Discussiones Mathematicae
Graph Theory 28 (2008) 229-247

MINIMAL CYCLE BASES OF THE LEXICOGRAPHIC
PRODUCT OF GRAPHS

M.M.M. JARADAT

Department of Mathematics
Yarmouk University

Irbid-Jordan

e-mail: mmjst4@yu.edu.jo

Abstract

A construction of minimum cycle bases of the lexicographic product
of graphs is presented. Moreover, the length of a longest cycle of a
minimal cycle basis is determined.
Keywords: cycle space, lexicographic product, cycle basis.

2000 Mathematics Subject Classification: 05C38, 05C75, 05B35.

1. INTRODUCTION

Minimum cycle bases (MCBs) of a cycle spaces have a variety of applications
in sciences and engineering, for example, in structural flexibility analysis,
electrical networks and in chemical structure storage and retrieval systems
(see [6, 7] and [14]).

In general, the total length /(G) of a minimum cycle basis and the length
of the longest cycle in a minimum cycle basis A(G) are not minor monotone
(see [11]). Hence, there does not seem to be a general way of extending
minimum cycle bases of a certain collection of partial graphs of G to a
minimum cycle basis of G. Global upper bound I(G) < dimC(G) + k(T(G))
where £(T'(G)) is the connectivity of the tree graph of G is proven in [16].

In this paper, we construct a minimum cycle basis for the lexicographic
product of two graphs in term of a minimum cycle basis of the second factor,
also, we give its total length and the length of its longest cycle.
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2. DEFINITIONS AND PRELIMINARIES

The graphs considered in this paper are finite, undirected, simple and con-
nected. Most of the notations that follow can be found in [10]. For a given
graph G, we denote the vertex set of G by V(G) and the edge set by E(G).

2.1. Cycle bases

Given graph G. The set £ of all subsets of E(G) forms an | E(G)|-dimensional
vector space over Zs with vector addition X &Y = (X\Y) U (Y\X) and
scalar multiplication 1- X = X and 0- X = & for all X,Y € £. The cycle
space, C(G), of a graph G is the vector subspace of (€, @®,.) spanned by the
cycles of G (see [11]). Note that the non-zero elements of C(G) are cycles
and edge disjoint union of cycles. It is known that the dimension of the
cycle space is the cyclomatic number or the first Betti number (see [4])

(1) dim C(G) = |E(G)| — |V(G)| + 1.

A basis B for C(G) is called a cycle basis of G. The length, |C|, of the element
C' of the cycle space C(G) is the number of its edges. The length I(B) of a
cycles basis B is the sum of the lengths of its elements: I(B) = Y ~c5|C|.
A(G) is defined to be the minimum length of the longest element in an
arbitrary cycle basis of G. A minimum cycle basis (MCB) is a cycle basis
with minimum length. With {(G) we denote to the sum of the lengths of the
cycles in a minimum cycle basis. Since the cycle space C(G) is a matroid
in which an element C has weight |C], the greedy algorithm can be used to
extract a MCB (see [19]). A cycle is relevant if it is contained in some MCB
(see [18]).

Proposition 2.1.1 (Plotkin [17]). A cycle C is relevant if and only if it
cannot be written as a linear combinations modulo 2 of shorter cycles.

Chickering, Geiger and Heckerman [5], showed that A(G) is the length of
the longest element in a MCB.

2.2. Products

Let G = (V(G),E(G)) and H = (V(H),E(H)) be two graphs.

(1) The Cartesian product GOH has the vertex set V(GOH) = V(G) x
V(H) and the edge set E(GOH) = {(u1, v1)(u2,v2)|uius € E(G) and vy =
vg, or vivy € E(H) and u; = ua}.
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(2) The strong product GRH is the graph with the vertex set V(GKH) =
V(G) x V(H) and the edge set E(GX H) = {(uy,u2)(vi,v2)|uiv; € E(G)
and ugue € FE(H), or u1 = vy and ugvy € E(H), or ujv; € E(G) and
ug = va}.

