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Abstract

If D = (V, A) is a digraph, its competition hypergraph CH(D) has
vertex set V and e ⊆ V is an edge of CH(D) iff |e| ≥ 2 and there is
a vertex v ∈ V , such that e = N−

D
(v) = {w ∈ V |(w, v) ∈ A}. We

give characterizations of CH(D) in case of hamiltonian digraphs D
and, more general, of digraphs D having a τ -cycle factor. The results
are closely related to the corresponding investigations for competition
graphs in Fraughnaugh et al. [4] and Guichard [6].
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1. Introduction and Definitions

All hypergraphs H = (V (H), E(H)), graphs G = (V (G), E(G)) and digraphs
D = (V (D), A(D)) considered here may have isolated vertices but no mul-
tiple edges. Loops are allowed only in digraphs; per definition they do not
appear in competition graphs or competition hypergraphs.

In 1968 Cohen [2] introduced the competition graph C(D) associated
with a digraph D = (V,A) representing a food web of an ecosystem. C(D) =
(V,E) is the graph with the same vertex set as D (corresponding to the
species) and

E = {{u,w}|u 6= w ∧ ∃v ∈ V : (u, v) ∈ A ∧ (w, v) ∈ A},

i.e., {u,w} ∈ E if and only if u and w compete for a common prey v ∈ V .

Surveys of the large literature around competition graphs can be found
in Roberts [11], Kim [8] and Lundgren [9].

In our paper [13] it is shown that in many cases competition hypergraphs
yield a more detailed description of the predation relations among the species
in D = (V,A) than competition graphs. If D = (V,A) is a digraph its
competition hypergraph CH(D) = (V, E) has the vertex set V and e ⊆ V
is an edge of CH(D) iff |e| ≥ 2 and there is a vertex v ∈ V , such that
e = {w ∈ V | (w, v) ∈ A}. In this case we say v ∈ V = V (D) corresponds to

e ∈ E and vice versa.

In standard terminology concerning digraphs we follow Bang-Jensen
and Gutin [1]. With d−D(v), d+

D(v), N−

D (v) and N+

D (v) we denote the in-

degree, out–degree, in-neighbourhood and out-neighbourhood of a vertex v in
a digraph D, respectively.

For a graph G, let us call a collection {C1, . . . , Cp} an edge clique cover

of G, if each Ci ⊆ V (G) generates a clique in G (not necessarily maximal)
or Ci = ∅, and every edge of G is contained in at least one of these cliques.
Obviously, the edges of CH(D) correspond to certain cliques in C(D), and
this proves to be very useful in the following.

If M = (mij) is the adjacency matrix of digraph D, then the competi-
tion graph C(D) is the row graph RG(M) (see Lundgren and Maybee [10];
Greenberg, Lundgren and Maybee [5]). To find a similar characterization for
competition hypergraphs, we defined in [13] the row hypergraph RH(M).
The vertices of this hypergraph correspond to the rows of M , i.e., to the
vertices v1, v2, . . . , vn of D, and the edges correspond to certain columns;
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in detail:

E(RH(M)) =

=
{
{vi1 , . . . , vik} | k ≥ 2 ∧ ∃ j ∈ {1, . . . , n} : mij = 1 ⇔ i ∈ {i1, . . . , ik}

}
.

This notion yields immediately the following result.

Lemma 1 ([13]). Let D be a digraph with adjacency matrix M . Then the

competition hypergraph CH(D) is the row hypergraph RH(M).

Note that any permutation of rows or columns in M does not change the
row hypergraph RH(M) (up to isomorphism). Conversely, for a competition
hypergraph H with n vertices and t edges we call each (n×n)-matrix M with
entries 0 or 1 a competition matrix of H if H ∼= RH(M). Such a competition
matrix is said to be standardized if ej ∈ E(H) corresponds to column j of
M for j = 1, . . . , t and all entries are 0 in columns t + 1, . . . , n.

Obviously, every competition matrix M of a competition hypergraph
H can be transformed into a standardized one by permuting columns and
replacing entries 1 by 0 in columns, which contain only a single entry 1 (both
operations do not influence RH(M)).

Results for competition graphs of hamiltonian digraphs are given in
Fraughnaugh et al. [4].

