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Abstract

In [5] the necessary and sufficient conditions for the existence of
(k,1)-kernels in a D-join of digraphs were given if the digraph D is
without circuits of length less than k. In this paper we generalize
these results for an arbitrary digraph D. Moreover, we give the total
number of (k,)-kernels, k-independent sets and I-dominating sets in a
D-join of digraphs.
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1. INTRODUCTION

For concepts not defined here see [2]. Let D be a finite, directed graph (for
short: a digraph) without loops and multiple arcs, where V(D) is the set
of vertices and A(D) is the set of arcs of D. By a path from a vertex x;
to a vertex x,, n > 2, we mean a sequence of vertices x1,...,T, and arcs
(x4, xit1) € A(D) for i = 1,2,...,n — 1 and for simplicity we denote it by
Z1...2Ty. A circuit is a path with 1 = z,. By dp(x;,x;) we denote the
length of the shortest path from x; to x; in D. If there does not exist a
path from x; to ; in D, then we put dp(x;,z;) = co. For any X C V(D)
and z € (V(D)\ X) we put dp(z, X) = mingex dp(z,y). By CS(x;)
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we denote the family of all circuits in D containing the vertex x; of length
d, where n < d < .
We say that a subset J C V(D) is a (k,1)-kernel of D if

(1) for each z;,x; € J and i # j, dp(x;,x;) > k and
(2) for each z; ¢ J there exists x; € J such that dp(x;,x;) <.

If the set J satisfies the condition in (1) or in (2), then we shall call it a
k-independent set of D (also called a k-stable set of D) or an [-dominating
set of D, respectively. We notice that a 2-independent set is an independent
set and a 1-dominating set is a dominating set of D. In addition, we assume
that a subset containing only one vertex and an empty set is also meant
as a k-independent set. The set V(D) is an l-dominating set of D. If
an [-dominating set of D has exactly one vertex, then this vertex we shall
call an [-dominating vertex of D. Moreover, the l[-dominating vertex of
D is also a (k,l)-kernel of D for every k > 2. A digraph D whose every
induced subdigraph has a (k, [)-kernel is called a (k, )-kernel perfect digraph.
Sufficient conditions for the existence of kernels and (k, [)-kernels in digraphs
have been investigated, for instance in [1, 3, 4, 5]. By NkI(D), NID(D) and
NKIK (D) we mean the number of all k-independent sets, [-dominating sets
and (k,[)-kernels of the digraph D, respectively. Moreover, by Nld(D) we
will denote the number of all I-dominating vertices of D. The total number
of k-independent sets and (k,[)-kernels in graphs and in some their products
were studied in [6] and [8].

Let D be a digraph with V(D) = {z1,...,z,}, n > 2 and a =
(Di)ie{l,...,n} be a sequence of vertex disjoint digraphs on V(D;) = {yi,...,
Yp,}, pi = 1,4 = 1,...,n. The D-join of the digraph D and the se-
quence « is a digraph o(a, D) such that V(o(a, D)) = Ui ({z:} x V(Dy))
and A(o(0, D)) = {((zs.13). (aq.) : @2 = 2, and (13, 57) € A(D,) or
(xs,2q) € A(D)}. By Df we mean a copy of the digraph D; in o(«, D).

It may be noted that if all digraphs from the sequence a have the same
vertex set, then from the D-join we obtain the generalized lexicographic
product of the digraph D and the sequence of the digraphs D;, i.e., o(a, D) =
DIDy,...,D,]. If all digraphs from the sequence « are isomorphic to the
same digraph H, then from the D-join we obtain the composition D[H] of
the digraphs D and H.

The existence of (k, [)-kernels in the lexicographic product D[Dy, ..., D]
was studied in [7]. Moreover, in [8] the total number of k-independent sets
of a lexicographic product of graphs were determined using the concept of
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the Fibonacci polynomial of graphs. In [5] the necessary and sufficient con-
ditions for the existence of (k,1)-kernels in D-join were given, where D is a
digraph without circuits of length less than k. It was proved:

Theorem 1 [5]. Let D be a digraph without circuits of length less than k.
A subset S* C V(o(a, D)) is a k-independent set of o(a, D) if and only if
there exists a k-independent set S C V(D) such that S* = J,c7 Si, where
I ={ijx; € S}, S; C V(D) and S; is a k-independent set of DS for every
1el.

