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Abstract

Frequency planning consists in allocating frequencies to the trans-
mitters of a cellular network so as to ensure that no pair of transmitters
interfere. We study the problem of reducing interference by modeling
this by a radio k-labeling problem on graphs: For a graph G and an in-
teger k > 1, a radio k-labeling of G is an assignment f of non negative
integers to the vertices of G such that

If(x) = f(y)] = k+1—dg(z,y),

for any two vertices z and y, where dg(x,y) is the distance between
x and y in G. The radio k-chromatic number is the minimum of
max{f(z) — f(y) : =,y € V(G)} over all radio k-labelings f of G.
In this paper we present the radio k-labeling for the Cartesian prod-
uct of two graphs, providing upper bounds on the radio k-chromatic
number for this product. These results help to determine upper and
lower bounds for radio k-chromatic numbers of hypercubes and grids.
In particular, we show that the ratio of upper and lower bounds of
the radio number and the radio antipodal number of the square grid
is asymptotically %

Keywords: graph theory, radio channel assignment, radio k-labeling,
Cartesian product, radio number, antipodal number.

2000 Mathematics Subject Classification: 05C15, 05C78.



166 M. KcHIKECH, R. KHENNOUFA AND O. TOGNI

1. INTRODUCTION

In wireless networks, an important task is the management of the radio
spectrum, that is the assignment of radio frequencies to transmitters in a
way that avoid interferences. Interferences can occur if transmitters with
close locations receive close frequencies. The problem, often modeled as
a coloring problem on the graph where vertices represent by transmitters
and edges indicate closeness of the transmitters, has been studied by several
authors under different scenarios.

In this paper, we study the radio k-labeling problem defined by Char-
trand et al. [2, 3]. Formally, for a graph G = (V, E), we denote by dg(z,y)
the distance between two vertices z and y, and by D(G) the diameter of
G. A radio k-labeling of G is a function f : V — N such that for every two
distinct vertices x and y of G the following is satisfied:

[f(@) = fW) = k+1—da(z,y).

The span of the function f denoted by A*(f), is max{f(z) — f(y) : =,y €
V(G)}. The radio k-chromatic number A\¥(G) of G is the minimum span of
all radio k-labelings of G.

Determining the radio k-chromatic number seems to be a difficult task,
even for particular graphs. For instance, the radio k-chromatic number
for paths was studied in [3, 6], where lower and upper bounds were given.
Radio labelings for particular values of k were also considered: the radio
k-chromatic number of paths and cycles is studied for k¥ = D(G) — 1 in
[1, 2] known as radio antipodal number and for k = D(G) in [12] known
as radio number. The radio number of trees and square of paths has been
studied in [10, 11]. Recently, the radio antipodal number of the hypercube
was determined [8].

Notice that, although the authors in [3] only consider radio k-labelings
for k < D(G), one can also consider the case k > D(G). The motivation
behind the study of the case k > D(QG) is of two kinds: first this case seems
less difficult to study than the case k < D(G) and secondly, computing the
radio k-chromatic number of a graph for £ > D(G) can help to compute the
radio k-labeling number of other graphs with larger diameter, as it is done
in [6].

For the Cartesian product, we use the notation from [5]: The Carte-
sian product GOG’ of two graphs G and G’ is the graph with vertex set
V(G) x V(G') and edge set {(x;,u;)(xir,uj)|i =" and ujuy € E(G'), or
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zizy € E(G) and j = j'}. Therefore, to each vertex u; of G’ corresponds a
copy Gj of G in GOG', with 1 < j < |V(G).

As shown in [6], the radio k-chromatic number is related to two other
graph parameters: the upper Hamiltonian number [9] of a graph G, denoted
by h*(G), is the maximum of Y7 dg(n(i + 1),7(3)), over all cyclic per-
mutations 7 of the vertices of G. The upper traceable number, denoted by
t*(Q), is obtained from h*(G) by ignoring the distance between the first
and the last vertex: ¢tT(G) = max, Z?;02 da(m(i+1),7(7)).

Kral et al. in [9] showed that the problem of determining the upper
Hamiltonian number of a graph is N P-hard. The same method can be used
to prove that computing the upper traceable number is also an N P-hard
problem.