Theorem 2 ([4]). A graph G with n vertices is a competition graph of a

hamiltonian digraph without loops if and only if G has an edge clique cover

{C1, C2, . . . , Cn} with a system of distinct representatives {vn, v1, . . . , vn−1}
such that vn ∈ C1, vi ∈ Ci+1 (i = 1, . . . , n − 1) and

∀i ∈ {1, . . . , n} : vi /∈ Ci.(1)

In the same paper [4] it is shown that condition (1) may be omitted in
Theorem 2 if D may have loops, Guichard [6] had success in combining
both results if G has n ≥ 3 vertices.

Theorem 3 ([6]). A graph G with n ≥ 3 vertices is a competition graph

of a hamiltonian digraph without loops if and only if G has an edge clique

cover {C1, . . . , Cn} with a system of distinct representatives.

In the following we provide some results concerning competition hyper-
graphs, discuss relations between the investigations for competition graphs
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and competition hypergraphs of hamiltonian digraphs and prove character-
izations for competition hypergraphs of hamiltonian and related digraphs.
An important point of view is the fact that these characterizations contain
conditions only depending on the edge set of the competition hypergraph.

2. Tools

A graph G with n vertices is the competition graph of a digraph which may
have loops if and only if there is an edge clique cover of G containing at most
n cliques (cf. Dutton and Brigham [3]). Moreover, if additionaly G 6= K2

is fulfilled, G is even the competition graph of a digraph without loops (cf.
Roberts and Steif [12]). Hence the conditions in Theorem 2 and Theorem
3 provide that G is the competition graph of a digraph which may have
loops and a digraph without loops, respectively. This is one reason that the
additional condition (1) of Theorem 2 may be omitted in Theorem 3.

For hypergraphs the following results are known.

Theorem 4 ([13]). A hypergraph H with n vertices is a competition hyper-

graph of a digraph which may have loops if and only if |E(H)| ≤ n.

Because of the numerous possibilities for edge cardinalities in hypergraphs,
the result for digraphs without loops becomes more complicated. For t ∈ IN
we define

Mk = {Mk ⊆ {1, . . . , t}| |Mk| = k} for k = 1, . . . , t.

Theorem 5 ([13]). Let H be a hypergraph with n vertices and E(H) =
{e1, . . . , et}. Then H is a competition hypergraph of a digraph without loops

if and only if

∀ k ∈ {1, . . . , t} ∀Mk ∈ Mk :
∣∣∣

⋂

j∈Mk

ej

∣∣∣ ≤ n − k.(2)

In the following we will need several times

Hall’s Theorem ([7]). Let A1, . . . , At be arbitrary sets. Then A1, . . . , At

have a system of distinct representatives if and only if

∀ k ∈ {1, . . . , t} ∀Mk ∈ Mk :
∣∣∣

⋃

j∈Mk

Aj

∣∣∣ ≥ k.(3)
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3. Results

There are two interesting points of view for the investigations of competition
hypergraphs of hamiltonian digraphs:

(a) As mentioned in the introduction the t ≤ n edges of the competition hy-
pergraph CH(D) correspond to certain cliques of a suitable edge clique
cover {C1, . . . , Cn} of the competition graph C(D). In Theorem 2 and 3
there are conditions for all these n cliques C1, . . . , Cn. In case of hyper-
graphs it would be desirable to formulate conditions only for the t ≤ n
edges, and this will be possible.

(b) Considering Theorems 2 and 3 the question arises whether in case of
loopless digraphs a condition corresponding to (1) is needed or not?

Our results will show that, unfortunately, the answer to the question (b)
is yes. However, if we do not postulate such a condition we can prove a
weaker result; this motivates the following definition. According to Bang-
Jensen and Gutin [1] a system {~c1, . . . ,~cτ} of oriented cycles in a digraph
D is called a τ -cycle factor if every vertex of D is contained in exactly one
cycle ~cj ∈ {~c1, . . . ,~cτ}. Clearly, for τ = 1 the digraph D is hamiltonian. The
following result characterizes competition hypergraphs of digraphs D having
a τ -cycle factor. A class of examples given later will show that sometimes
τ ≥ 2 is unavoidable.

Theorem 6. Let H be a hypergraph with n vertices and E(H) = {e1, . . . , et}.
Then the following conditions are equivalent.

(i) H is the competition hypergraph of a loopless digraph D having a τ -cycle

factor.