Theorem 2 [5]. Let Q CV(D), T ={i:z; € Q} and Q; C V(D). If Q
is an l-dominating set of D and Q; s an l-dominating set of DS for every
i € Z, then Q" = |U;cr Qi is an l-dominating set of o(a, D).

Theorem 3 [5]. Let k > 2, Il < k — 1 be integers. Let D be a digraph
without circuits of length less than k. The subset J* is a (k,l)-kernel of the
o(a, D) if and only if there exists a (k,l)-kernel J C V(D) of the digraph
D such that J* = J;cz Ji, where T = {i :x; € J}, J; CV(D5) and J; is a
(k,1)-kernel of DS for every i € Z.

In this paper, we generalize these results for an arbitrary digraph D. More-
over, we determine the total number of k-independent sets, [-dominating
sets and (k,!)-kernels in o(«, D).

2. THE EXISTENCE OF (k,[)-KERNELS IN D-JOIN

In this section, we give the necessary and sufficient conditions for the ex-
istence of (k,l)-kernels in D-join if D is an arbitrary digraph on n, n > 2
vertices and o = (Dj);eq1,... ny 18 an arbitrary sequence of vertex disjoint
digraphs on p;, p; > 1 vertices.

Theorem 4. Let (z;,1), (xj,yg) € V(o(a,D)). Then

dD(fL'“x]) fO?" Z#]a

d (3 ! ) E 7)) = i
7(0,0) (@6 Up): (5, 3)) {min{dDi(y;Z),y(Z]),dD($i)} for i=1j,

where dp(x;) denotes the length of the shortest circuit containing the vertex
z; inD.
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Proof. Assume that (2;,y}), (25, y?) are two different vertices of V (c(a, D))
and distinguish two possible cases:

1. i # j. Then the theorem follows immediately from the definition of
o(a, D).

2. i = j. Using the definition of o(«, D) we have that there exists a
path from (z;,y5) to (24,9) in o(a, D) of the same length as the path from
Yp to yq in D;. Moreover, if there exists a circuit in D which includes a
vertex x;, then by the definition of o(«, D) it follows that there also exists
a path from (ﬂ:i,y;) to (xi,yf]) of length dp(x;) equal to the length of the
shortest circuit in D, which includes a vertex x;. Otherwise, if there does
not exist a circuit in D which includes a vertex z;, then we put dp(x;) = 0.
Evidently da(a,D) ((xu y;u)v (xjv yé)) = min{dDi (yp7 yq)7 dp ('Il)}

Thus the theorem is proved. [ |

Theorem 5. A subset S* C V(o(w, D)) is a k-independent set of o(c, D) if
and only if S C V(D) is a k-independent set of D such that S* = J;c1 Si,
where T = {i : x; € S}, S; C V(DY) and for everyi €T

(a) S; is a k-independent set of DS if C%gk*l(xi) =0 or

(b) S; is 1-element set containing an arbitrary vertex from V (DY), other-
wise.

Proof. 1. Let S* be a k-independent set of the D-join o(«a, D). Denote
S ={x; € V(D) : S*NV(D§) # 0}. First, we shall prove that S is a
k-independent set of D. Let z;,x; € S be two different vertices. Then by
the definition of the set S there exist 1 < r < p; and 1 < s < p; such that
(zi, 1), (x5, yl) € §*. By Theorem 4 and from the assumption of the set S*
we obtain that dp(zi, ;) = dy(a,p) (i, yL), (x],yg)) > k. The definition of
the set S implies that S* = (J;c7 Si, where Z = {i : 2; € S}. We consider
the following cases.

L1. Let C3SF~Y(z) = 0.
Because S* is k-independent so by the definition of o(a, D) and by assump-
tion it follows immediately that S; is a k-independent set of Df.

1.2. Let CHSF~1(z;) # 0.

We shall prove that S; contains exactly one arbitrary vertex from V(Df).
By Theorem 4 we obtain that for arbitrary two vertices from V(DY) the
distance between them in o(a, D) is less than k. Consequently, S; must
contain exactly one arbitrary vertex from V(D).
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Hence from the above cases we obtain that S; is a k-independent set of DY
if there does not exist in D a circuit containing x; of length less than k or
S; contains exactly one arbitrary vertex from V' (DY), otherwise.

