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Abstract

For a graph G = (V, E), aset S C V(G) is a total dominating set if
it is dominating and both (S) has no isolated vertices. The cardinality
of a minimum total dominating set in G is the total domination num-
ber. A set S C V(Q) is a total restrained dominating set if it is total
dominating and (V(G) — S) has no isolated vertices. The cardinality
of a minimum total restrained dominating set in G is the total re-
strained domination number. We characterize all trees for which total
domination and total restrained domination numbers are the same.
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1. INTRODUCTION

By a graph we mean a finite, undirected graph without loops or multiple
edges. Terms not defined here are used in the sense of Arumugam [1].

Let G = (V, E) be a simple graph of order n. The degree, neighborhood
and closed neighborhood of a vertex v in the graph G are denoted by dg(v),
N¢g(v) and Ng[v] = Ng(v)U{v}, respectively. For a subset S of V', Ng(S) =
Uwves Na(v) and Ng[S] = Ng(S) U S. The graph induced by S C V is
denoted by (S). The minimum degree and maximum degree of the graph
G are denoted by §(G) and A(G), respectively. The diameter diam(G) of a
connected graph G is the maximum distance between two vertices of G, that
is diam(G) = max, ey (@) da(u,v). Let P, denote a path with n vertices.
Let K1, denote the star with r+1 vertices. Define K , 4 as follows: for each
edge of K1 ,, we subdivide by two vertices. The vertex of degree r is called
the central vertex of K ,4. Let n be a family of graphs and n = {K; , 4r > 1
and r is an integer }.

A subset S of V is called a dominating set if every vertex in V — §
is adjacent to some vertex in S. The domination number v(G) of G is
the minimum cardinality taken over all dominating sets of G. A set S C
V(G) is a total dominating set if it is dominating and (S) has no isolated
vertices. The cardinality of a minimum total dominating set in G is the total
domination number and is denoted by 7:(G). Cockayne et al. [6] studied
total dominating functions in trees: minimality and convexity.

The total restrained domination number of a graph was defined by D.
Ma et al. in [4]. A set S C V(Q) is a total restrained dominating set if it is
total dominating and (V(G) — S) has no isolated vertices. The cardinality
of a minimum total restrained dominating set in G is the total restrained
domination number and is denoted by vL(G).

A total dominating set S with cardinality v:(G) is called a ~y;-set. A
total restrained dominating set S with cardinality ! is called a ~!-set. Let
S C V(G) and = € S, we say that = has a private neighbour (with respect
to S) if there is a vertex in V(G) — S whose only neighbour in S is . Let
PN(z,S) denote the private neighbours set of x with respect to S.

A vertex of degree one is called a leaf. A vertex v of GG is called a support
if it is adjacent to a leaf. If T is a tree, L(T") and S(T") denote the set of
leaves and supports, respectively. Any vertex of degree greater than one is
called an internal vertex.
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For any graph theoretical parameters A and u, we define G to be (A, u)-graph
if A\(G) = p(G). In this paper we provide a constructive characterization of

(1, 71)-trees.

2. A CHARACTERIZATION OF (7;,7%)-TREES

As a consequence of the definition of total restrained domination number,
we have the following observations.

Observation 1. Let G be a graph without isolated vertices. Then
(i) every leaf belongs to every vi-set;

(i) every support belongs to every ~t-set;
(iii) %(G) < 7(G).

Observation 2. Let T be a (v, yL)-tree. Then each vL(T)-set is av(T)-set.
Let 71 and 75 be the following two operations defined on a tree 7.

e Operation 7. Assume x € V(T) is a leaf or support. Then add one or
more trees of  and the edges between z and each central vertex.

e Operation 72. Assume z € N(S(T)) — L(T). Then add one or more
paths P53 and the edges between z and one leaf of each Ps.

Let 7 be the family of trees such that 7 = {T": T is obtained from Pg by a
finite sequence of operations 71 or 79} U { Py, Ps}. We show first that each
tree in the family 7 has equal total domination number and total restrained
domination number.

Lemma 1. If T belongs to the family T, then T is a (v, yL)-tree.