(3) The lexicographic product G[H] is the graph with vertex set V(G[H])
= V(G) x V(H) and the edge set E(G[H]) = {(u1,uz2)(v1,v2)|lu; = v1 and
ugvg € E(H), or uyvy € E(G)}.

(4) The wreath product G x H has the vertex set V(G x H) = V(G) x
V(H) and the edge set E(G x H) = {(u1,v1)(ug,v2)|u; = ug and vive €
E(H), or ujug € G and there is « €Aut(H) such that a(vy) = va}.

(5) The direct product G x H is the graph with the vertex set V(Gx H) =
V(G) x V(H) and the edge set E(G x H) = {(u1,u2)(vi,v2)|uiv; € E(G)
and ugve € E(H)}.

The H-fiber alJH is the subgraph of a product induced with the vertex
set V(uOH) = {(a,v)lv € V(H)}. Analogue is defined the G-fiber GOv.
Let e € E(G). Then e[H] is called a fold of G[H]| (See [1] and [10]).

From (1) and by knowing that |E(G[H])| = |E(G)||V (H)|* + |E(H)||V (G,
we have that

(2) dimC(G[H]) = [EG)I|V (H)]? + |[EH)||V(G)] = [V(G)I|V (H)| +1

Imrich and Stadler [11] presented a minimum cycle bases of Cartesian prod-
uct and strong product. They proved the following results:

HG) +
G)|-1)]

Theorem 2.2.1. If G and H are triangle free, then [(GOH)
4

[(H) +A[E@)|([V(H)| = 1)+ [EE)[([V(G)]=1) = (V(H)|=1)(
and A(GOH) = max{4,\(G),\(H)}.

V(G

Theorem 2.2.2. For any two graphs G and H, (GRH) =1(G)+1(H)+3
[dim C(GRH)—dim C(G)—dim C(H)] and A\(GRH) = max{3, \(G), \(H)}.

Hammack [8] gave a minimal cycle basis of the direct product of two bipartite
graphs in term of the minimum cycle bases of the factors. Also, Hammack
[9] and Bradshaw and Jaradat [3] presented a minimal cycle bases of the
direct product of complete graphs.

In [12] minimum cycle bases of the wreath product have been con-
structed for some classes of graphs and determined their length and the
length of their longest cycles.
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The results cited above trigger off the following question: Can we construct
a minimum cycle basis for the lexicographic product of graphs? In this paper
we will answer this question in affirmative.

After this manuscript was completed the author learned that a similar
statement to our main result was proven by Berger in her PhD dissertation
[2] and Kaveh and Mirzaie [15].

3. LEXICOGRAPHIC PrRODUCT

In this section, we construct a minimum cycle basis and determine the length
of a minimum cycle basis and the minimum length of the longest cycle in
an arbitrary cycle basis of the lexicographic product of two graphs. For any
edges ab, uv and a vertex w, we set the following cycles:

abw = (@, w) (b, u)(b, v)(a, w).

ab,w
Also, for a graph H with E(H) = {ujv1, u2v2, .. ., U gV E(mH) ), We let

|E(H)]
ch,w - U ,PZLLI;,QZJ
i=1
Lemma 3.1. For any tree T with w € V(T) and any edge ab, P(Z;,w is
linearly independent. Moreover, any linear combination of Pﬁ,w contains
an edge of the form (a,w)(b,u) for some vertex w € V(T).

Proof. Note that P, = UE%TNPWU" The first part follows from not-

ab,w abw*
ing that each cycle P} contains the edge b x u;v; which occurs in no

other cycle of P(Z;’w. The second part follows from being that E(P£7w) =
{(a,w)(b,u)|lu € V(T)} U E(bOT), and noting that E(bOT) is an edge set

of a tree and any linear combination of cycles is a cycle or an edge disjoint
union of cycles. [

The following result from [13] will be needed in the forthcoming results:

Proposition 3.2. Let A, B be sets of cycles of a graph G, and suppose that
both A and B are linearly independent, and E(A)NE(B) induces a forest in
G (we allow the possibility that E(A) N E(B) = &). Then AU B is linearly
independent.
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Lemma 3.3. Let T be a tree of order greater than or equal to 2 and ab be
an edge. Then 7722, = (UwEV(T)Pabw) U Pba wo U8 @ linearly independent set
of cycles for some fized vertex wy € V(T).