II. Let S C V(D) be a k-independent set of the digraph D. Let Z =
{i:xz; € S} and let S; be as in the assumption. We shall prove that S* =
Uiez Si is a k-independent set of the D-join o(a, D). Let (x4, 45), (25,y4) €
S* be two distinct vertices. Consider the possible cases:

I1.1. (mi,y;,) € S; and (xj,yg) € Sj, where i # j.
Since S is k-independent in D, so by Theorem 4 it follows that
do(a,D)((wi7y;))7 (w_]?yé)) = dD((L'iyxj) > k.

II1.2. (wi,y;), (xi,yé) € S;, where p # ¢ for some i € Z.

Since 5; contains at least two vertices, so by the assumption, S; is k-
independent of Df and Cdngfl(xi) = (). To prove that S* is a k-independent
set of o, D) assume on the contrary that dy (o, p)((7i,v,), (z:,y,)) < k. If
k = 2, then a contradiction with the independence of S; in Df. Let k > 3.
This means that there exists a path (z;,4) ... (z5,3) in o(a, D) of length
less than k such that at least one inner vertex of this path does not belong to
V(Df). Hence there exists in D a circuit containing the vertex z; of length
less than k, a contradiction to the assumption.

Taking the two above cases into considerations we obtain that for dis-
tinct (wi,y;,),(xj,yg) € S* there holds do(a,D)((wi,y;),(wj,yg)) > k, hence
S* is a k-independent set of o(«, D).

Thus the theorem is proved. [ |

If D is a digraph without circuits of length less than k, then we obtain
Theorem 1.

Theorem 6. A subset Q* C V(o(a, D)) is an l-dominating set of o(c, D) if

and only if Q C V(D) is an l-dominating set of D such that Q* = U7 Qi,

where T = {i;z; € Q}, Q; C V(DY) and for everyi €T

(a) Q; is an l-dominating set of DS if C%gl(xi) =0 and for each j € T and
J # 1, there holds dp(x;,z;) > 1 or

(b) Qi is an arbitrary nonempty subset of V (DY), otherwise.

Proof. 1. Let Q* be an [-dominating set of the D-join o(a, D). Denote
Q = {xz; € V(D);Q* N V(D§) # (0}. First, we shall prove that @ is an
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l-dominating set of D. Let x; ¢ Q). By the definition of the set ) we have
that for each 1 < r < p; there holds (z;, yﬁ) ¢ Q*. Since Q* is [-dominating
so there exists (x;,7%) € Q*, where i # j such that dy(, p((z;, yl), (zi,y1)) <
. Evidently, z; € @, so using Theorem 4 we obtain that dp(z;,z;) =
do(a,D)((xj,yi), (74,9%)) < I. The definition of the set @ implies that Q*
Uier Qi, where Z = {i;x; € Q}. Consider the following cases:

I.1. Assume that C%gl(xi) = ) and for each 7 € Z and j # i there holds
dD(xi,xj) > [.

Since Q* is [-dominating so from the definition of o(a, D) and by our as-
sumptions immediately follows that @; is an I-dominating set of Df.

1.2. Assume that case 1.1 does not hold.

We shall prove that ); is an arbitrary nonempty subset of Df. If CdDgl(xi) #*
(), then there exists in D a circuit which includes the vertex x; of length less
than or equal to [. So for arbitrary two vertices (mi,yé), (xi,y;,) e V(Dg)
there holds dy (o, p)((%i, yp), (2i,y5)) < [. If there exists j € Z and j # i such
that there exists in D a path z; ... z; of length less than or equal to [, then for
an arbitrary vertex (z;,y,) € V(Df) holds dy(q p)((zi,y,), @;) < [. Hence
do(a,0)((Ti,y,), Q") < 1. All this implies that Q; is an arbitrary nonempty
subset of V(Df).

IT. Let @ C V(D) be an [-dominating set of the digraph D, where Z =
{i : z; € Q} and let Q; be as in the theorem. We shall prove that Q* =
Uicz Qi is an [-dominating set of the D-join. We distinguish the following
cases:

IT.1. Let (a:j,yg) ¢ Q" and j ¢ 7.

Then by the definition of the set @) we have that x; ¢ (. Since Q is
an [-dominating set of D, so there exists ¢ € Z such that z; € @ and
dp(zj,2;) < l. Hence there is 1 < ¢ < p; such that (xi,yé) € Q*. By
Theorem 4 we obtain that d,(,,p)((7;, yf;), Q") <.

I1.2. Let (z;,4)) ¢ Q* and j € T.

