)—1+3,2(r—3)+3}. But either d—2 > 2(d—r)—143 < 2r—4 > d
ord—2>2(r—3)+3<d>2r—1. Thuse(u;) <d—2and d(Q) <d-2.

To obtain two vertices a,b such that d(a,b) = d — 2 it is sufficient to
take the vertex a in row 1 and column 1 and the vertex in row 2(d —r) — 1
and column d — 1 if d < 2r — 5 and wq, uy4, otherwise.

If G is Ki,Ky or Ky then it is already contained in the center of Q.
Otherwise we can substitute G in place of any ¢; and the resulting graph Q’
is still r.e.i. of radius r — 1 and diameter d — 2. The demanded critical r.e.i.
graph H of radius r and diameter d can now be obtained as H = Q'[Cy; u, v].

If d =2r —3 or d=2r— 2 we simply take d — 4 rows of vertices instead
of 2(d — r) rows in Q. It is fairly easy to see that we obtain an r.e.i. graph
of radius r — 1 and diameter d — 2 as well. [ |

4. COCRITICAL RADIUS-EDGE-INVARIANT GRAPHS

We first introduce a general construction of graphs which was shown to be
very useful for construction of d.e.i. and cocritical d.e.i. graphs (see [5, 6]).
We will show that it is applicable for construction of critical r.e.i. graphs as
well.

Consider a finite connected graph I. Let {G; : ¢ € V(I)} be a class of
graphs indexed by a finite set V' (I). The Sabidussi sum ST({G; : i € V(I)})
(or simply ST) of {G; :i € V(I)} is a graph defined as follows:

V(ST({Gi i e V(DY) = | J{V(Gi) i e VD),
E(ST({Gi:ieV()})) =
= J{EG) :i e V(DY U{ay : 2 € V(Gi),y € V(Gy),ij € E(I)}.

Sabidussi sum is sometimes called X-join. One can show that for d(I) > 2
we have d(ST(J{G; :i € V(I)})) = d(I).
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Theorem 4.1. Let p,q be any two nonnegative integers, I be a connected
graph with at least three vertices and let {G; : i € V(I)} be a class of
graphs, every with at least p + q + 1 vertices. Then for any two vertices
v; € Gi,vj; € Gj,d;(i,7) > 1 and for any other p vertices uy,...,u, and q
edges e1, ..., eq of the graph ST({G; : i € V(I)}) we have

dg+(vi, Uj) = dS*—u1—~~~—up—el—~~~—eq (vi, Uj).

If v; and v; belong to the same G; then

A+ —uy—oo—uy—eq ——eg (Vir V) < 2,
and if dr(i,j) =1 then

A5+ g — ooy —eq - ey (Vis V) < 3.
Moreover, if di(i,j) = 1 and degg,(vi) + dega, (v;) > p + q then

dS*—ul—m—up—el—---—eq (Uia Uj) <2

Proof. Case 1. Suppose v; € G;,v; € G, are two vertices such that
dr(i,j) > 1. Observe that dg+(vi,v;) = dj(i,j). Since every Gj has at
least p + g + 1 vertices, we have at least p + ¢ + 1 edge and vertex dis-
joint v;-v; geodesics in ST. But then we have at least one geodesic in
S*—ul—---—up—el—--‘—eq of the same length.

Case 2. Consider the case when v;,v; € G;. Since I is connected, we
have at least one vertex k € I adjacent to 7. But then we have at least
p+q+ 1 edge and vertex disjoint paths of length two in ST, all of the form
v-Vk,-vj where vy, € Gy,a =1,...,p+q+ 1. Thus there exists at least one
v;-Uk,-v; path in ST —uy — -+ —uy, —e; — -+ — ¢4 of length two.

Case 3. Let v; € G;,v; € G be two vertices such that d;(i,7) = 1.
Since I is connected, we have at least one vertex k € I adjacent either to i
or j. Without loss of generality assume that ki € E(I). Then v;v; € E(ST)
and we have p + ¢ additional vertex and edge disjoint paths of length three
of the form v;-v;,-vg,-v; where v;, € G;, v;, # v;, vy, € Gr,a=1,...,p+q,
b=1,...,p+¢q Thusin ST —u; — -+ —u, —e; — -+ — e, we have at least
one v;-v; path of length at most three.
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If degg, (vi) +degg, (vj) > p+q, then we have together at least p+ ¢ paths of
the form v;-v;,-vj,v;, € G; or v-vj,-vj,v;, € G;. Thus again exists at least
one v;-vj path of length at most two in St —wuy —-- — Up—€]— - —¢€q. M

Corollary 4.2. Let p,q be any two nonnegative integers, let r,d be two
positive integers such that 2 < r < d,2 < d < 2r and let I be a graph of
radius v and diameter d. Let moreover, {G; : i € V(I)} be a class of graphs
with at least p + q + 1 vertices. Then for any p vertices ui,...,u, and q
edges e1,...,eq of the graph ST({G; : i € V(I)}) we have

r(ST)=r(ST—up— - —up—e; — - —ey),

and

d(ST)=d(ST —ug — -+ —up—e1 — - —eg).