Proof. Since PT b 18 linearly independent for each w € V(T') by Lemma
3.1 and since E(Pabw) N E(Pabv) = E(b x T) whenever w # v which is a

tree, as a result by Proposition 3.2 UwEV(T)P paw 18 linearly independent.
Also, since

E (UwEV(T)P(Z—l;,w) nE (ngu,wo) = {(avw)(b7w0) ’w € V(T>}

which is an edge set of a star, we have 773;) is linearly independent by Propo-
sition 3.2. ]

Now, let G be a graph with E(G) = {a1b1,a2bs, ..., aip@q)bE@) - Also,

let
|E(G)]

-Ur

Lemma 3.4. Let G be any graph and T be a tree. Then 77(7; s a linearly
independent set.

Proof. We use mathematical induction on |E(G)|. If G consists only of one
edge, say G = a1by, then PG Pa b, - And so, the result follows by Lemma

3.3. Assume the statement is true for all graphs with less edges than G.

Note that 732; = (ULE(l = IPT ) P£E<G)\6\E(G)|' By the inductive step and

|E(G)|-1pT T
Lemma 3.3, each of U;_; Pa.p, and P“\E(G)\b\E(G)l
Note that

\E(G
< U z) (Pa\E(G)lb\E(GH) CE ({a|E(G)|’b|E(G)|}DT)

which is an edge set of a forest. Thus, by Proposition 3.2, 735 is linearly
independent. u

is linearly independent.

Throughout this paper, Ty denotes a spanning tree of the graph G.

Lemma 3.5. 732; U Barw, 18 linearly independent where Bgry,, 5 a basis
for the G-fiber GUwy.
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Proof. Note that if G'is a tree, then Bgry, = @ and so the result is obtaind
by Lemma 3.4. Therefore, we now consider the case that G is not a tree.
By Lemma 3.4, P%G is linearly independent. Now, since Bg, is a basis of
the G-fiber GOwy, any linear combination of Bgry,, must contain an edge
of E((G — T)Owyp), which is not in any cycle of P%G. Thus, P;*CG U Baow,
is linearly independent. Now, we proceed using mathematical induction on
the number of edges in G — Ty to show that Pg U BeOw, is linearly in-
dependent. Let E(G — T¢) = {a)pe) +1b/BTe)1+1> Y BT:) +20 E(Te) 42 - - -
a|E(G)|b|E(G)| }. Note that

E (PT ) N E (PE U Baow)

UYB(Tg)|+10B(Tg) | +1

=E ({a|E(TG)\+1, b|E(Tg)H—1}DT) U {(alE(TG)H-lawO)(b\E(Tg)HlawO)}

which is an edge set of a tree. Thus, by Proposition 3.2, P::FFG U Baw, Y
T
4B(Tg)|+1b|B(Tg) 1 +1

ing mathematical induction and by Lemma 3.3, we have that both of P%G U

BGDwou@‘.E(G)'*I pr _)andPT

is linearly independent. By continuing in this way, us-

i E(Te) 41 asb; a5 bl ALC linearly independent. Now,

B(G)|-1
T T T
E (P“\E(G)Ib\E(G)I> NE | (Pry U Baow, U ( U Padn—)
i=| B(Ta)|+1

= E ({ap)) bpeYOT) U{(a @), wo) (bie@) wo)}

which is a tree. Hence, by Proposition 3.2, 732; U Bgmw, is an independent
set. ]