If Q; is an [-dominating set of Dj, then dDic((xj,yg;),Qj) < I. So
dU(OC,D)((xj,y‘%),Q*) < I If Q; is a nonempty subset of V(D]c»), then
from the assumption of the theorem we have that there exists t € 7
and ¢t # j such that there exists a path z;...2; in D of length less than
or equal to [ or C%gl(wj) # (. Consequently, dc,(mD)((xj,y;j;),Qt) < lor
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do(a,D) (($J, y%)) Q]) < l7 reSpeCtiVGlY' Hence do(a,D) ((xj7 yg’)v Q*) < l7 SO
Q* is an [-dominating set of o(a, D).
Thus the theorem is proved. [ |

Theorem 7. Let k > 2, 1 < | < k — 1 be integers. The subset J* C

V(o(a, D)) is a (k,l)-kernel of the D-join o(c, D) if and only if there exists

a (k,1)-kernel J C V(D) such that J* = J,cz Ji, where T = {i : x; € J},

Ji CV(DS) and for everyi € T

(a) J; is a (k,1)-kernel of DS if C%gk_l(xi) =0 or

(b) J; is l-element set containing an arbitrary vertex of V(DY) if
CISH () # 0 or

(c) J; is 1-element set containing an l-dominating vertex of DY, otherwise.

Proof. 1. Let k > 2,1 <1< k—1 be integers. Let J* be a (k,[)-kernel
of the D-join o(e, D). Denote J = {z; € V(D); J* NV (D) # (0}. First, we
shall prove that J is a (k,l)-kernel of D. Let z;,z; € J and i # j. Then
from the definition of the set J we have that there exists 1 < p < p; and
1 < ¢ < pj such that (xi,Ay;), (wj,Ayg) € J*. By Theorem 4 we have that
dp(zi,75) = do(a,0)(Ti,Yp), (Tj,y;)) = k. So, J is a k-independent set of
D. Now, we will show that J is an [-dominating set of D. Let x; € J. Using
the definition of the set J for each 1 < r < p; holds (xj,yZ) ¢ J*. Since
J* is I-dominating, hence there exists (w5,9%) € J*, where j # i such that
do(a,0) (25, 97), (i, y5)) < 1.

From the definition of the set J we have that x; € J, so by Theorem
4 there holds dp(zj,z;) = dU(a,D)((wj,yZ), (w5, %)) < 1. Consequently, J is
an [-dominating set of D, hence J is a (k,[)-kernel of D. The definition of
the set J implies that J* = (J;c7 Ji, where Z = {i : 2; € J}. Consider the
possible cases:

L1. Let CHF~1(z) = 0.
We shall prove that J; is a (k,[)-kernel of D{ in this case. From Theorem
5(a) we obtain that J; is a k-independent set of Df. Next we shall show that
J; is [-dominating. Since J is a k-independent set of D and [ < k — 1, then
for each j € 7 and j # 4 there holds dp(z;, x;) > k > 1+ 1. So, there does
not exist in D a path z;...x; of length less than or equal to [. Moreover,
Cdngfl(ﬂ:i) =@ and | < k — 1, hence C%gl(xi) = 0.

From the above and by Theorem 6(a) we obtain that J; is an [-dominating
set of Df. Consequently, J; is a (k,l)-kernel of D in this case.
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1.2. Let C55F 1 (z) # 0.

Then by Theorem 5(b) the set J; contains exactly one arbitrary vertex from
V(D§). So J; is a k-independent set of Df. Because | < k — 1, then for each
j € 7T and j # i there holds dp(z;,x;) > k > [+ 1. Hence there does not
exists in D a path z;...x; of length dp(z;,z;) < I. From the assumption
there exists in D a circuit containing the vertex x; of length less than k. We
distinguish the following possibilities:

1.2.1. CESH(x) # 0.
Then by Theorem 6(b) it follows immediately that J; is a 1l-element set
containing an arbitrary vertex of V(D).

1.2.2. COS(2;) = 0 and CTISISF () £ 0.

We will show that J; is a 1-element set containing an [-dominating vertex
of Df. Using Theorem 6(a) we obtain that J; is an I-dominating set of Df.
Because J; contains exactly one vertex, so J; = {(z;,v})}, where (z;,v}) is
an [-dominating vertex of Df.

