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Abstract

For a given graph G and a positive integer r the r-path graph,
P.(G), has for vertices the set of all paths of length r in G. Two
vertices are adjacent when the intersection of the corresponding paths
forms a path of length » — 1, and their union forms either a cycle or a
path of length k+1 in G. Let P*(G) be the k-iteration of r-path graph
operator on a connected graph G. Let H be a subgraph of P*(G). The
k-history P*(H) is a subgraph of G that is induced by all edges that
take part in the recursive definition of H. We present some general
properties of k-histories and give a complete characterization of graphs
that are k-histories of vertices of 2-path graph operator.
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1. INTRODUCTION

Path graphs were introduced by Broersma and Hoede in [4]. Let G be a
graph. The vertex set of path graph P,(QG) is the set of all paths of length r
in G, r > 1. Two vertices of P.(G) are adjacent if and only if the intersection
of corresponding paths is a path of length » — 1 and the union is a path or
a cycle of length r + 1. The most frequently studied path graphs are 2-
path graphs. Characterization of 2-path graphs is given in [14] and [10].
Traversability of 2-path graphs is studied in [16]. Distance properties of
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2-path graphs are studied in [7, 8] and [9] and the connectivity of path
graphs is studied in [2, 5, 6] and [3]. Papers [1] and [11] are devoted to the
problem of isomorphism of path graphs. Dynamics of iterated path graphs
is discussed in [13] and [15].

The history of a vertex with respect to the line operator was used in [12]
to prove the asymptotical behavior of diameter and radius of iterated line
graphs. Line graphs could be understood as a special case of r-path graphs
with » = 1. Histories of vertices of path graphs were used in [7] for the
study of diameters in iterated path graphs and in [9] to find an estimation
for cardinalities of maximal independent sets in path graphs. The structure
of the paper is following. In Section 2 we formulate a definition of k-history
of a graph and prove some properties of k-histories with respect to r-path
operator for any r > 2. In Section 3 we completely characterize graphs that
are k-histories of vertices in k-iterated 2-paths graphs.

2. HISTORIES IN ITERATED 7-PATH GRAPHS

Let G be a graph and v be a vertex of P.(G). Then the history of v,
P~ 1(v) is the path of length 7 in G that corresponds to v. The history of a
subgraph H of P,(G), Pr1(H) is the graph |J,c g P (v). The k-history of
H C PF(G) is defined recursively as P~ %(H) = Pr_l(Pr_(k_l)(H)). We set
PO(H) = H.

In other words, the j-history of H is the subgraph of PF~7 (@), formed
by all edges that take part in the recursive definition of H. Hence, while the
path operator can be applied to any graph, the history operator is defined

on path graphs only.

Example 1. Let p be a path of length rk, then P*(p) is a singleton, it
means a graph with a single vertex. Let us denote this vertex by v. Then
P (v) is a graph isomorphic to a path of length jr for any 0 < j < k.

Let c be a cycle of length k > r + 1 then p! (¢) is isomorphic to a cycle
of length k for any j > 0. Let v € P!(c) then P %(v) is defined for any

0 <i<j. P7%v) is a path of length ir when ir < k otherwise it is a cycle
of length k.

Observation 2. If H', H" are two subgraphs of P.(G) with V(H') = V(H")
then P~Y(H') = P71(H").
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For simplicity we shall omit the subscript r in the notation of path operator
when it is clear from the context. The j-histories satisfy the usual property
of powers of operators in the following form.

Lemma 3. Let G be a graph, k > 1, and let H be a subgraph of P*(G).
1. Let1 < j <k, then P~Y(P~U-V(H)) =P~ U-D(P-1(H)) =P U)(H)
2. Let m,n be integers such that 0 < m+n < k. Then P~ (P™"(H)) =
p=(min)(H).
3. Let 1 < j <k, then PCD(H) = ey P ().
4. Let0 <n <k,0<m. Then P "™ (H) is a subgraph of P™(P~"(H)).

Proof. Statements 14 are direct consequences of definition of path and
history operators. We should mention that it is not possible to change the
inclusion in property 4 to equality. It is enough to consider the history of a
vertex in a cycle (example 1). ]

In [12] it was proved that that k-history of a vertex v in an iterated line
graph L*(G) is a connected graph with at most & edges. We prove analogous
results for arbitrary path graphs.