Let G and H be two graphs, T and Ty be any two spanning trees of G and
H, respectively. Let a; be an end vertex of Tz. Construct a rooted tree, T¢,,
by assuming that a; is the root and all the other vertices of Tz are directed
a way from a;. Consider the edges of the rooted tree are the following e; =
arby, ez = agba, ..., €| p(1,)| = AE(T,)| V) E(Ty)- Without loss of generality we
can order the edges in such a way that d(a1,a;) < 0(a1,a;+1) = 0(ar,bit1)—1
where d(x,y) denotes the distant between z and y. In this way we guarantee
that V(e;) N V(Ué;llej) is exactly one vertex, a;. For a vertex wg € V(H),
set
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|E(TG)]
AC(Z%;U];H) — <,PH7TH) U U 'PH*TH

bira1,wo a;bi,wo
=1

Lemma 3.6. The set A(TZZUZZH) 1s linearly independent.

Proof. Note that E <77£I;:;}g) (be ng) = @ for each i # j. Thus,
U‘E(TG)‘PH T g linearly independent. Also, note that E (PH_TH> N

a;b; ,wo biai,wo
E <U‘E(TG)‘77Hb {5)) = {(a1,wo)(b1,wp)}. Thus, by Proposition 3.2, ATIf w:gH)
is linearly independent. [ |

We now have the results needed to prove the following result:

Theorem 3.7. Let G and H be any two graphs. Then B(G,H) = PTH U
(Agi{ w:gH ) U Baow, is a basis for C(G[H]) where Barw, is a basis for
C(GDUJ()).

Proof. Since

B (AYL ) — B(TGO(H — Ti)) = {(bi, wo) (@i, w)lw € V(H)}
|E(Tw)I

U U1 {(ai, wo)(bi, w)|lw € V(H)}|,

which is an edge set of a tree, as a result each linear combination of cycles
of Agﬁ wJ;H ) must contain an edge of a;00(H —Tg) for some a; € V(G) which

is not in any cycle of ’PgH U BGow,- Thus, B(G, H) is linearly independent.
Now, for any vertex w € V(H) and edge ab, we have that

3) Pal = > IPaul= > 1=|BETn)

weE(Ty) weE(Ty)
Similarly, we have that

(4) |Pon B = | E(H = Tiy)].
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Thus, by (3) and the defintion of P(Z;H , we have

I = !Pbaon Z P bl

weV(Ty)

= |E(TqH)| + Z \E(Ty)| = |E(T)| + |V(H)||E(TH)|
weV(Txy)

= |V(H)P? -1

Hence,
|E(G)|
PL| = Z P = ([V(H)?* - 1) |E(G)]

= [BE@G)|IV(H)]? - |E@G)|.
Also, by (4) and by noting that dimC(H) = |E(H — Tx)|, we have that
|E(T)l

H-T H-T HT
AL = [P T S Pl T

bia,wo — a;b; ,wo
= |[E(H — Ty)| + |E(Ta)||[E(H - Ty)|
= dimC(H) + |E(T¢)|dim C(H).
Moreover, we know that
1B, | = dimC(G).
Therefore,
B(G, H)|
= PG+ |AGE 0| + Bt
= [B(G)||V(H)? - |E(G)| + dim C(H) + | E(Tg)| dim C(H) + dim C(G)
= [E(G)||V (H)? + dim C(H)(|E(Te)| + 1) — |B(G)| + dim C(G)
= [E(G)||V(H)? + dim C(H)|V(G)| — | E(G)| + dimC(G).
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But, by (1)
— |E(G)| +dimC(G) = — |V(G)| + 1.

Thus,
B(G, H)| = [E(G)||V(H)|* + dimC(H)|V(G)| - [V(G)| +1
= |B(G)IVH)P + (IE(H)| - [V(H)| + DIV(G)] - [V(G)] +1
= |EG)IVH)] + [EE)|IV(G)| ~ VG|V (H)| +1
= dimC(G[H])

where the last equality holds by (2). Therefore, B(G,H) is a basis for
C(G[H)). |

Remark 3.8. (i) By specializing G to be a tree T', we have that Bgmy, = @
and so, B(T,H) = P%H U (Agf;f”)) is a basis for C(T'[H]) where T* is a
rooted tree for T

(ii) By specializing H to be a tree T, we have that Aﬁfi’;?” = @ and so,
B(G,T) = PL UBgru, is a basis for C(G[T)).