Proof. We proceed by induction on the number of operations s(7") required
to construct the tree 7. If s(T) = 0, then T € {P,, Ps} and clearly T is a
(¢, VE)-tree. Assume now that 7' is a tree with s(T) = k for some positive
integer k and each tree T’ € 7 with s(T”) < k is a (74, v!)-tree. Then T can
be obtained from a tree T’ belonging to 7 by operation 71 or 75. We now
consider two possibilities depending on whether T is obtained from T’ by
operation 71 or Ts.
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Case 1. T is obtained from T’ by operation 7. Without loss of
generality, we can assume that 7' is obtained from T’ by adding k trees
Kip 4, K1 pp4,...,K1,,4 of n and the edges between x and each central
vertex, where r; < rg < --+ < 7. It is obvious that v(T) < v (T") +
2> cicpTi- Let D be a vyeset of T such that D N L(T) = (. Then
|D N Ky, 4] > 2r; for each K1, 4. Let D' = DN V(T').

Case 1.1. z is a support of T77. Then x € D'. If Ny (z) N D' # 0, then
D' is a total dominating set of 7. So v(T") < |D'| < %(T)—2> 1 cjcpri- If
Np+(z)ND' = (), then there exists a tree K1, 4 such that |[DNK7 ., 4] > 2r;+1
and its central vertex belongs to D. Let y € Np/(x) and D” = D" U {y}.
Then D" is a total dominating set of 77. So v(7") < |D"| = |D'|+1 <
Y (T) — 2 219‘9 T

Case 1.2. zis a leaf of 7. Let y € Np/(x). If y € D, then D’ is
a total dominating set of T’. Suppose y ¢ D. Then there exists a tree
Kj ;.4 such that |D N Ky, 4] > 2r; + 1 and its central vertex belongs to
D. Let D" = D'"U{y}. Then D” is a total dominating set of 7’. So
1(T') < D" =D+ 1<%(T) =23 1<icp Ti

By Case 1.1 and 1.2, v(T") < v(T) — 2> i<ij<pmi- Hence, %(T) =
Y(T') + 2 cicp 7i- 1t is obvious that vL(T) < AL(T7) + 2>, <) mi- Since
Y(T)+22 0 cicp i = (TN +2 3 cicp i = 2(T) < v7(T). Hence vi(T) =
Ve (T) + 23 1 <icp i So (T) = (D).

Case 2. T is obtained from T’ by operation 7. Without loss of general-
ity, we can assume that 7" is obtained from T’ by adding paths v1;, va;, v3;
and the edges between x and vy; for j = 1,2,--- k. It is obvious that
Y(T) < % (T") + 2k. Let D be a y-set of T such that D N L(T) = 0.
Then vij,v9; € D. Let D' = DN V(T'). Then D’ is a total domi-
nating set of 7. So v (T") < %(T) — 2k. Hence y(T) = v (T") + 2k.
Let D” be a vt-set of T”. Since T” is a (y,7L)-tree, it follows that x ¢
D". Otherwise, assume Np/(x) N S(T") = {y} and Np(y) N L(T") =
{z}. Then D" — {z} is a total dominating set of T’ with cardinality less
than |D”|, which is a contradiction. So, y4(T) < ~%4(T") + 2k. Since
V(T') + 2k = %(T') + 2k = 3(T) < AL(T). Hence E(T) = ~L(T") + 2k.
S0 1(T) = AL(T). .

We show next that every (7;,7L)-tree belongs to the family 7.
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Lemma 2. Let T be a (v, ~L)-tree. Then
(i) for each support v e S(T), |IN(v) NL(T)| = 1;
(ii) for any two supports u,v € S(T), d(u,v) > 3.

Proof. (i) Suppose that there exists a support v such that |N(v) N L(T)]
> 2. Let N(v) N L(T) = {v1,...,v;} where k > 2. Let D be a ~!-set of T.
Then, by Observation 1, it follows that D—{vs, ..., vt} is a total dominating
set of T' with cardinality less than ~4(T"), which is a contradiction. Hence,
|N(v) N L(T')| =1 for each support v € S(T').