Lemma 4. Let G be a graph and r > 2,k > 1. If uv is an edge in P¥(Q)
then P7%(u) and P7%(v) have at least 1 — 1 common edges.

Proof. Induction on k. If k = 1 then, since v and v are adjacent, P! (u)
and P !(v) are paths of length 7 with 7 — 1 > 1 common edges. Let now
the assertion be true for some & — 1 > 1. Let /v’ be the common edge of
P,n_(k_l)(u) and Pr_(k_l)(v). Again, P~1(v/) and P~1(v) are paths of length
r with 7 — 1 > 1 common edges belonging to both P~¥(u) and P~%(v). m

Lemma 5. Let G be a graph and H a connected subgraph of P,.(G) with m
vertices. Then P1(H) contains at most m +1r — 1 edges.

Proof. We prove the assertion by induction on m. If H contains just
one vertex then P~1(H) is a path of length 7, so the hypothesis is true.
Suppose now that the statement holds for any graph consisting of less than
m vertices. Let v be a vertex in H, such that H — v is connected. Then
the number of edges in P~ '((H) — v) is at most (m — 1) + (r — 1). The
history of v has at most one edge different from edges in the history of any
vertex adjacent to v. Therefore, the number of edges in P~1(H) is at most

(m+r—1). m
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Lemma 6. Let G be a graph and v a vertex in P*(G), k > 0,7 > 2. Then
P7%(v) is a connected graph with at most vk edges.

Proof. First we prove that P~%(v) is connected. We will use induction
on k. It is clear that P!(v) is connected. Now let us suppose that the
assertion is true for some k —1 > 1. Let P7!(v) = ajas...a,. Now,

following Lemma 3, P7F(v) = Pr_l(Pr_(k_l)(v)) = Pr_(k_l)(Pr_l(v)) =
PT_(k_l)(alag ...a,). Using property 3 we obtain P *(v) = U;ZIPT_(k_l)(ai).
By the inductive hypothesis, for 1 <1 < r, Pr_(k_l)(ai) is a connected graph.
Lemma 4 implies that each pair P=*(a;), P7*(a;11)where 1 <i < r—1, has
a common edge. Hence the graph P.*(v) is connected.

Now, using induction again, we will prove that P*(v) contains at most
rk edges. The assertion is trivial for K = 0. Let it be true for k—1 > 0. Then
P,n_(k_l)(v) contains at most r(k—1) edges. Since PT_(k_l)(v) is connected, it
has a spanning tree, which cannot contain more edges. Therefore Pr_(k_l) (v)
consists of r(k—1)+1 vertices at most. Then, following Lemma 5, P=*(v) =

Pfl(Pr_(k_l)(v)) contains at most (r(k —1)+ 1)+ (r—1) =rk edges. =

Now we can formulate a necessary and sufficient condition for a path to be
a k-history of some vertex. From Example 1 and Lemma 6 it follows

Proposition 7. Let p be a path in graph G such that P¥(G) is not empty.
Then p is the k-history of some vertex v in PF(G) if and only if the length
of p is k.

A sequence of vertices (v1,vs,...,vy) in graph G is a walk when (v;, v;11)
is an edge in G for any 0 < ¢ < m — 1. We call the walk r-regular if any
r + 1 consecutive vertices are distinct. In other words any sequence of r + 1
consecutive vertices in r-regular walk is a path of length . We say that
a walk W covers subgraph H of G if E(H) is equal to the set of all edges
in W.

Lemma 8. Let W be a r-reqular walk in graph G of length k > r. Then
there exists a subgraph H of P.(G) covered by a r-reqular walk of length k—r
such that P71(H) is formed by all vertices and edges of walk W .

Proof. If k = r then W is a path of length r and H = P,.(W) is a singleton
which is a path of length 0. Let & > r. Denote by u; the vertex in P,(G)
corresponding to the path (v;, vit1,...,0i4r),1 <i < k—r+1. Vertices u;,
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u;41 are adjacent in P,(G) because (v;, Vit1,...,Vitr+1) 1S a path of length
r + 1 when v; # v;jy,41 or a cycle when v; = v;4,41, respectively. From the
r-regularity of W it follows that v;1,4+1 # v;4; for any 1 < 57 < r. Hence
vertices (uy,ug, ..., upr1—p) form a walk W' of length k—r. Let H be formed
by vertices and edges of W’. Clearly , P~1(H) = W.