(iii) By specializing G and H to be trees T and T5, respectively, we have
that (A%;UTOH))UBGDMO = @ and so, B(T1,Ty) = 73:7;12 is a basis for C(T1[T3]).

|

We now turn our attention to construct a minimal cycle basis for G[H].

Lemma 3.9. Let C be a cycle of G[H] of length greater than or equal to 4
and contains an edge of an H-fiber. Then C' is irrelevant.

Proof. Assume that C' contains an edge of the fiber a[JH for some a €
V(G). Then we consider two cases:

Case 1. All the edges of C are from a0J0H, say C' = (a,v1)(a,v2)...
(a,vm)(a,v1). Let ab € E(G). Then

m—1
_ VjUj+1 Vm V1
C=|DPuu | Pl
Jj=1

Thus, C' is irrelevant.
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Case 2. C contains at least one edge which is not in al]1H. Hence we
may assume that (b, w)(a,u)(a,v) C C where vu € E(H) and ba € E(G).
Let

C1=C &Py

Then,
C=C10 Py

Note that C} is obtained from C by deleting at least two edges (b, w)(a,u),
(a,u)(a,v) and adding at most the edge (b,w)(a,v). Thus, |Ci| < |C|.
Hence, C is irrelevant. n

C,

(b

(cx)

Figure 1. The way of getting C' from the ring sum of C' and 3-cycles.

Lemma 3.10. Let C be a cycle of G[H] of length greater than or equal to
4 such that C' contains at least two edges from one fold of G{H]. Then C' is
irrelevant.

Proof. Let C be a cycle containing at least two edges from the same fold.
From Lemma 3.9 we can assume that C' contains no edge of V(G)OH. To
this end, we consider the following two cases:

Case 1. E(C) belongs to only one fold, say ab[H] and so belongs to
ab[Ny] where Ny is the null graph with vertex set is V(H). By (iii) of
Remark 3.8, ZL;H is a basis of ab[Ty]. Thus, C' can be written as a linear
combination of some cycles of PZ;H . Hence, C is irrelevant.

Case 2. E(C) belongs to at least two folds. Then we consider two
subcases:
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Subcase 2a. There is a fold, say ab[H]|, contaning two adjacent edges
of E(C). Counsider (c,z)(b,u)(a,w)(b,v) C C, that is the two adjacent
edges in ab[Ng| are (b,u)(a,w) and (a,w)(b,v) and (¢, z)(b,u) ¢ E(ab[H]).
Let u = wjus...us = v be the path of Ty connecting v and v and so
(b,u) = (by,u1)(b,ug)...(b,u;) = (b,v) is a path in G[Tx] C G[H] connecting
the two vertices (b, u) and (b,v). Let

t—1 t—1
_ Ui Uit1 Ui Uit1
Cr=CoPPy," o PPy
j=1 j=1

Then
t—1 t—1
o Uq Uj41 Ui Ui41
C=CoPPy," e Dru"
7=1 7j=1

Note that |Cy| < |C| — 2 because C4 is obtained by deleting at least (b, u)
(a,w), (a,w) (b,v) and (¢,z)(b,u) and adding at most (c,z)(b,v) (see
Figure 1). Thus, C is irrelevant.

Subcase 2b. There is no fold containing two adjacent edges of E(C).
Consider the fold ab[H] contains two non adjacent edges of E(C), say
(¢,z)(b,u)(a,w) and (b,v)(a,y) € C. That is the two non adjacent edges
of the same fold are (b,u)(a,w) and (b,v)(a,y) and (c,x)(b,u) ¢ ab[H].
Let v = wjus...us = v be the path of Ty connecting v and v and so
(b,u) = (byuy)(b,uz)...(b,us) = (b,v) be a path in G[Ty] C G[H]| connect-
ing the two vertices (b, u) and (b,v). Thus,

t—1 t—1
Cs=Ca@Pry " @Prun
Jj=1 Jj=1
is a union of at least to edge disjoint cycles (because in this way we unify

the vertices (b,u) and (b,v)) each of which is of length less than the length
of C, say C3 = U;_,C;. Then

T
!
Cs =
Jj=1
And so,
r t t
_ ! UjUj4-1 UjUj41
C=PCioDPu" DPaou
j=1 j=1 j=1

Thus, C' is irrelevant. [ |
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Lemma 3.11. Let Cy = Cv and C,, = COu be two cycles of the G-fibers

GUOu and GO, respectively. Then Cy is a linear combination of C, with
cycles of length 3.