Proof. Suppose c is a central vertex of I. We first show, that there is a ver-
tex ve; € Ge, ve; € St —uy—---—uy, such that €5+ —uy——up—eq——eg (Ve;) <
r. Since G, has at least p+ ¢+ 1 vertices, we can take a vertex v, not adja-
cent to any edge ey, ..., e,. Thusforallz € ST—uy—- - —uyp, dg+ (vcj,x) =1
we have dg+_y,—.._y,—e;—me,(Ve;;®) = 1. For all other vertices z’ €
ST —uy —- - —up, dg+ (ve;, 2') > 1 we have dgt _y—occyy—ey—ome, (Ve;, ') =
dg+ (vcj,m’ ) according to Theorem 4.1. Thus eccentricity of v., does not
exceed r(ST).

Since every G; has at least p + g + 1 vertices, eccentricity of any vertex
of ST cannot be decreased by removing of p vertices. Thus r(ST) = r(S* —

ul—--.—up—el—...—eq).
Since d(G) > 3 the second part of this theorem is immediate conse-
quence of Theorem 4.1. [ |

If we take p = ¢ = 1 we have the following observation:

Corollary 4.3. Let r,d be two positive integers such that 2 < r < d,2 <
d < 2r and let I be a graph of radius r and diameter d. Let moreover,
{G;:i € V(I)} be a class of graphs with at least 3 vertices. Then ST ({G; :
i € V(I)}) is cocritical radius-edge-invariant and cocritical diameter-edge-
invariant graph of radius r and diameter d.

Corollary 4.4. Let r,d be two positive integers such that 2 < r < d,2 <
d < 2r. PRvery graph G can be induced in cocritical radius-edge-invariant
and cocritical diameter-edge-invariant graph of radius r and diameter d.
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Proof. Suppose [ is an arbitrary graph of radius r and diameter d > 2.
Consider the Sabidussi sum ST ({G; : i € V(I)}) where |V(G;)| > 3 and G
is an induced subgraph of Gy, for some k € V(I) (For example we can take
G = GU K3 for all k and for arbitrary G.). According to Corollary 4.3 the
graph ST is cocritical r.e.i., cocritical d.e.i. and obviously G is an induced
subgraph of ST, [ |

Our last goal will be to prove the lower bound for the number of vertices for
cocritical r.e.i. graphs. We first give several lemmas, which can be found
useful anyway as they describe some structural properties of cocritical r.e.i.
graphs.

Lemma 4.5. Every vertex v of a cocritical radius-edge invariant graph G
has deg(v) > 2.

Proof. Since G is vertex 2-connected and |V(G)| > 2, deg(v) > 1 for all
v € V(G). Suppose N(v) = {u,w}. This implies degg—,(v) = 1 and thus
G — u is not r.e.., a contradiction. ]

Lemma 4.6. Let G be a cocritical radius-edge-invariant graph with central
vertex ¢ and radius r. If |[N;(c)| =2 for 1 < i <r, then |N;—1(c)| > 3.

Proof. We will prove this lemma by a contradiction. It is obvious that
|N;(c)| > 1. Otherwise G — N;(c) is not connected. Suppose N;(c) = {a, b}
and N;_1(c) = {u,v,w}. The case when |N;_1(c)] = 2 can be handled
analogously. Both graphs G — a and G — b are edge 2-connected and thus
a and b are both adjacent to at least two vertices of N;_1(c) (see Figure 4).
Hence at least one vertex of N;_1(c) is adjacent to both a and b.

G ° ° ©°
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Let av,bv € E(G). Suppose ¢’ is a vertex such that ¢’ € N(¢), d(¢/,v) = i—2.
Observe that e(¢/) = r — 1. But then 7(G) < e(¢/) < r, a contradiction. m

Lemma 4.7. Let G be a cocritical radius-edge-invariant graph of radius
r > 6 with central vertex c. If N;(c) = {a,b} for some 2 < i < r — 3, then
a and b are adjacent to a distinct pairs of vertices of Nit1(c). Moreover, a
and b are not adjacent together and not adjacent to any common vertex w.

Proof. Suppose N;(c) = {a,b} for some 2 < i < r—3. As we already know,
both a and b are adjacent to at least two vertices in N;_1(c). Consider the
graph G — a. This graph is edge 2-connected and thus we have at least 2
edge disjoint paths from N;_1(c) to N;11(c). But then b must be adjacent to
at least two vertices in N;1(c). Condition for a can be proved analogously.