(i) Suppose that there exist two supports u and v such that d(u,v) < 2.
Let uy € N(u) N L(T) and v; € N(v) N L(T). Let D be a vi-set of T. If
u is adjacent to v, then, by Observation 1, it follows that D — {u;} is
a total dominating set of T with cardinality less than ~;(7"), which is a
contradiction. Suppose d(u,v) = 2. Assume w € N(u) N N(v). Then by
Observation 1, it follows that (D — {uj,v1}) U {w} is a total dominating
set of T' with cardinality less than ~4(T"), which is a contradiction. Hence,
d(u,v) > 3 for any two supports u,v € S(T). ]

Lemma 3. If T is a (v¢,7%)-tree, then T belongs to the family 7.

Proof. Let T be a (v, yL)-tree. If diam(T) < 5, then T is Py or Ps. It is
clear that the statement is true. For this reason, we only consider only trees
T with diam(T) > 6.

Let T be a (y4,7%)-tree and assume that the result holds for all trees
on n(T) — 1 and fewer vertices. We proceed by induction on the number of
vertices of a (¢, 7:)-tree. Let P = (vg,v1,...,v;), | > 6, be a longest path in
T and let D be a v.(T)-set. Then vg,v; € D. By Lemma 2, it follows that
d(vy) = d(vy) = 2. Tt is obvious that vy, v3 ¢ D. Otherwise D — {vg} is a
total dominating set with cardinality less than | D], which is a contradiction.

Now we have the following claim.
Claim 1. |Np(v3) N D| = 1.

Proof. Without loss of generality, we can assume |Np(v3) N D| = t and
t > 1. Then Np(vs)ND C S(T)U{vs}. By Lemma 2, |[Np(vs)NDNS(T)| = 1.
So, t = 2. We can assume Nt (v3) N D = {vs1,v4}, where vs; € S(T). By
Lemma 2, it is easy to prove that vs € D. Let Ay = Np(vs) — {vs}.
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Then for any v € Ay, v ¢ D. Otherwise, let 77 denote the component of
T — {vs} containing vy. Then (D — (L(T1) U{v4})) U (Np, [S(T1)] — L(TY))
is a total dominating set of 7" with cardinality less than |D|, which is a
contradiction. Let B; = Np(Ay) N (V(T) — D), A, = Np(By) N D and
By = NT(AQ) N D. For i > 1, let Agjp1 = NT(BQZ') N (V(T) — D), Byt =
NT(A2i+1)m(V(T)—D), A2i+2 = NT(BQZ'Jrl)ﬂD and Bo; 1o = NT(AQZ'JFQ)HD.
It is obvious that |Ba;y1| < |Agito| < |Baita| for i > 0.

Now we prove that if Np(Bgj12) ND — Ag; 1o # (), then |[Np(v)ND| > 2
for any v € Np(Bgit2) N D — Agijro. Otherwise, we can assume t is the
maximum ¢ satisfying Np(Bgj12) N D — Agi1o # ) and there exists a vertex
v € Np(Bait2) N D — Agito such that |[Np(v) N D| = 1. Without loss of
generality, we can assume that u € Bo;y9 and uv € E(T).

Define C1 = Np(v) \ {u}. Then for any w € C1, w ¢ D. Let D; =
NT(Cl) N (V(T) — D) Let Cy = NT(Dl) ND and Dy = NT(CQ) N D. For
i >1,let Cojy1 = NT(DQZ‘) N (V(T) — D), Dyiv1 = NT(CQZ‘_H) N (V(T) — D),
Coiro = NT(DQZ'+1) N D and Do;yo = NT(C2Z'+2) N D. It is obvious that
|Dait1| < |Coita| < |Daital for i > 0. Let D' = (D — {v} — Up<j<t D2it2) U
Uo<i<t D2i41. It is obvious that D’ is a total dominating set of T with
cardinality less than |D|, which is a contradiction.

Let w € A;. Let D = (D - (L(Tl) @] {U4,U5}) - Uogigt Bgi+2) U
Ug<i<t B2it1 U {w} U (Np, [S(T1))] — L(T1)). Tt is obvious that D is a total
dominating set of T with cardinality less than |D|, which is a contradiction.
Hence, |Nr(v3) N D| = 1. ]

By the above claim, we consider the following three cases. Assume
dT (1)4) = j .