(ii) It holds

∀ k ∈ {1, . . . , t} ∀Mk ∈ Mk :
∣∣∣

⋃

j∈Mk

ej

∣∣∣ ≥ k ∧
∣∣∣

⋂

j∈Mk

ej

∣∣∣ ≤ n − k.(4)

(iii) H is the competition hypergraph of a loopless digraph and E(H) has a

system of distinct representatives.

Proof. (i) ⇒ (ii). Suppose H is the competition hypergraph of a digraph D
having a τ -cycle factor {~c1, . . . ,~cτ} and the adjacency matrix M = (mij) for
some vertex labelling, such that V = {v1, . . . , vn}. For each j ∈ {1, . . . , n}
let v−j be the unique vertex with (v−j , vj) ∈ A(~cµ) for some µ ∈ {1, . . . , τ}.



28 M. Sonntag and H.-M. Teichert

Then S′ = {v−1 , . . . , v−n } is a system of distinct representatives for the column

sets cj = {vi | i ∈ {1, . . . , n} ∧ mij = 1}, j = 1, . . . , n. By Lemma 1 we have
H = CH(D) = RH(M). The edges E(H) = {e1, . . . , et} correspond to those
columns of M containing at least two entries 1, thus

∀j ∈ {1, . . . , t} ∃ ij ∈ {1, . . . , n} : ej = cij .

Hence there is a system of distinct representatives S ′′ ⊆ S′ for {e1, . . . , et}.
Therefore, using Hall’s Theorem, we obtain the first part of (4) and the
second one is true by Theorem 5.

(ii) ⇒ (i). Suppose (4) is true. Using Theorem 5 it follows from the
second part of (4) that H is the competition hypergraph of a digraph without
loops; in the following we construct such a digraph having additionally a
τ -cycle factor. Choosing k = t in (4) we obtain |E(H)| = t ≤ n. Let
M1 = (m1

ij) be the standardized competition matrix of H for some labelling
of the vertices of H, i.e., V (H) = {v1, . . . , vn}, and it holds

∀j ∈ {1, . . . , t} : ej = {vi | i ∈ {1, . . . , n} ∧ m1
ij = 1}.

Note that the columns t + 1, . . . , n of M 1 contain only the entry 0. The
matrix M 1 will be transformed three times in the following; observe that
the resulting matrices M 2,M3,M4 are competition matrices of the same
hypergraph H. Because of Hall’s Theorem and the first part of (4) there
is a system of distinct representatives S = {v̄1, . . . , v̄t} for {e1, . . . , et}. For
the last n − t column sets it holds

∀j ∈ {t + 1, . . . , n} : c1
j = {vi | i ∈ {1, . . . , n} ∧ m1

ij = 1} = ∅ .(5)

Hence the system S can be enlarged to a system of distinct representa-
tives S̄ = {v̄1, . . . , v̄t, v̄t+1 . . . , v̄n} for the column sets {c2

1 = e1, . . . , c
2
t = et,

c2
t+1, . . . , c

2
n}, i.e., the matrix M 2 = (m2

ij) arises from M 1 by setting m2
ij = 1

if vi = v̄j for j = t + 1, . . . , n.

Next we show that M 2 and S̄ can be transformed into a matrix M 3 =
(m3

ij) and an enlargement S̃ = {ṽ1, . . . , ṽn} of S, respectively, having the
additional property

∀i ∈ {1, . . . , n} ∃ j ∈ {1, . . . , n} : m3
ij = 0 .(6)
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We distinguish three cases:

(a) For t = n the second part of (4) yields (for k = t = n) : |
⋂n

j=1 ej | = 0,

therefore (6) is true, i.e., S̃ = S̄.

(b) For t ≤ n−2 it follows with (5) that at least two columns of M 2 contain
(n − 1) times the entry 0 and once the entry 1, appearing in different
rows. Hence S̃ = S̄ and (6) is true.

(c) For t = n − 1 we choose k = t = n − 1 in the second part of (4) and
obtain

∣∣∣
n−1⋂

j=1

ej

∣∣∣ ≤ n − (n − 1) = 1 .(7)

Hence there is at most one row (m2
p1, . . . ,m

2
pn) = (1, . . . , 1). In this case

change the representatives v̄1 = vq and v̄n = vp of c2
1 and c2

n, respectively,
i.e., ṽ1 = vp, ṽn = vq. By (7) this yields (m3

p1, . . . ,m
3
pn) = (1, . . . , 1, 0)

and (m3
q1, . . . ,m

3
qn) = (1, . . . , 0, . . . , 1).