Now we show that a and b are not adjacent to a common vertex. It
follows from the proof of Lemma 4.6 that if such vertex w exists, then w ¢
N;—1(c). Let w € N;11(c) and let ¢’ be a vertex of the c-w geodesic such that
d(c,d) = 3. For any z € V(G) we have either d(c¢,z) < d(c,c) + d(c,z) <
3+ (i —1) < r (when d(c,z) < i) or d(c,z) < d(d,w) + d(w,z) <r—1
(when d(c,2) > i). Thus e(¢’) = r — 1, a contradiction. Similar arguments
can be used to prove that ab ¢ E(G). ]

Lemma 4.8. Let G be a cocritical radius-edge-invariant graph of radius
r > 3. Then |N,(c)| + |Nr—1(c)| + |Nr—2(c)| > 8 for every central vertex c
of G.

Proof. 1t is clear that |[N,_1(c)| > 1 and since every vertex has degree at
least three | N,(¢)|+|N,—1(c)| > 4. According to Lemma 4.6 if |N,_;(c)| = 2,
then |N,_a(c)| > 4. Thus if |N,(¢)| > 3, then the result is obvious.

We need to show that none of the following configurations is possible.
In all cases we will find ¢/ € V(G) such that eg(c') = r — 1, or prove that G
is not cocritical.

Case 1. |Ny(c)| = 1,|Ny_1(c)| = 3,|Ny—2(c)| = 3.
Suppose v is a unique vertex such that d(v,c) = r, N,_1(c) = {uy,uz2,us}
and N,_2(c) = {w1, w2, ws}. Recall that deg(u;) > 3. Thus there are at
least six edges joining vertices of N,_1(c) together or joining vertices of
N,_1(c) to those in N,_a(c). We have either (without any loss of generality)
(a) w; adjacent to all vertices of N,_1(c),

(b) w; adjacent to all other vertices of N,_i(c),
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(¢) wy adjacent to uj,us and us adjacent to usg, or

(d) every u; adjacent to a distinct pair of {wy,wa,ws} (see Figure 5).

(@) (b)
v v
N.(c)
N.(©) u%u ui%u
]vr—2(c) w: m: m w: m: w
: : Lo : o
N©) CO\W co\i%
C C
() (d)
v v
N,(c)
N.o(€) W, - W (% W, - () Wy
: : o : o
N(c) c’\i/@b I\VO
C c
Figure 5

The vertex ¢’ can be taken as the second vertex on the c-w; geodesic in the
first three cases and as the third vertex on the c-w; geodesic otherwise. For
all x € V(G) we have min{d(c,c') + d(c,z),d(c’,w1) + d(wy,x)} < r — 1.
Thus r(G) < e(c') <r—1, a contradiction.

Case 2. |N,(c)| = 1,|Ny—1(c)| = 4,|Ny—2(c)| = 2.

We will mark N,(¢) = {v}, Ny_1(c) = {ui,u9,us,us} and N,_o(c) =
{wl, w2}.

First suppose that w; is adjacent to at least three vertices of N,_1(c),
namely wui, ug,ug. Since deg(uy) > 3, uy is either adjacent to wy or to some
vertex of the set {u1,us,us} (see Figure 6 (a)). But then it is sufficient to
take ¢ as the second vertex on the c-w; geodesic.
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N.(c)
N.c) w
N,.(c)

N(e)

Figure 6

Now suppose |N(w1) N N,—1(c)| = |N(w2) N Ny_1(c)| = 2, wiug, wiug, waus,
wouy € E(G). We have either

(b) deg(v) =3, or
(c) deg(v) = 4.

Let N(v) = {ug,us,us},wru; € E(G). We have deg(uy) > 3 and thus u; is
adjacent to us (u4) giving d(wq,ws) < 3. The vertex ¢’ can be taken as the
third vertex on the c-w; geodesic.

At last let deg(v) = 4. If any vertex of {uj,us} is adjacent to any
vertex of {ug,u4}, we can use the same arguments as in the previous case.
Otherwise we get the configuration shown in Figure 6(c). Observe that
r(G—v) = r—1. Since for any central vertex ¢’ of G—v we have eg_,(¢") =
r — 1, it follows that dg(c¢”,v) = r. Otherwise eg(¢”) = r — 1. Thus
dg—v(",ui) = r —1 and dg—o(c”,wj) = r —2. But then for example
eG—v—uu (¢") = 7. The graph G — v is not r.e.i., a contradiction.

LR}
N,(c)
N.(©) w %u
U,
N,4c) w,C Jw,
c'¢
Ne) O&VO
4

Figure 7
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Case 3. |N,(¢)| = 2,|Ny—1(c)| = 3,|Ny—2(c)| = 2.
Let N,(c) = {v1,v2}, Ny—1(c) = {u1,u2,us} and N,_o(c) = {wy,wa}. Since
deg(v1) > 3 and deg(va) > 3, we have at least one vertex of N,_;(c) adjacent
to both v1 and vo. Let us mark this vertex as u;. G — wy and G — w9 are
both r.e.i. and thus w; and ws are both adjacent to at least two vertices
of N,_1(c). Every u; has degree at least three and thus is adjacent to at
least one vertex of N,(c) or N,_i(c). This implies d(wy,z) < 3 for all
x € Np_o(c)UN,_1(c)UN,(c). It is sufficient to take a vertex ¢’ as the third
vertex on the c-u; geodesic. [ |

Lemma 4.9. Let G be a cocritical radius-edge-invariant graph with central
vertex ¢ and radius v > 5. If |[N,_3(c)| = 2, then |N.(c)| + |Nr—1(c)| +
|N,—2(c)| > 9.