We shall use the following results from [6], which present a lower bound
and an upper bound on the radio k-chromatic number of a graph G in
terms of the parameter ¢*(G) and of the chromatic number x(G*¥) of the
k" power GF of G (i.e., the graph with the same vertex set as G and with
edges between vertices at distance at most k in G).

Theorem 1 ([6]). Let G be a graph of order n, then for any positive inte-
ger k,
M(G) > (n—1)(k+1) —tH(Q).

Moreover, if k > 2D(G) — 2, then
M(G) = (n—1)(k+1)—tT(Q).
Theorem 2 ([6]). For any graph G and any integer k > 1,
(@) < k(x(G") = 1).

The aim of this paper is to find relations between the radio k-chromatic
number of the Cartesian products of two graphs, and some (other) coloring
parameters on the factors. In Section 2, we propose general upper bounds for
the radio k-chromatic number for the product of two graphs. In Section 3,
we find more refined results for the product of a graph and a path. Applying
these results, we present in Section 4 upper and lower bounds for the radio
k-chromatic number of the hypercube and of the grid. In particular, for the
radio antipodal and radio numbers of the grid, the ratio of the upper and
lower bounds is small (asymptotically equal to %)
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2. RADIO k-LABELINGS OF THE CARTESIAN PRODUCT OF TwoO
GRAPHS

In this section we give general bounds for the radio k-chromatic number of
the Cartesian product of two graphs G and G'.

Theorem 3. For any two graphs G and G’ of order n > 2 and m respec-
tively, and for any integer k > D(GOG') — 1,

NGOG <mM(G) + (m — Dk —tH(@").

Proof. Let f be a radio k-labeling of G’ with A*(f) = A\*(G).

Let xg, z1, ..., x,—1 be an ordering of the vertices of G such that f(z;) <
f(zit1) and let ug,uq,...,un—1 be an ordering of the vertices of G’ such
that 3707 dor (wiy1, ui) = tT(G").

For each vertex u; of G’ we associate a copy G; of G in GOG’, where
V(G:) = {X0, X},..., X1} with X] = (2;,u;). With this notation, we
have dgggr(Xl-],Xi],,) =dg(xj, xj) + der(ui, uy).

Therefore, we can define a labeling g of GOG’ by setting

Q(Xg):f(xj), for0<j<n-1,
g(X0) = g(X" ) + k+1—dgoe (X0, XPY), for1<i<m-—1,
9(X7) = 9(X) + 9(X37), for1<j<n-—1,

1<i<m-—1.
The maximum label used is
g(X5 1) = 9(XD 1) +9(Xg ™) = g(X;55) + A(G) +k+1
— deoe (X1, X y),

m—1»
and thus
m—2
G(XEL) = mAG) + (m— D)k +1) = 3 daser (X0, X271).
p=0

As n > 2, then Z;n;oz daoar (XD, X7 1) > 22202(1 + der(Upt1,up)) =

m — 1+ tT(G’') because xg # x,_1. Consequently
g(X™ 1) <mAR(G) 4+ (m — 1)k — tT(G).
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Now, we show that g is a radio k-labeling of GOG’ by checking the distance
condition for each pair of vertices in GOG’: we want

9(X7) = g(XI) > k +1 - dgper (X7, XT)).

Case 1. If the two vertices are in the same copy G; of GOG’, then the
difference between their labels given by ¢ is the same as that between the
corresponding two vertices in Gp:

+9(X3) — (9(X?) + (X3 )

As dGucf(Xf,X{/) = dg(zj,xj), we obtain

9(X7) — (X0 > k +1 - deoer (X7, X7).

)

Case 2. If the two vertices are not in the same copy of GOG’, then we
just check the distance condition between two vertices X} 41 and X 7" which
are in two successive copies G;11 and G; respectively. We have

l9(X7,) — g(x7)] =

= [g(X2, ) + g(X]) — g(x7)]

= |g(XP Y 4+ k41— dgoe (X0, XPY) + g(X0) — g(X7)]
)
)

> g(XPY) = g(X7) + g(XI) (because we have k > D(GOG') — 1)
> g(Xg7Y) — g(X3) + 9(X3

> g(X}) - 9(X{)

> f(x;) = flzj)

> k+1—dg(zj,zj)

> k+1—daoe (X7, X7).