Proof. Let C, = (a1,v)(az,v)... (ap,v)(a1,v). Let Ty be a spanning tree
of H and v = v1vy ... v, = u be the path of Ty connecting v and u. Then

n—1m—1 n—1m-—1
VU1 ViU 41
Prici.) o (@B P
i=1 j=1 i=1 j=1
m—1 m—1
VU541 ViV 41
® aiajl,v SP /Paiail,u - Cv SP Cu
Jj=1 Jj=1
Thus,
n—1m-—1 n—1m—1
VjVj41 VjVj41
Co=Coe | DD Paalliv | @ | DD Pl
i=1 j=1 i=1 j=1
m—1 m—1
ViU 41 VU1
® Padts | @ | @ Paati
Jj=1 Jj=1

(a2,V2)=(b, Vim)

PYtDVing g, v

(ag,v3)

Cl\

(avy) R CRA ) (@wva)

(az2,v1)

Figure 2. The first step in the procedure of writing the cycle C' as a linear combi-
nation of cycles of a G-fiber (GOw;) and 3-cycles.

Lemma 3.12. Let C be a cycle of G[H] of length greater than or equal to
3 such that C' neither contains an edge of an H -fiber nor contains two edges

of the same fold. Then C' is a ring sum of cycles of length 3 with cycles of
a G-fiber.
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Proof. Let C = (a1,v1)(az,v2) ... (am,vm)(a1,v1). Since C neither con-
tains an edge of an H-fiber nor contains two edges of the same fold, as a
result C' contains no edge of U,cy () (alJH) and contains at most one edge
of e[Ny] for each e € E(G). And so, ajas...ana is a cycle or edge disjoint
union of cycles of G. Now, we show that C'is a linear combination of 3-cycles
with cycles of the fiber GOv;. Let vy = vy,v1,...v1,,, = v2 be the path of
Ty connecting the two vertices v; and vg. Let

ni

ni—1 ni—1
vV1.V1

V1.V1 .
+1 +1
Cl == C D @ Palézﬂj}l 53] @ PCLS%Q/‘]}S
7j=1 7j=1

Note that C; is obtained from C' by pulling the vertex (ag,v2) to (ag,v1).
Thus, (' is a cycle or an edge disjoint union of cycles each of which has the
same properties as C' (see Figure 2). Now, Let v; = vg,v2, ...v2, = v3 be

the path of Ty joining the two vertices vy and v3. Let

n2

na—1 no—1
V2.V V2.V
. +1 +1
02 — Cl © @ Pagzlg,,l])g © @ Pa4]a3,1])4
7=1 7j=1

Similarly, note that Cs is obtained from C by pulling the vertex (as,vs) to
(as,v1). Thus, Cs is a cycle or an edge disjoint union of cycles each of which
has the same properties as C;. By continuing in this process, we get a cycle
or edge disjoint union of cycles C,,—1 which obtained from cycles of length 3
and C,,_o each of which has the same properties as C,,_o. Moreover, each
vertex of C,—1 lies on the fiber GOv; except possibly the vertex (am,, vpm).