II. Let J C V(D) be a (k,l)-kernel of the digraph D. Let T = {i : z; €
J} and J; be as in the statements of the theorem. We shall prove that
J* = U,ez Ji is a (k,l)-kernel of o(a, D). Firstly we will prove that J* is a
k-independent set of the D-join o(a, D). Let (xi,y;), (xj,yg) € J* be two
different vertices. Consider the following cases:

I1.1. (mi,y;,) € J; and (mi,yg) € Jj, where i # j.
Evidently, z;,z; € J and because J is k—indgpendent so by Theorem 4 we
have that dp(zi, ;) = do(a,p) (x5, Yp), (2, 43)) = k.

I1.2. (xl-,yf,), (ﬂ:i,yé) € J; for some 7 € 7.
Since J; contains at least two vertices, so by assumption J; is a (k,1)-
kernel of Df. Hence dpe((xs,y,), (xi,y})) > k. Assume on the contrary
that dy(a,p)((zs,45), (xi,y)) < k. If k = 2, then there is a contradiction
with the independence of J; in Df. Let k£ > 3. This means that there exists
a path (z3,y)) ... (zi,y}) in o(a, D) of length less than k such that at least
one inner vertex of this path does not belong to V(D). Hence there exists
in D a circuit containing the vertex x; of length less than k and by Theorem
5(b) the set J; contains exactly one vertex from V(DY) a contradiction to
(i Yp), (i, yg) € Ji

Taking the two above cases into consideration we obtain that for distinct
(mi,y;), (zj,yq) € J* there holds dy(a,p) (%)), (x,45)) = k. Hence J* is
a k-independent set of o(a, D).
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Now we shall prove that J* = (J;c7Ji, where Z = {i : x; € J}, is an
I-dominating set of the D-join o(«, D). Consider the possible cases:

I1.3. Let (a:j,yg) g J and j £ 7.

Then by the definition of the set J we have that z; ¢ J. Since J is I-
dominating in D, so there exists ¢ € Z such that z; € J and dp(z;,2;) <.
Consequently, there exists 1 < ¢ < p; such that (z;, yf]) € J* and by Theorem

4 we obtain that do(a,D)((wj,yg), (m,,yfl)) <L

IL.4. Let (z;,y3) & J* and j € Z.
If J; is a (k,)-kernel of Dj, then J; is an [-dominating set of D3, so
dDJc((wj,yg),Jj) < I. Hence do(a,D)((wj,yg),J*) < I If J; contains ex-
actly one arbitrary vertex of V(D]c-), then by assumption of the theorem
there exists in D a circuit containing the vertex z; of length less than
or equal to [. So there exists in o(a, D) a path from (xj,ylj;) to J; and
do(a,0)((25,9p), Jj) < 1. Hence dy o py((zj,yp), J*) < L. If J; is a 1-element
set containing an [-dominating vertex of Df, then by the definition of the
[-dominating vertex dD;((xj,yg),Jj) < [. Hence d(,(mD)((xj,yg)’J*) < L.
Thus it follows that J* is an [-dominating set of o(a, D).

Taking the above cases into consideration we obtain that J* is a (k,[)-
kernel of o(«, D).

Thus the theorem is proved. [ |

If the digraph D is without circuits of length less than k, then we obtain
Theorem 3.

Theorem 8. Let k > 2, | > k be integers. The subset J* C V(o(a, D)) is a

(k,1)-kernel of the D-join o(a, D) if and only if there exists a (k,l)-kernel

J C V(D) such that J* = ;e Ji, where T = {i:x; € J}, J; C V(DY) and

for everyi € T

(a) J; is a (k,1)-kernel of DS if CdDgl(xi) =0 and for each j € T and j # i
there holds dp(x;,xj) > 1 or

(b) J; is a l-element set containing an arbitrary vertex from V(DS) if
C%gk*l(xi) # 0 or

(c) J; is an arbitrary nonempty k-independent set of DS, otherwise.

Proof. 1. Let k > 2, 1 > k be integers. Let J* be a (k,l)-kernel of

the D-join o(a, D). Denote J = {x; € V(D) : J*NV(D§) # 0}. Prov-
ing analogously as in Theorem 7 we obtain that J is a (k,[)-kernel of the
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digraph D. Of course, the definition of the set J implies that J* = ;7 J;,
where Z = {i : x; € J}. Consider the following cases:

L1. Let C3S (i) = 0.