Proof. According to Lemma 4.7 if [N, _3(c)| = 2, then |N,_2(c)| > 4. Since
IN,(c)|+|Nyr—1(c)| > 4 it is sufficient to show that there is no cocritical r.e.i.
graph having [N,_s(c)| = 2,|N,>(6)] = 4, |Ny_1(¢)] = 3,|Ne(c)| = 1 and
no cocritical r.e.i. graph having |N,_3(c)| = 2,|N,—2(c)| = 4,|N,—1(c)| =
2,|N,(c)| = 2.

Let us consider the first case. Suppose N,.(c) = {v}, Ny—_1(c) = {u1,us,
us}, Ny_a(c) = {w1,we, w3, wa}, Ny_3(c) = {z1,22}. According to Lemma
4.7 every vertex of N,_s(c) is adjacent to two distinct vertices of N,_s(c).
Let zywi, zws, zows, zowy € E(G). Similarly, at least two vertices of
N,_1(c) are adjacent to either {wy,wa} or to {ws, w4} (see Figure 8). Let
d € N(c),d" € Ny(c) be two vertices such that d(¢,z1) = r —4,d(c",z1) =
r — 5 and let ui,us be adjacent to wy or we. If ug is adjacent to wy, wo,
uy or ug too, then e(¢’) = r — 1, a contradiction. Otherwise ug is adjacent
to both ws and ws. Now there is either some edge joining {wy,ws} and
{ws, w4} giving e(¢”) =r—1 or G — 29 —vug is not connected. In both cases
we obtain a contradiction.

At last suppose that N,_3(c) = {z1,22}, Nr—2(c) = {wy,wa, w3, wy},
N,_1(c) = {u1,u2} and N,(c) = {v1,v2}. Since every vertex of G has degree
at least three, v; and vy are joined together and adjacent to both u; and
ug. Let ¢ € N(c) be a vertex such that d(c’,z1) = r — 4. If ug is adjacent to
successors of both z1 and 29, then e(¢) = r — 1, a contradiction. The same
holds for u;. Otherwise we have eg_,,(¢) =r —1=1r(G — uz). For every
central vertex ¢’ of G—ug we have dg(¢”,ug) = r, da(’,w3) = da(’,wy) =
da(d’,v1) =dg(d’,v9) =r—1and dg(¢”, 22) = dg(¢”,u1) = r—2. But then
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for example eq_y,—vyu, (") = r for every central vertex of G — us. G — ug
is not r.e.i., a contradiction.

N.(¢)
N.(c)
N.Ae) w,
N,.{c)

Ne)

Figure 8

Lemma 4.10. Let G be a cocritical radius-edge-invariant graph with central
vertex ¢ and radius r > 7. Suppose i is a natural number such that 2 < i <
r —5. If [N;(c)| = |Nit1(c)| = |Nita(c)| = 3, then there are three vertices
v1 € Ni(c),v2 € Nit1(c),v3 € Niya(c) such that G —v; — v; is not connected
for every pair {i,j} C {1,2,3}.

Proof. Let Nij(c) = {z1,22,23}, Nit1(c) = {y1,y2,y3} and Njia(c) =
{z1,292,23}. We first prove that a subgraph H of G induced by N;(c) U
Nit1(c) U Njio(c) is not connected.

We will prove this by a contradiction. Suppose that given subgraph is
connected. Observe that no x; is adjacent to all y;. If all x; are adjacent to
two vertices in N;y1(c) or if any z; is adjacent to a single vertex of N;11(c),
then the graph H — x; remains connected for some z;. It is well known (see
[8]) that every graph with n vertices and radius r has A(G) < n — 2r + 2.
Since at least one y; € H—x; has degree at least three, we have r(H —z;) < 3.
Let ¢’ be a central vertex of H and let ¢’ be a vertex of G such that ¢’ lies
on the ¢’-¢ geodesic and ¢’ € Ny(c) if d(c,c”) > 4 and ¢ = ¢ otherwise (see
Figure 9). We have e(c¢’) < r, a contradiction.

Now suppose that H is not connected and has two distinct sets A, B of
vertices such that no vertex of the set A is adjacent to a vertex belonging
to B. Moreover, let N;(c) = Nf'(c) U NP(c), Niz1(c) = Nfii(c) UNE (),
Nii2(c) = NA,(e) UNE,(c), A = Nf'(c) UNA (c) UNf,(c) and B =

(3 (3

NiB(c) U Nﬁl(c) U Nﬁ_Q(C).