To this end, let v1 = V(1) Vm—1)y - - - Vim—1) = vy, be the path of Ty

"(m—1)

joining the two vertices v, and v,,. Let

n(m,1)71 o n(m,1)71
1,01

i+1 1,01 i+1
Cm=Cn1® @ Payy 1t ,om-1 | © @ Payt v
J=1 J=1

Then C,, = (a1,v1)(a2,v1) ... (am,v1)(a1,v1) which is a cycle or edge dis-
joint union of cycles of the fiber GOvy. Hence,
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ni—1 ni—1
V1:V14 V1,V1;4q
a0 (@riu o (@i |o-a

N(m—1)—1 N(m—1)—1
V1,V1 V1, V1,
+1 +1
B Puliitona || B Pabnih
Jj=1 Jj=1
Thus,
ni—1 ni—1
vV1,.U1 . V1.V,
+1 +1
C=Cn® @ Padzz,i]n @ @ Pa3312,$3 - D

N(m—1)— 1 - N(m—1)— 1 o v
1 1 1 1
P Jj+1 P Jj+1
@ am 1am,Um—1 D @ al amy”l
|

Lemma 3.13. Every cycle of length three of G[H|] which contains at least
one edge of an H-fiber can be written as a linear combination of PTH U

(Ag'{{ wJ;H )

Proof. Let C be a 3-cycle which contains at least one edge of an H-fiber.
We consider two cases:

Case 1. C'is subgraph of an H-fiber. Then C is a subgraph of T¢[H].

By (i) of Remark 3.8 PT (A(H i) ) is a basis of T[H]. Thus, C' can be

written as a linear combination of PTG U (Agé;?] )).

Case 2. C'is not a subgraph of an H-fiber. Since C contains at least one
edge of an H-fiber, C' belongs to a fold of H. Note that, by (i) of Remark
38,

H-T, H-T,
Pab,on U Pba on U <UW€V(T)PCL1) w> U Pba LW
is a basis for ab[H] for any ab € E(G). Thus, to prove the lemma it

is enough to show that each cycle of Pg wTH U Py, HZH can be written as
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a linear combination of Pg U (A(H Tw) ) for any ab € E(G). Let {e; =
aiby, ez = agby...ep1y) = a‘E(TG)‘b|E(TG |} be the edge set of the rooted
tree T;,. Note that
H-T, H-T, T (H-T,
Pbl(ll 111—110 ,Palbl,go g ,PG U AT* on :
Thus, the result is obtained if ab = a1b;. Now, we show that the result

is true for each edge e = ab € E(G) different from a1b;. To this end, we
consider two subcases:

Subcase 1. e = ab € T{,. With out loss of generality, we can assume that
eiez...e; be the path of T joining a1b; with ab, say e; = a1by = a1,by,
and ey = a1,b1,,...,€ = a1,b;, = ab. Now, for each wv € E(H — Ty),
let w = wjuo...us = v be the path of Ty connecting u and v, Hence,
uiUs . . . upuy is the cycle of H containing uv = uzuy. Note that

* UiUit1
731)12 a14,W0 Cb11 b @ Pb12 aiq,Wwo
i=1

where C’gll 2 (bry s ur) (b, ug) .. (bry,ue) (b, ug). ;11 can be written as a
linear combinations of cycle of P~ 10 ypH-T b11 wo Y (UweV(T)P;Fﬁ b11,w) U

b1 a1, ,wo a,
Tt because C is a cycle of ai,by,[H] = a1by[H] and P~
bllall,wo bll 1 1 bllall,wo

pi-lu <Uw€V(T)P§1}ib11, > Pbl a1, wo 15 @ basis of C(a1, b1, [H]). More-

a1, b1y, wo
1014

over, by (iii) of Remark 3.8, P’ 'uczl“ w €an be written as a linear combina-

tions of cycles of PZ# because PeTQH is a basis of C(ea[TH]). Thus, P2’ a1y w0

can be written as a linear combination of cycles of P(T; U .ATIf wZZH ), Now,

by a similar argument

* UiUi41
Pblg, a13,wo Cb12 b @ Pb13a13 ;W0
i=1

where C} : (b1,,u1) (b1,,u2)...(b1,, us) (b1,, u1) which can be written
b1,y 2 2 2 2