Since I > k, so there does not exist in D a circuit containing the vertex
x; of length less than k. Then from Theorem 5(a) we obtain that J; is a
k-independent set of Df. By our assumption [ > k, so to establish sets J;
we consider the following possibilities:

I.1.1. There exists j € 7 and j # i such that dp(x;,z;) <.
By Theorem 6 (b) an arbitrary nonempty subset of V(DY) is I-dominating
in Df, so J; is an arbitrary k-independent set of D5.

I.1.2. For each j € Z and j # ¢ there holds dp(x;, x;) > .
Then by Theorem 6(a) we obtain that J; is an l-dominating set of Df.
Consequently, J; is a (k,[)-kernel in this case.

1.2. Let CoS! (i) # 0.
Because [ > k, we consider the following possibilities:

1.2.1. CESISN(a;) # 0 and CES"(ay) = 0.
Then by Theorem 5(a) and Theorem 6(b) we obtain that the set J; is an
arbitrary k-independent set of V(Df).

1.2.2. C5F () # 0.

We shall prove that J; is a l-element set containing an arbitrary vertex
from V(D). By Theorem 5(b) the set J; contains exactly one vertex from
V(Df). Because | > k, so there exists in D a circuit containing the vertex
x; of length less than or equal to . Hence by Theorem 6(b) we obtain that
J;i contains exactly one arbitrary vertex from V(D).

II. Let J C V(D) be a (k,1)-kernel of the digraph D and let Z = {i : z; € J}.
Proving analogously as in Theorem 7 we can show that J* = (J;c7 Ji is a
(k,1)-kernel of the D-join o(a, D) where J;, i € Z satisfy the assumption of
the theorem.

Thus the theorem is proved. [ |

3. ON (k,l)-KERNEL PERFECTNESS OF THE D-JOIN

From the definition of the o(«, D) it follows immediately:
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Proposition 1. Every induced subdigraph of o(c, D) is

(a) a digraph of the form JN(&,Z:)), where D is an induced subdigraph of D
with V(D) ={zy : t € I}, |I| > 1, T C {1,...,n} and & is a family of
induced subdigraphs of Dy, where t € T or

(b) an induced subdigraph of D; for some 1 <i<n or

(c) the union of the digraphs from (a) and (b).

From the definition of the (k,[)-kernel perfect digraph and by Proposition
1 it follows immediately:

Proposition 2. If o(a, D) is (k,l)-kernel perfect, then D and D;, i =
1,...,n are (k,l)-kernel perfect.

In [5] it has been proved:

Theorem 9 [5]. Let D be a digraph without circuits of length less than k
and let o = (Dj)iequ,..n) be a sequence of vertex disjoint digraphs. The
D-join o(a, D) is a (k,l)-kernel perfect digraph if and only if the digraph D
and the digraphs D;, i = 1,...,n are (k,l)-kernel perfect digraphs.

In this section, we generalize this result for an arbitrary digraph D.

Theorem 10. Let D be a (k,l)-kernel perfect digraph. Let D;, i =1,...,n
be a (k,l)-kernel perfect digraph if C%gk_l(wi) = 0 or every subdigraph of
D; has an l-dominating vertex, otherwise. Then o(a, D) is a (k,1)-kernel
perfect digraph.

Proof. Assume that D and D;, i = 1,...,n are as in the statements of
the theorem. We shall show that o(a, D) is a (k,)-kernel perfect digraph.
From Proposition 1 it follows that we need only to prove that o(a, D) has
a (k,l)-kernel. By Theorem 7, Theorem 8 and from our assumptions there
exists a (k,l)-kernel J C V(D) such that J* = | J;c7 Ji is a (k,l)-kernel of
the D-join, where 7 = {i;z; € J}, J; C V(DY) and J; is a (k,[)-kernel of
Dy if C%gk_l(wi) = () or J; is a l-element set containing an [-dominating
vertex of Df.

Thus the theorem is proved. [ |
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4. THE TOTAL NUMBER OF (k,[)-KERNELS OF THE D-JOIN

In this section, we calculate the number of all k-independent sets, [-dominating
sets and (k,!)-kernels of the D-join o(a, D).

Theorem 11. Let k > 2, n > 2 be integers. Let o(a, D) be a D-join of
the digraph D on n vertices and o be a sequence of vertex disjoint digraphs
(Di)ieq1,...ny on p; vertices, p; > 1. Let S = {S1,...,8;}, j =1 be a family
of all nonempty k-independent sets of the digraph D and let & > S, =
{z; : i € I,}, where Z, C {1,...,n}. Then NkI(c(a,D)) = 14> 7_,
[iez, ¢(Di), where

NEI(D;) =1 if CHF " ay) =0,
p(D;) = )
i otherwise.