(2
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Noe) o o
N, (c) .
. : o
Lo o
C
Figure 9

It is obvious that three sets of N (c),Nfi,(c), Nfis(c), NP(c), NE (),

wa(c) have at most one vertex. Moreover, it is not possible that either
INF ()l = INZ ()] = INfa (o)l = Lor [INF(c)] = INE, (o) = INEy ()] = 1.
Also if some |NJA(C)| ={o}| =1 (|NJB(C)| = |{o}| = 1) then, since G — o is
r.e.i. and thus 2 edge-connected, it cannot hold that [N (c)| = [N, (c)| =
1 (INf(c)] = INfA1(c)] = 1) for any two successive levels of i,i+1,i+2. Thus
the only possible configuration is the following: [N/ (c)| = 1, [N, (c)| = 2,
INfio(c)] =1 and |[NP(c)| =2, INE,(c)] = 1, [NE,(c)| = 2 (see Figure 10).

o

N,.0) &
N,..(€) %B
N(e) « :

: o :

c

Figure 10
|

Lemma 4.11. Let G be a cocritical radius-edge-invariant graph of radius
r > 4. If for some v € V(QG) there is d(G—v) > 2r—1, then |V (G)| > 3r+2.

Proof. Suppose u,w are two peripheral vertices of G — v such that
dg—v(u,w) = d(G —v). We have u € Ngg_)(w) and w € Ngg_y)(u).
G —wv isr.e.d. and thus G —v — e is connected for every e € E(G —v). Hence
ING—y(u)] > 1 and if |[N;(u)] = 1,1 < ¢ < d(G — v), then |Njpq(u)| > 1,
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|N;—1(u)] > 1 and the single vertex in N;(u) is adjacent to at least two
vertices in N;;1(u) and to at least two vertices in N;_1(u). We will now
distinguish the following cases depending on the value of d(G — v).

Case 1. d(G —v) > 2r.
If d(G — v) > 2r then G — v has 2r 4+ 1 distinct sets {u}, N(u), Na(u),...,
Ny, (u). At most 7+ 1 of them contains only one vertex. Thus if d(G —v) >
2r, then |V(G)| > 14+ |[V(G—v)| >1+4+2r+1+7r=3r+2.

Case 2. d(G —v) =2r — 1.

If d(G —v) = 2r — 1 then G — v has 2r distinct sets {u}, N(u), Na(u),...,
No,—1(u) and at most r of them contains only one vertex. Thus |V (G)| =
1+ |V(G—wv)| >1+2r+r=3r+1. It is sufficient to show that it is not
possible to obtain a cocritical r.e.i. graph of radius r having 3r + 1 vertices.
We will prove this by a contradiction.

Suppose such a graph G exists and eg_,(u) = 2r — 1 for some u,v €
V(G). Since no sucessive pair N;(u), Njt1(u), 1 < ¢ < r has only two
vertices together and |V(G)| = 3r + 1, we have either |N(u)| = 2,|Na(u)| =
LINs(u)| = 2,...,[Ni(u)| = 1,[Nixa(u)| = 2,[Nig2(u)| = 2,[Nigs(u)| =
Loy [Nopa ()] = 2,[Nop_1 ()] = 1 or [N(w)] = 2, [Na(u)| = 1, Na(u)| =
2, ey ’N2k(u)’ = 1, |N2k+1(u)] = 2, ey ‘NQT_Q(U)‘ = 1, ‘Ngr_l(u)’ = 2.

(A): Suppose |Niy1(u)] = [Nipa(u)] = 2, 1 < @ < 2r — 4. We de-
note by N(u) = {ul,u?}, No(u) = {ua},..., Nor_o(u) = {ud, o, u3._,} and
Nop—1(u) = {ug,—1} (see Figure 11).

Figure 11

Since G has no cutvertices, G — uo and G — u9,._3 are edge 2-connected,
v is adjacent to at least two vertices of the set {u,u},u?} and to at least
two vertices of the set {ul o u3. 5 us—1}. But then eg(v) = r—1, a
contradiction.
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If i = 1 then N(u) = {ul,u}, No(u) = {ud,ud}, N3(u) = {us} or if i =
2r — 4 then Nyy_y(u) = {uzr—a}, Nor—3(u) = {ud,_3 u3,_3}, Nor—2(u) =
{ud, 5,35}, Noy_1(u) = {ug,—1}. This can be handled analogously and
we left the details for the reader.

(B): We denote by Nogy1(u) = {u%kJrl,u%kH} and Nog(u) = {ugr} (see
Figure 12).

wou U,
U, U, U,
ud X! o
u; u, Us,.,
Figure 12

Since G has no cutvertices, G —us and G — ug,_o are edge 2-connected, v is
adjacent to at least two vertices of the set {u,ui,u?} and to both vertices
ud,_1,u3,_;. Moreover, v is not adjacent to any vertex of Na(u) U N3(u) U
-++ U Ngp_o(u). Otherwise eg(v) < r, a contradiction.