. o H-Ty H-Ty
as a linear combinations of cycle of Pbllall,wo U (UL, P, ar, by, fw) U
2 T H-Ty H Ty
<Uw€V(T) Ui a1ib1i7w> U Pb11a1 wo because Pb11a11,wo ( P, o, by, wo) U

<Uw€V(T) Uz, Pi’jbliM) U Pb11a1 wp 18 A basis of C(e; U eg[H]) by (i) of
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Remark 3.8. Moreover, by (iii) of Remark 3.8, P,"“""  can be writ-

bizaig,wo
ten as a linear combinations of cycles of 73;;2’{ because 73;;2’{ is a basis of
C(es[Ty]). Thus, Pbl a1, wy €A be written as a linear combination of cycles

of Pg U .A (= TH . By continuing in this procedure we show that for each
wv € E(H — T H),

_ * U Ui41
Pb1la1l ;WO Cbll ® @ Pbll‘“z ;WO
i=1

where C’Ifll (b1,_yur) (b1, ug) ... (b1, ue)(b1,_,, u1) which can be written

as a linear combinations of cycle of ng U (Agﬂg;TOG)) Moreover, by (iii)
of Remark 3.8, P¢wii' can be written as a linear combinations of cycles

of PIH because it is a basis of C(e;[Tx]). Thus, each cycle of Pﬂ;:gH

. . . . (H-T, .
can be written as a linear combination of cycles of Pg U .A H . Since

Pg;?’ - PTH U .A (= TH ) , as a result each cycle of Pg w?{ U Plfi w?{ can be

written as a linear comblnations of cycles of PgH U A%ILZH)

Subcase 2. e = ab ¢ Tj. Assume that P = ejez... e be a path of T,
joining aibjand a, and P* = ejej ... e; be a path of T{, joining a1b; and b.
By applying the same argument as in Subcase 1 on P U ab and P* U ba, we
get Ppyy, and respectively, for any uwv € E(H — Ty). Thus, each

abw’

cycle of Pﬁ wTH U Pbli wj(;H can be written as a linear combination of cycles
Ty (H-Ty)
of P." AT* g [ ]

Note that if each vertex of the cycle basis B is relevant, then B is minimal.

Theorem 3.14. Let G and H be any two graphs. If Booy, 45 a minimal
cycle basis of GOwy, then B(G, H) = PTH U(A (H=Tir) )UBG’DwO is a minimal
cycle basis of G[H].

Proof. Let B be a minimal cycle basis of G[H| obtained by applying the
Greedy algorithm. Since Pg (A(H Tr) ) is a linearly independent set
consisting of 3-cycles, as a result we may assume that ng U (A(TZZUIQH)) C B.

Now, let S = B— <77£ (A (H -~ TH )) By Lemmas 3.9, 3.11 and 3.13 each
cycle of S neither contains an edge of any H-fiber nor contains two edges



MINIMAL CYCLE BASES OF THE ... 245

of the same fold of H. Thus, the cycles of & must be as in Lemma 3.12.
Since B is a minimal cycle basis, then each cycle of S is relevant. Now, by
Lemmas 3.12 and 3.11, each cycle of § is a linear combination of cycles of
length three (of the form P*’ ) with cycle corresponding to a cycle of GOwy

ab,w

of the same length. By Lemma 3.12 and 3.13, those corresponding cycles of
GOwp must be linearly independent. Since |S| = dim C(GOwy), as a result
the set of corresponding cycles of cycles of S is a basis for GUwg. Thus,
I(S) > I(Baow,)- Hence,

1B) = 1 (PG U (AT +u(s)
> 1 (PE U (ATTT)) 41 (Baow,)
— (B(G, H)).
On the other hand, since B is minimal, we have that
1(B) < I(B(G, H)).

Thus,
I(B) =1(B(G,H)).

Therefore, B(G, H) is minimal. |

The following two corollaries are straightforward from theorem 3.14.

C()or)'ollary 3.15. I[(G[H]) = 3(|E(G)||V (H)|?+dim C(H)|V (G)|— |E(G)|) +
I(G).

Corollary 3.16. A\(G[H]) = max{3, \(G)}.
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