Thus g is a radio k-labeling and A*(GDG’) < mA¥(G) + (m — D)k — tH(G").
|
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We now give another upper bound for the radio k-chromatic number of the
Cartesian product which is valid for any k& > 2.

Theorem 4. For any two graphs G and G’ of order n and m respectively
and for any integer k > 2,

NGOG < Y (GFYN @) +k—1) —k+1.

Proof. Let f be a radio k-labeling of G with A*(f) = M¥(G) and let
xo,&1,...,Tn—1 be an ordering of the vertices of G such that f(x;) < f(zi41).
Let ¢ be a proper vertex-coloring of G'* with colors from {0,1,...,
x(G’*) — 1}. Denote the vertices of G’ by u;, 0 < j <m — 1.
Consider the labeling g of GOG’ given by

9((wi,u5)) = f2) + c(uy )N (G) + k —1).

The maximal label used by g is x(G’*)(\*(G) +k — 1) — k+ 1. To show that
g is a radio k-labeling of GOG’, we have to check that the distance condition
is satisfied.

Notice that for any two vertices in the same copy G; of G, the condition
can be easily verified.

Next, two vertices (z;,u;) and (zy,u;) with c(u;) = c(u;) are at dis-
tance at least k + 1 in GOG' (since c is a proper coloring of G'F), thus the
condition is also verified for these two vertices.

Finally, for two vertices (z;,u;) and (xy,u;) with c¢(u;) # c(uj) and
1 > 1, we have

l9((@i,u5)) = g((wir,up))| = |f (25) = f(@ir) + (e(uz) = e(uy ) (A (G) +k—1)].

If ¢(uj) > c(u;r) then

(i) = f (i) + (c(ug) = e(ur)) (A (G) + k = 1)
> f(xi) — f(xw)
>k+1—dg(xi,zy)
>k+1-— dGDG’((xﬁuj)? (wi’vuj'))'
If e(uj) < c(uj) then |f(z;) = f(zi) + (c(uj) — c(uj))(N(G) + k = 1) =

(luy) = () OH(G) +k = 1) = Joo) + (21), because Xo(G) + b — 1 —
P + faw) >
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Thus,

l9((zis uz)) — g((@ir, ujr))|

> MN(G) + k=1 = (f(z:) — f(zwr))

> k+1—deoe (i, u)), (@i, uy)) + deoer (@i, u5), (@, uy)) — 2
+ MN(G) = (f(i) = f(aw))

> k+1—dgog ((zi,u)), (x4, uy))

since daogr (i, uy), (T, uyr)) > 2 and f(z;) < A5 (G). u

3. RADIO k-LABELINGS OF THE PRODUCTS OF A GRAPH AND A PATH

In [12], the value of t*(G) was determined for the path.

Lemma 1 ([12]). For any integer n > 2,

n?—1 if n is even,

t+(Pn):{ 9 . .
(n®*—1)—1 if n is odd.

N[—= D=

Then, applying Theorem 3, we obtain:

Theorem 5. For any graph G of order n and for any integers m and k,
with k > D(G) +m — 2,

mAR(G) + (m — Dk — $(m? = 1)+ 1 if m is odd,

NH(GOP,) <
mAF(G) + (m — 1k — im? +1 if m is even.

Another bound for the product of a graph and a path can be determined
directly:

Theorem 6. For any graph G and for any integer k > 2,

M(GOP,) < K\ (G) 4+ min{k,m — 1}).
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Proof. Let f be a radio k-labeling of G such that \*(G) = \¢(f).
(xg,x1, ..., Tn—1) be an ordering of the vertices of G such that f(x;) < f(ar,+1)
and let V( ) =1{0,1,...,m —1}.

Now, we construct a labeling g of GOP,,:

9((zi,5)) = k(f(z;) + (j mod k)).

In order to show that g is a radio k-labeling, first note that for any j, 5’ and
for any x;, x;/, we have

daop, (x4, 7), (x,5') = da(zi, ze) + |7 — 5.