Now consider the following graph G — u,:

Figure 13

We have eg_y,.(v) = r — 1 and thus (G —u,) = r(G) =1 =r — 1. The
vertex v is the unique central vertex of G — u,. However, for example
€y —up_oul 1(v) =r. Thus G — u, is not r.e.i., a contradiction. |

r—

Lemma 4.12. Let G be a cocritical radius-edge-invariant graph of radius
r>8. Ifd(G—v)=2r—2and r(G—v) =r—1 for any v € V(Q), then
[V (G)| > 3r+2.

Proof. Suppose u,w are two peripheral vertices of G — v such that
dg—y(u,w) = d(G — v). Again we have |N;_1(u)| > 1, |Njp1(u)] > 1 if
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IN;(u)] =1,1 < i< d(G—w). Since d(G—v) =2r—2 =2(r—1) = 2r(G—v),
every central vertex of G — v belongs to N,_;(u).

If IN;(u)| > 2 forall i <r—1orif |[Nj(u)| >2forallr—1<i<2r—2,
then [V(G—v)| > (2r—1)+ (r—2)+ |5]| =3r+1+(|5] —4) >3r+1for
r > 8. Thus |[V(G)| > 3r + 2.

Now consider another case. Let {t;} € Ni(u) be the vertex of the first
neighbourhood of u such that ¢; is the only vertex of Ni(u) adjacent to
vertices of the previous neighbourhood and let {t2} € Nj(u) be the last
neighbourhood such that ¢ is the only vertex of N;(u) adjacent to vertices
of the succeeding neighbourhood. Existence of such vertices is guaranteed
by the existence of two neighbourhoods having only a single vertex. Since
both G — t; and G — ty are edge 2-connected, v is adjacent to at least
two vertices of {u} U N(u) U ---U Ng_1(u) and to at least two vertices of
Niy1(uw) U Nipgo(u) U -+ - U Nop_o(u). Moreover, since r(G) = r all of these
vertices adjacent to v also belong to N,(c) (see Figure 14), where ¢ is any
central vertex of both G —v and G.

Figure 14

We have d(c,t1) = d(d,t1) and d(c,ty) = d(d,ta) for all ¢ € C(G — v).
Furthermore d(c’,q) = d(c,q) for all ¢ € N,_1(c). Since G — v is r.e.i. of
radius 7 —1 every such ¢ must be adjacent to at least two vertices of N,_s(c).
It is obvious that such sets of vertices are distinct from v and w.

In every neighbourhood N;(c) marked higher than such containing t;
(i.e., Ngt1(e),...,Nr_1(c) if t1 € Ni(c)) we have at least two vertices con-
nected to ¢ through ¢1. Otherwise Ni(u) does not have the described prop-
erty. Similarly in every neighbourhood N;(c) marked higher than such con-
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taining to we have at least two vertices connected to ¢ through to. Thus
{u |+ [N (u)|+ -+ [Ng—1(u)| = 2k, [Nig1(w)|+[Npp2 (w) |+ -+ [Nop—o(u)| >
22r—2—1)and k > 1,1 <2r — 3.

We have

V(G—v)| > 2k+2(2r—2— 1)+ E(z —k+ 1)J =3+ <r - E - g + gJ) .

Since k >2and | < 2r — 4

e (lipeiee (2 2)-
s (r-|r-z-1a g ) 2o

Thus G has at least 3r 4 1 vertices and if G has exactly 3r + 1 vertices, then
k = 2,1 = 2r — 4 and only the following configuration of vertices is possible:

r r-1r-2 2 1

Figure 15

We have exactly 2r — 7 + L2r; 7J vertices between ¢ and t9 since there are
no successive neighbourhoods of u having only one vertex. We have also five
additional vertices in the set A = {u} U N(u) U Na(u) and five additional
vertices in the set B = No,_4(u) U Nop_3(u) U No,_o(u). The subgraphs of
G induced by A and B are not uniquely determined but v is adjacent to at
least two vertices in A and to two vertices in set B.

Now consider the graph G —t1. Vertices in N,;2(u) (as the vertex s on
Figure 15, we have either one or two such vertices) have eccentricity r — 1.
All other vertices are of eccentricity greater than r — 1 in G — t;. Thus
r(G —t1) = r — 1. By removing any edge e joining vertices from N3(u) and
Ny4(u) we increase the radius of G — ¢; by one and thus G is not cocritical
r.e.i. graph, a contradiction. G has at least 3r + 2 vertices. [ |
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Lemma 4.13. Let G be a cocritical radius-edge-invariant graph with central
vertez ¢ and radius v = 7. If [Nrzy_1(c)| = [Nz1(c)| = [Nzy4a(0)| = 3,
then |V(G)| > 3r + 2.