Proof. Let D be a given digraph on n-vertices, n > 2. Theorem 4
implies that to obtain a k-independent set of o(«, D) first we have to
choose a k-independent set of D. Let S = {S1,...,5;}, 7 > 1 be a fam-
ily of all nonempty k-independent sets of the digraph D. Assume that
8§38, ={x;:i€Z}, where Z, C {1,...,n}. Next by Theorem 5 in each
of the Df, 7 € 7, we have to choose an nonempty k-independent set if there
does not exist in D a circuit containing the vertex z; of length less than k or
we choose an arbitrary vertex from V(Df), otherwise. Evidently we can do
it on NkI(D;)—1 or p; ways, respectively. Hence from the fundamental com-
binatorial statement we have Y 7_; [Licz, ¢(Di) sets being k-independent,
where
{ NEI(D;) =1 if C:F1(z) =0,
@(D;) = .
i otherwise.

Moreover, the empty set also is a k-independent set of o(«a, D). Conse-

quently, NkI(o(a,D)) =1+ 37_, [Licz, ¢(Di).
Thus the theorem is proved. [ |

Theorem 12. Let | > 1, n > 2 be integers. Let o(a, D) be a D-join of
the digraph D on n vertices and o be a sequence of vertex disjoint digraphs
(Di)iequ,...n} on p; vertices, p; > 1. Let @ ={Q1,...,Q;}, j = 1 be a family
of all I-dominating sets of the digraph D and let Q > Q, = {z; : i € I,},
where T, € {1,...,n}. Then NID(o(c, D)) = > [liez, ¥(D;), where
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NID(D;) if CdDgl(xi) =0 and for each T > j#1i
T/J(Dz) = holds dD(ﬁiyxj) > [,

2Pi — 1  otherwise.

Proof. Let D be a given digraph on n vertices, n > 2. By Theorem 4 we
have that to obtain an [-dominating set of o(«, D) first we have to choose
an [-dominating set of D. Let Q = {Q1,...,Q;}, 7 > 1 be a family o all
I-dominating sets of the digraph D. Assume that Q@ 5 Q, = {z; : i € Z,.}
and Z, C {1,...,n}. Next by Theorem 6 in each of the Df, i € Z, we have
to choose an [-dominating set if for each j € Z, and j # i there does not
exist a path xz;...x; of length less than or equal to [ and there does not
exist in D a circuit containing the vertex x; of length less than or equal
to [ or we have to choose in D§ an arbitrary nonempty subset of V(Df).
Evidently, we can do it on NID(D;) or 2P — 1 ways, respectively. Hence
from the fundamental combinatorial statement we have > 7_, [Liez, ¥(Di)
sets being [-dominating sets of o(a, D), where

NID(D;) if CoS'(x;) =0 and for each T 3 j # i
T/J(Dz) = holds dD(mi,xj) >,

2Pi — 1  otherwise.

Thus the theorem is proved. [ |
Using the same method as in Theorems 11 and 12 we can prove:
Theorem 13. Let k > 2,1 <1< k—1,n > 2 be integers. Let o(a, D) be a
D-join of the digraph D on n vertices and o be a sequence of vertex disjoint
digraphs (D;)icq1,...ny on pi vertices, p; > 1. Let J = {J1,...,Jj}, j =1 be
a family of all (k,l)-kernels of the digraph D and let J > J, = {x; : i € I, },
where T, € {1,...,n}. Then NkIK(o(a, D)) = 321 [1;ez. 1(Ds), where
NKIK(D;) if CHF ) =0,

u(D;) = pi if C (i) #0,
NIld(D;) otherwise.

Theorem 14. Let k > 2,1 > k, n > 2 be integers. Let o(c, D) be a D-join
of the digraph D on n vertices and « be a sequence of vertex disjoint digraphs
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(Di)iequ,...n} on p; vertices, p; = 1. Let J = {J1,...,J;}, j = 1 be a family
of all (k,1)-kernels of the digraph D and let J > J, = {x; : i € L.}, where
Z, € {1,...,n}. Then NkIK(o(, D)) = >27_; [liez, 1(Di), where n(D;) =

NKIK(D;) if Co(x;) = 0 and for each T 3 j # i holds dp (i, ;) > 1,

pi if Cp @) # 0,
NEI(D;) — 1 otherwise.
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