Case 1. vy € D and vqy € S(T). Let Ty denote the component of
T — {v4} containing vs. Let Np(vq) N L(T) = {i} and Np(vg) — {vs,l} =
{va1,-+ ,v4j—9)}. Denote T" = (V(T1) U {vy,l}). Then it is easy to
prove that () = %(T") + 23 <;<(j_o)(dr(va;) — 1). It is obvious that
VT < AUT) — 2> 1<i<(j-2)(dr(va) — 1). Since T'is a (7, YL )-tree, it
follows that v/(T) = v(T") = %(T") +2 E1§¢§(j_2) (dr(va) = 1) < (1) +
2 Zlgig(j—2) (dr(vai)—1). Hence v/ (T) = v,(T")+2 Elgz‘g(j—Q)(dT(UM)—l)-
So v (T") = 4L(T"). Consequently, T" is a (¢, v%)-tree and by induction hy-
pothesis, 77 € 7. As vy is a support in T”, we deduce that T' may be obtained
from T" by operation 7.
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Case?2. vy € D and vy ¢ S(T'). Let T3 denote the component of T'—{v4}
containing vs. Then vy € D. Let Np(vs4) — {vs} = {var, -, v4¢-1))}-
Denote T" = (V(T1) U {vs}). Then it is obvious that v(T) = vw(T') +
23 1<i<(j—1)(d(vg) — 1). It is obvious that VH(T') < A4T) — 2> 1<i<(j-1)
(d(vg;) — 1). Since T is a (g, 7L)-tree, it follows that Yi(T) = v (T) =
Y(T") +2 Z1gz’§(j71)(d(v4i) —1) <7 (T") +2 21§i§(j71)(d(v4i) —1). Hence
W(T) = 7 (T")+2 21§z’§(]’71)(d(”4¢)_1)- So v¢(T") = 7;(T"). Consequently,
T' is a (y4,7%)-tree and by induction hypothesis, 7" € 7. As vy is a leaf in
T’, we deduce that T may be obtained from T’ by operation 7.

Case 3. vy ¢ D. Then there exists exactly one vertex x € Np(v3)ND and
x is a support. Assume Np(z) N L(T) = {l}. Let T} denote the component
of T — {v3} containing vy. Denote T" = (V(T1) U {vs,xz,l}). It is obvious
that v(T) = % (T") + 2(dr(vs) — 2). It is obvious that z,l € D. Hence
VT < AHT) — 2(dr(v3) — 2). Since T is a (7, 7L)-tree, it follows that
VH(T) = W(T) = W(T") + 2dr(vs) — 2) < AUT) + 2dr(vs) — 2). Hence
YUT) = A4T") + 2(dp(vs) — 2). So w(T') = ~+4(T"). Consequently, T’
is a (y4,7!)-tree and by induction hypothesis, T/ € 7. As v3 is a vertex
adjacent to a support in T7”, we deduce that T' may be obtained from 7" by
operation To. ]

As an immediate consequence of Lemmas 2 and 3 we have the following
characterization of (v¢,7%)-trees.

Theorem 3. A tree T is a (y,7L)-tree if and only if T belongs to the
family T.

REFERENCES

[1] S. Arumugam and J. Paulraj Joseph, On graphs with equal domination and
connected domination numbers, Discrete Math. 206 (1999) 45-49.

[2] G.S. Domke, J.H. Hattingh, S.T. Hedetniemi, R.C. Laskar and L.R. Marcus,
Restrained domination in graphs, Discrete Math. 203 (1999) 61-69.

[3] F. Harary and M. Livingston, Characterization of tree with equal domination
and independent domination numbers, Congr. Numer. 55 (1986) 121-150.

[4] D. Ma, X. Chen and L. Sun, On total restrained domination in graphs,
Czechoslovak Math. J. 55 (2005) 165-173.

[5] G.S. Domke, J.H. Hattingh, S.T. Hedetniemi and L.R. Markus, Restrained
domination in trees, Discrete Math. 211 (2000) 1-9.



66 X.-G. CHEN, W.C. SHIU AND H.-Y. CHEN

[6] E.J. Cockayne, C.M. Mynhardt and B. Yu, Total dominating functions in trees:
minimality and convexity, J. Graph Theory 19 (1995) 83-92.

Received 22 September 2006
Revised 24 January 2007
Accepted 24 January 2007


http://www.tcpdf.org