Proof. According to Lemma 4.10 it is possible to find two vertices vy €
Nrr (c), ws € Nrziq (¢) such that (G — v — w3) = oco. Moreover, if
N(g1—1(0) = {u1,ug,us} and N(ﬁ(c) = {v1,v9,v3}, then ujvy, ugvy, usvy,
usvs, vows, v3ws € E(G) and there is no other edge connecting N[%],l(c)
with Nyz1(c) and ws with Nyzy(c) (see Figure 16).

Let H be a subgraph of G induced by the vertex set {c¢} U N(c) U
- U N[a,l(c) U N"%] (C) U {’wg}. Observe that dH('Ul,'UQ) = dH(Ul,Ug) =
dr(vi,w3) —1 > — 1. Otherwise there exists x € H, dg(z,v1) < [5] — 1,
dp(w,v2) < [5]—1 for which eq(x) < 7, a contradiction. Since d(vy,ws3) <
2[5 +1<r+2 wehave r — 1 <d(H) = dg(vi,w3) <r+2.

N @) o

No(e) wo—ow o w

() vg% )

N, () u o—ou o u
Lo

c

Figure 16. (i = [5])

Now consider the graph F' = H —v; and the subgraph J of GG induced by the
vertex set Nyz111(c) U Nrzyqa(c) U--- U Ny (o). If ej(ws3) +ep(ws) < 2r =2,
then for at least one vertex z of the set {ws, va,v3,us} we have ep(z) <r—1
and dg(z,v1) <r—1. In that case eq(z) < r—1, a contradiction. Otherwise
d(G—v1)=2r—2,r(G—-vy) =r—1ord(G—wvy)>2r—1. It follows from
Lemma 4.11 and Lemma 4.12 that in both cases we have |V (G)| > 3r + 2.
|

Theorem 4.14. Fvery cocritical radius-edge invariant graph of radius r >
15 has at least 3r + 2 vertices. This bound is sharp.
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Proof. Suppose ¢ is a central vertex of G. We have |N(c)| > 3. According
to previous lemmas we have

V(G = el +IN(©) + -+ + Nr—s(e) + Nr—a(c) + Nr—1(c) + Nr(c)

>1+3(r—3)+8>3r

Now we prove that there is no such graph having 3r or 3r 4 1 vertices.
Suppose |V (G)| = 3r. The only possible configuration is the following:
IN(e)| = [Ni(e)] = [Na(e)] = -+ = [Nps(c)| = 3, [Nr—2(c)] + [Nr—1(c)] +
|N;-(c)| = 8. But from the previous lemma we know that such graph must
have at least 3r + 2 vertices.
Now we prove that there is no cocritical r.e.i. graph of radius greater
than fourteen having 3r + 1 vertices. If |[V(G)| = 3r + 1 then either

(1) [Nr—2(c)] + [Nr—1(c)| + [Nr(c)| = 9 and [N(c)| = [Na(c)| = -+ =
|N,—3(c)| =3 or

(2) [Ny—2(c)| + [Nr—1(c)[ + [N(c)| = 9 and |N( )| = [N2(c)| =
|N(r—3)—2i(c)| = 3, [N(p_3)—2i12(c)| = [N(r—3)—2i+a(c )| =
|Nr—3(c)| = 2, |N(7"—3)—2i+1(c)’ = |N(7" 3) 22+3( )= =|Np_a(c)| =
4,1 € N+ {0} or

(3) [Ni—2(c)| + [Nr—1(c)] + [Ni(c)| = 8 and [N(c)| = [Na(c)| = -+ =
[Ni(c)| = 3, [Nit1(c)| = [Nigs(c)| = -+ = [Niyart1(c)| = 4, [Niga(c)| =
[Nita(c)] = -+ = |[Niyar(c)| = 2, [Nipopta(c)| = [Niyors(c)| = -+ =
IN,_3(c)| =3, i,k € N + {0}.

(1) This case is not possible according to Lemma 4.13.
(2) and (3) We will distinguish the following cases:

Case 1. [Nz1(c)| = 2. We denote by Ni(c) = Nizy(c) = {v1,v2}. Let
H be a Subgraph generated by the vertex set {c} U N( )U---UN;(c) and
J be a subgraph generated by V(G) — V(H) U v;. Observe that r +1 >
dg(v1,v2) > 2i—1 > r—1. Otherwise there exists z € H, dg(z,v1) <i—1,
dp(z,v2) < i—1 for which eg(x) < r — 1, a contradiction.

Now examine the graph G — vo. If ej(v1) + eg(v1) > 2r — 1 then by
Lemma 4.11 we have |V(G)| > 3r + 2. Otherwise ej(v1) < r — 2. Now
let y € N;_1(c) be a vertex adjacent to vy. If ej(v1) + eg(v1) = 2r — 2,
then r(G —wv2) = r—1,d(G —vy) = 2r —2 and y € C(G — v2). Thus
[V(G)| > 3r + 2 by Lemma 4.12. If ej(v1) < r — 2 then dg(y,v2) < r — 1.
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We have eg_y, (y) = r—1 and dg(y,v2) < r—1. This implies eg(y) < r—1,
a contradiction.