Hence, if |j — j'| > k, then the condition |g((x4,)) — g((xs,5"))| > k+1—
daop,, ((xi,7), (zi,7")) is satisfied provided that (x;,j) # (x;, ).

e For any j # 7', |7 — j/| < k and for any x;, we have
l9((xi, 7)) — 9((zi,5))| = k|(j mod k) — (j' mod k)| = k > k +1
— dcop,, (i, ), (i, 7).
e For any j and for any 7 > i/, we have
l9((xi, 7)) — 9((@ir, 3))| = kIf (z:) = f(z)]

[f (i) — f ()]
kE+1—dg(z,zy)

k + 1-— dGDPm((xiaj)7 (1.2’7]))

AVARRAY,

v

e For any j # j', |j — j'| <k, let ji, = (j mod k) and j; = (j' mod k). For
any 7 > i/, we have

l9((2i,9)) = 9((wir, iD= kIf (23) = f(ir) + G = il

If ji, > j; then,

k(f (@) — f(xi) + Jk — Ji)
f(@i) = f(xi)
kE+1—dg(z;,zy)
k+1—dcop, ((zi,4), (xi, 7).

l9((xi, ) — g((za, )]

AVARRAY,

v
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If ji < jj. then, if f(z;) — f(xir) > ji. — jk, we have,

l9((i, ) — g((za, )]

k(f(xi) = f(@e) = (G — Jk))
flxi) = f(ze) = (g, — k)
k+1—da(zi,zi) — (jy, — jr)
k+1—dg(zi,zy) — (7' —j)

AVARRAVARN V]

v

If f(zi) = f(zi) < jj, — jk, then

l9((3, 7)) — 9((@ar, 5)| = k(g — i — (f (@) — f(20)))
i — gk = (f (@) = f(zr))
fxi) = f(ze) = (g, — k)
k+1—dg(xi,xie) — (Jy, — Jx)
k+1—da(zi,zy) — (7' —j)

AV AV AV,

Y

Thus, for any 7, 7/ and for any z;, x;;, we have
l9((zi,4)) — 9((@ir. 3| = k +1 = daop,, (i, 7), (zir, 57))-
Consequently, g is a radio k-labeling of GOP,, and

M(GOP,) < X(g) < k(A\¥(G) +m —1).

4. RADIO k-LABELINGS FOR HYPERCUBES AND GRIDS

4.1. Hypercubes

Let H, be the hypercube of dimension n (H, = P,0---0OP,).
~—_—

n times

Lemma 2. For any integer n > 2,

tT(H,) =2""t2n - 1) — (n —1).

E+1-— dGDPm((fEi,j), (xi”j,))'

k+1-— dGDPm((fEi,j), (xi”j,))'

173
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Proof. First, observe that there are no three vertices x,y,z in H, such
that dp, (z,y) = dm,(y,z) = n. Thus, the best we can do in order to
maximize the sum of distances between consecutive vertices is to find an
ordering of the vertices such that the distance between consecutive vertices
is alternately n and n — 1.

This can be easily done by considering an Hamiltonian path P of a
subgraph H of H,, isomorphic to H,_; (it is straightforward that such a
path exists). The ordering is obtained by taking the first vertex of P, then
its antipodal vertex, then the second vertex of P, its antipodal, and so on.

Therefore,

2n71 2n—1 1

tT(H,) = Zn—|— Y n-1)=2"""2n—-1)—(n—1).

1= i=1 u

Theorem 7. For the hypercube H,, of dimension n > 2 and for any k > 2,
(2" =Dk —2""Y2n —=3) +n—2< N(H,) < (2" -1k —2""1 + 1.
Moreover, for k > 2n — 2,
MN(H) = @2" =Dk —2""12n = 3) +n—2.

Proof. The lower bound is a direct consequence of Theorem 1 and Lemma 2.
To show the upper bound, observe that H,, = H,_10FP,. Thus, applying
Theorem 3 inductively, we obtain

Ne(H,) = Ne(H,_10P)
< 22M(Hp1) + k-1
< 2N (Hp) + (k= 1)(2+1)

IN

n—2
2N (Py) 4 (B —1) S 2t
=0
< (2" —1k—-2""1 41, -

4.2. Grids

Let M, ,, = P,0P, denote the 2-dimensional grid.
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In this section, we provide upper and lower bounds for the radio k-chromatic
number for the grid M,, , only in terms of k as given in [3, 6] for the path.

The k-distance chromatic number of a 2-dimensional grid (or equiva-
lently, the chromatic number of the k** power of the 2-dimensional grid)
was determined in [4]. Using Theorem 2, we obtain an upper bound as
given in the result below:

Theorem 8. For the grid M,,, and for any integer k > 2,

N (M) <

)

T3+ 2k% — k) if ks odd,
(k3 + 2k?) if k is even.
In order to present a lower bound, we need the following lemma.