Thus (6) is fulfilled.

We consider the obtained competition matrix M 3 of H with column sets
c3
j = {vi | i ∈ {1, . . . , n} ∧ m3

ij = 1}, j = 1, . . . , n, where c3
j = ej for j =

1, . . . , t. Further we define c̄3
j = {vi | i ∈ {1, . . . , n} ∧ m3

ij = 0}. The second
part of (4) can be written as

∀ k ∈ {1, . . . , t} ∀Mk ∈ Mk :
∣∣∣

⋂

j∈Mk

c3
j

∣∣∣ ≤ n − k .(8)

Because of |c3
t+1| = · · · = |c3

n| = 1 it follows

∀ C̃ ⊆ {c3
1, . . . , c

3
n} : C̃ ∩ {c3

t+1, . . . , c
3
n} 6= ∅ ⇒

∣∣∣
⋂

C̃
∣∣∣ ≤ 1 .(9)

Together with (6) we obtain from (9) that (8) can be generalized to

∀ k ∈ {1, . . . , n} ∀Mk ∈ Mk :
∣∣∣

⋂

j∈Mk

c3
j

∣∣∣ ≤ n − k

and this is equivalent to

∀ k ∈ {1, . . . , n} ∀Mk ∈ Mk :
∣∣∣

⋃

j∈Mk

c̄3
j

∣∣∣ ≥ k .(10)
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Using Hall’s Theorem the existence of a system of distinct representatives
for {c̄3

1, . . . , c̄
3
n} follows. Let M 4 = (m4

ij) arise from M 3 by permuting of the
columns of M 3 such that m4

jj = 0, where vj is the representative of c̄4
j , j =

1, . . . , n. Then M 4 is the adjacency matrix of a digraph D without loops.
Obviously, {v1, . . . , vn} = V (D) (in a certain ordering) is also a system of
distinct representatives for {c4

1, . . . , c
4
n} with the additional property i 6= j,

if vi represents c4
j .

It remains to show the existence of a τ -cycle factor in D. For this
purpose we consider the system of distinct representatives for {c4

1, . . . , c
4
n}

mentioned above and define a digraph D ′ = (V ′, A′) by V ′ := {1, . . . , n} and
A′ := {(i, j)|i, j ∈ {1, . . . , n} ∧ vi is the representative for c4

j}.

Then A′ has the properties:

• |A′| = n;

• ∀ i, j ∈ {1, . . . , n} : (i, j) ∈ A′ ⇒ i 6= j;

• {i | ∃ j ∈ {1, . . . , n} : (i, j) ∈ A′} = {1, . . . , n}
= {j | ∃ i ∈ {1, . . . , n} : (i, j) ∈ A′}.

Consequently, the adjacency matrix of D ′ (which can be obtained from M 4

by replacing certain entries 1 by 0, i.e., D ′ is isomorphic to a subdigraph of
D) contains exactly one entry 1 per column and one entry 1 per row.

Therefore, in D′ every vertex i ∈ V ′ has d−D′(i) = d+

D′(i) = 1. Hence,
all components of D′ are directed cycles corresponding to a τ -cycle factor
{~c1, . . . ,~cτ} of D.

(ii) ⇔ (iii). The equivalence of both conditions follows immediately
from Hall’s Theorem and Theorem 5.

As mentioned before Theorem 6, in the following we give a class of nonhamil-
tonian digraphs D̃2n, n ≥ 3, the competition hypergraphs H̃2n := CH(D̃2n)
of which fulfill condition (iii) of Theorem 6 but being not competition hy-
pergraphs of any hamiltonian digraph without loops (cf. Lemma 7 below).
For V (D̃2n) = {v1 = x1, . . . , vn = xn, vn+1 = y1, . . . , v2n = yn} we define the
arcs by

A(D̃2n) = {(xi, xj) | i 6= j ∧ i, j ∈ {1, . . . , n}}

∪ {(yi, yj) | i 6= j ∧ i, j ∈ {1, . . . , n}}

∪ {(xi, yj) | i, j ∈ {1, . . . , n}}.

(11)
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The adjacency matrix M̃ = (m̃ij) of such a digraph is given by

m̃ij =

{
0 for i = j ∨ (i ≥ n ∧ j ≤ n),

1 otherwise .