Case 2. If [Nrzy_1(c)| = [Nrzy(e)l = [Npzy4a(c)| = 3 then again by
Lemma 4.13 |V(G)| > 3r + 2.

Case 3. At last thereisi € {[5] —1,[5], [5]+1} such that [N;(c)| = 4.
Since 7 > 15 we have r — 3 — ¢ > 3 and thus there is either |N;_i(c)|
[Nit1(c)] = 2, [Ni—1(c)| = 2 and [Nip1(c)| = [Nig2(c)| = [Nigs(c)| =
[Ni—3(c)| = [Ni—2(c)| = |Ni—1(c)| = 3 and [Nip1(c)| = 2, or [Ni—3(c)|
|Ni—2(c)| = [Ni—1(c)| = 3 and [Niy1(c)| = [Nit2(c)| = [Nits(c)| = 3.

According to Lemma 4.10 we have at least two vertices v1,ve € N;_o(c)U
N;_1(c) such that d(G — v1,v2) = oo and at least two vertices wi,wy €
Nit1(c) U Njto(c) such that d(G — wi,we) = oco. At least two of these
vertices lie in N;_1(c) U Niy1(c).

Suppose v1 € Ny, (¢), w1 € Nj,(c), va € Nj,(c), wa € Nj,(c), d(vi,w1) =
jo — j1 and d(ve,wy) = js — js. Consider the subgraph generated by the
vertex set {c} U N(c)U---U N;;a(c). There is no path joining v; and ws
not including w; or v and no path joining vo and w; not including wy or
v1 in this subgraph. Such path would be of length at most jo — j3 + 2 or
ja — j1 + 2. Thus if we take for example the vertex ¢/ € N,_5_;(c) lying on
the c-v; (c-va) geodesic we have eg(c’) = r — 1, a contradiction. It follows
that there are two pairs {v1, ws} and {vg, w1} such that ¢ and N,(c) are not
connected in G — vy —wy and G — vg — wy.

Let H be a subgraph generated by the vertex set {c¢} U N(c)U---U
N;_1(c). We have dg(vy,v2) > j1+j3—1. Otherwise there is a vertex y such
that y belongs to the vi-vy geodesic and d(y,v1) < j1 — 1, d(y,v2) < jz — 1.
Such a vertex would have eg(y) < r, a contradiction.

Since i € {[5] —1,[5],[5] + 1}, at least one vertex of vy,vs belongs
to N;—1(c) and at least one vertex of wy,ws belongs to N;11(c), there is a
pair a, b of vertices such that a € {vi, w1}, b € {ve, w2} and r < d(a,c) +
d(e,b) < r + 2. Without loss of generality assume that d(a,c) > d(b,c).
Since dg(v1,¢) + dg(ve,c) — 1 < dg(v1,v2) < dg(v1,c¢) + dg(ve, ¢), there is
no a-b path containing vertex of H shorter than dg(a,c) + dg(b,c) — 1.

Now let J be a subgraph of G such that V(J) = {v € V(G),dg(v,c) =
min{d(v,a) +d(a,c),d(v,b) +d(b,c)} — {b} (i.e., the subgraph generated by
the set of vertices which are "successors” of a and b including a) and let K
be a subgraph of G induced by the vertex set (V(G) — V(J) — {b}) U{a}.
Thus V(G —b) =V (J)UV(K) and V(J)NV(K) = {a}.
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If ej(a) + ex(a) > 2r — 1 then d(G — b) > 2r — 1 and thus |V(G)| > 3r +2
according to Lemma 4.11. If ej(a) + ex(a) = 2r — 2 then es(a) is between
r—2 and r — 4 and there exists a vertex z € K such that ej(a) +dg(a,z) =
r—1=d(z,b) having eg_p(z) = r—1. Thus by Lemma 4.12 |V (G)| > 3r+2.
At last if ej(a) + ex(a) < 2r — 2 it is sufficient to take a vertex ¢’ on the
a-b geodesic in H such that dg(c/,b) = r — 1. We have eq(d) =r—1, a
contradiction. We have shown that there is no cocritical r.e.i. graph having
r > 15 on less than 3r + 2 vertices.

Figure 17

Possible extremal graphs for odd and even radius are depicted on Figure 17.

|
However, the previous theorem is not fully satisfactory. It is not clear if the
condition for the radius being greater than 14 is necessary. We can give only
the following example of cocritical r.e.i. graph having radius three on ten
vertices.

Figure 18

Conjecture. Every cocritical radius-edge invariant graph of radius r > 4
has at least 3r + 2 vertices. This bound is sharp.
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