Lemma 3. For any integer p > 1,
h+(M2p72p) < 8p°.

Proof. Let V(Mapay) = {(i,7)|0 < i,j < 2p—1}. Let N = 4p* and
let Xo,...,Xn—1 be an ordering of V(Ma,9,) such that h'(Mapa,) =
Z]L}tol Aoy, (X7, Xg41). Remark that Xj1 = (4,5) and X; = (7,5)
for some 0 < 4,4’ j, 7" < 2p— 1. Thus, dap,, ., (X7, Xj41) = i =3[+ |5 — '
Therefore, the summation Z]L}tol dMsy, 5, (X7, X j41) consists in 4p? distances,
each distance corresponding to 4 numbers (two with a positive sign and two
with a negative sign). Moreover, each number i € {0,1,...,2p — 1} occurs
8p times in the summation.

Consequently, the configuration achieving the maximum summation is
when each number ¢ € {0,1,...,p — 1} occurs 8p times as —i and each of
{p,p+1,...,2p — 1} occurs 8p times as i. In that case we obtain

Nl 2p—1  p-1
> ity (X0, Xi1) < 8p(( X i— X i)
J=0 i=p i=0

p—1
= 8p< > p)
i=0
= 8p°.
Theorem 9. For any positive integer k and for any integer p > 1,

N ( My op) > 4p*(k — 2p + 1) — k.
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Proof. The result follows by combining Theorem 1 and Lemma 3, using
the fact that t+(M2p72p) < h+(M2p72p) —1. [ |

Theorem 10. For the grid M,, ,, and for any integer k > 2 with min{m,n}
> 2[%],
16

4
k

> — -
N (M) 27(/<:l +3k) — k >

Proof. 1t is easily seen that for any integers m,n, m’,n’ such that m’ > m
and n’ > n then \¥(M,,s /) > A¥(M,y, ,) since any radio k-labeling of M, .
provides a radio k—labehng of My, p.

The lower bound is obtained by setting p = [g} in Theorem 9 (we chose
this value of p in order to maximize the expression 4p(k — 2p + 1) — k).

If Kk = 0mod3 then p = & and MN(Msp,) > o-k(k +3) — k >
%(k‘ +3k) —k— 16

If k= 1m0d3thenp— B2 and M (Mopap) > o= (k+2)(k —1) — k =
o (kl + 3k) — k — 38,

If £ = 2 mod 3 then p = & and M(Mapap) > o(k+1) — k >
2;47(k +3k) —k— %. ]

Using Theorem 5 and the following theorem in [6], we obtain another upper
bound for the grid M, ,,.

Theorem 11 ([6]). For the path P, of order n > 2,

L B (n—1)k—
=

Tn—=1)2+1 ifnisodd and k >n—2,
1
2

sn(n —2) if nis even and k > n — 1.

Proposition 1. For the grid M, , = P,0P, of order n?® and for any k >
2n — 3,

Ne(M, ) <

s —=

(> =1k —3in—-1)(n?>—1)+2 ifn is odd,
(n® — 1)k —in*(n —1)+1 if n is even.

In particular, for k = D(M,,,,) — 1 and k = D(M,,,,) the above results give
bounds for the radio antipodal number and radio number of M), ,,. The ratio
of the upper and lower bounds is asymptotically equal to %
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Proposition 2. The radio antipodal number of the mesh M, ,, satisfies

3 5) 3 9
n® —3n? +n+2 < AN"3(M,,) < §n3 - 5712 gty

Proposition 3. The radio number of the mesh M, ,, satisfies

3 7
n® —2n® —n+2 < A2 (M,,) < §(n3—n2—n+§).

CONCLUSION

We have presented several bounds for the radio k-chromatic number of the
Cartesian product of graphs. Although it seems difficult to judge sharpness
of the bounds, we have shown in Section 4 that for some values of k£ near
the diameter of the graph, some of the bounds proposed are relatively close
to the optimal. Moreover, this study is among the first to consider radio k-
labeling of graphs different from a path or a cycle. An interesting question
is to know if the radio k-chromatic number of a graph G is closer to the
chromatic number of the graph G¥ than to k times this number.
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