For example n = 3 yields

M̃ =




0 1 1 1 1 1

1 0 1 1 1 1

1 1 0 1 1 1

0 0 0 0 1 1

0 0 0 1 0 1

0 0 0 1 1 0




and D̃6, H̃6 := CH(D̃6) given in Figure 1.
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Figure 1. The digraph D̃6 and its competition hypergraph.

Clearly, D̃2n is not hamiltonian, has a 2-cycle-factor and H̃2n fulfills (iii)
of Theorem 6 (the representatives of the edges of H̃2n can be chosen corre-
sponding to the framed elements in M̃).

Lemma 7. Let n ≥ 3. Then there is no hamiltonian digraph D without

loops such that H̃2n = CH(D̃2n) = CH(D).
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Proof. From (11) we obtain E(H̃2n) = {e1, . . . , en, en+1, . . . , e2n}, where

∀ j ∈ {1, . . . , n} : ej := {x1, . . . , xn} \ {xj} and

∀ j ∈ {1, . . . , n} : en+j := {x1, . . . , xn, y1, . . . , yn} \ {yj}.

For every loopless digraph D with CH(D) = H̃2n it follows:

(a) ∀ j ∈ {1, . . . , n} : yj ∈ V (D) corresponds to en+j ∈ E(H̃2n) (since yj

is the only vertex not belonging to en+j); therefore for j ∈ {1, . . . , n} :
{(xi, yj) | i ∈ {1, . . . , n}} ∪ {(yi, yj) | i 6= j ∧ i ∈ {1, . . . , n}} ⊆ A(D).

(b) ∀ j ∈ {1, . . . , n} : xj ∈ V (D) corresponds to ej ∈ E(H̃2n) (because
of (a)) y1, . . . , yn cannot correspond to ej and xj is the only vertex
of {x1, . . . , xn} not belonging to ej); therefore for j ∈ {1, . . . , n} :
{(xi, xj) | i 6= j ∧ i ∈ {1, . . . , n}} ⊆ A(D).

Formula (11), (a) and (b) imply A(D̃2n) ⊆ A(D). Since every vertex of
D corresponds to a hyperedge of H̃2n, no additional arcs can appear in D
(because this would result in a change of H̃2n). Consequently, D = D̃2n

is the only loopless digraph with the competition hypergraph H̃2n and the
proof is complete.

Note that the competition graph C(D̃2n) ∼= K2n, which is of course the
competition graph of a hamiltonian digraph without loops.

Finally we characterize the competition hypergraphs of hamiltonian di-
graphs without loops; for this purpose the condition (12) below, which cor-
responds to (1) in Theorem 2, is necessary.

Theorem 8. A hypergraph H with V (H) = {v1, . . . , vn} and E(H) =
{e1, . . . , et} is the competition hypergraph of a hamiltonian digraph without

loops if and only if there is a subset {j1, . . . , jt} ⊆ {1, . . . , n} of pairwise dis-

tinct indices such that {vj1−1, . . . , vjt−1} (indices taken mod n) is a system

of distinct representatives of {e1, . . . , et} and furthermore

∀ i ∈ {1, . . . , t} : vji
/∈ ei .(12)

Proof. Suppose H is the competition hypergraph of a loopless digraph D
having the hamiltonian cycle (v1, v2, . . . , vn, v1). For E(H) = {e1, . . . , et} it
follows

∀ i ∈ {1, . . . , t} ∃ ji ∈ {1, . . . , n} : ei = N−

D (vji
).
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Clearly, vji
/∈ ei (because D has no loops) and the hamiltonian cycle yields

vji−1 ∈ ei. Conversely, suppose vji−1 ∈ ei and vji
/∈ ei for i = 1, . . . , t.

Consider the digraph D with V (D) = V (H), N−

D (vji
) = ei for i = 1, . . . , t

and (vk−1, vk) ∈ A(D) for k /∈ {j1, . . . , jt}. Then D is a loopless digraph
with the hamiltonian cycle (v1, v2, . . . , vn, v1) and we have H = CH(D).

As an immediate consequence we obtain a characterization for the case of
hamiltonian digraphs with loops allowed.

Corollary 9. A hypergraph H is the competition hypergraph of a hamilto-

nian digraph (which may have loops) if and only if E(H) has a system of

distinct representatives.
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