Now we show that W’ is r-regular. Suppose that it is not true. Then
there exists a vertex w; € W’ such that u; = w;; and j < r. In this

case (Vi,Vit1,- -« Vitr) = (Vitj, Vigjtls -« oy Vigjr) OF (Viy Vi1, ..o, Vigr) =
(Vitjtr, Vitjqr—1s - - - Vit;). Both cases contradict to the r-regularity of W,
hence W' is r-regular. [ ]

Corollary 9. Let H be a subgraph of G such that there exists a r-reqular
walk W of length kr that covers H. Then there exists a verter v € PF(G)
such that H = P7*(v).

The minimal degree of a vertex in a graph G is denoted by §(G) the size of
a shortest cycle in G is called girth and we denote it girth(G).

Theorem 10. Let G be a connected graph with §(G) > 2 and girth(G) > r
then there exist k > 1 and v € P*(G) such that G = P7%(v).

Proof. To prove the statement of the theorem it is enough to construct a
r-regular walk covering graph G. We can use a depth-first search strategy
to construct a walk. Suppose that each vertex is labelled by an integer that
is its order in the process of search. The starting vertex has label 1 and
the last-found vertex has the label n where n is the number of vertices in
G. We also suppose that the edges of G have orientation. Fach edge of the
depth-first search tree is oriented from the vertex with the smaller label to
the larger one and is called direct. All other edges are oriented from the
larger value of label to the smaller one and are called back edges. The walk
W is created by traversing all edges of G. When all edges incident with a
vertex are traversed we call it completed. We start with vertex 1 and use
following rules:

(1) From the current vertex with label i we traverse by a direct edge to
a vertex j if the subtree with the root j contains at least one non-completed
vertex. The vertex j becomes the current vertex.

(2) If the the current vertex i is a leaf of the depth-first search tree or the
subtree with root ¢ has all vertices completed, we traverse a back edge (i, j)
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that was not yet used in the previous traversal and j becomes the current
vertex.

(3) If in condition (2) the current vertex is already completed and there
are still non-completed vertices in subtrees of vertices with the smaller label
then i, we traverse the direct edge (j,7) in the opposite direction.

(4) When all vertices are completed we stop the traversal.

When we traverse the direct edge we move always towards non-completed
vertices. Because in GG are not vertices of degree 1 the last edge of the
traversal is a back one.

In the traversal procedure each back edge is traversed exactly once and
some direct edges can be repeated in the resulting walk. Because the girth of
G is at least r + 1 the subsequence of W between any two repeated vertices
has length at least r 4+ 1 and the walk is r-regular. When the length of the
walk is not divisible by r it is possible to prolong it repeating a part of W
in the direct direction (the last edge was a back one). ]

In the the proof of Theorem 10 we have constructed a r-regular walk that can
be arbitrary prolonged. It is enough to repeat a subsequence corresponding
to any cycle. It means that if G fulfils the conditions of theorem, then for
any K >k G is a k-history of some vertex v € PX(G).

3. CASEr=2

In this part we consider histories of path graphs where vertices correspond
to paths of length 2.

The path graph of a connected graph G is either connected or consists
of one connected component and a set of isolated vertices. The path graph
of an isolated vertex is empty, so for construction of iterations P*(G) we
consider main connected components only. Graphs with the infinite sequence
of iterations where P!(G) is not isomorphic to Pi™*(Q) for any i,k > 1
are P-divergent. Graphs that are not P-divergent are P-convergent. From
Theorem 10 it follows that any connected graph without pendant vertices is
a k-history of a vertex if k > ko for some ky > 1. So it is enough to study
graphs that contain pendant vertices. In [15] it was proved that the sequence
G, P(G), P%(G),... is finite only if G is a tree and does not contain any of
the graphs Gg or G from Figure 1 as subgraphs. The parameter j of G; is
the distance between vertices u and v.



HisTORIES IN PATH GRAPHS 351

O O
\ OA<—Odd_>NO

N

Figure 1. Convergent graphs

A tree T is called a caterpillar if it consists of a diametric path of length d
and some pendant vertices that are adjacent to vertices of this path. Vertices
of degree at least 3 we shall call root vertices or simply roots. If the distance
between any two roots is even, we call the caterpillar even. Trees that
contain neither G nor G are either paths or even caterpillars. The star
K1, is a special case of even caterpillar with diametric path of length d = 2.
Path graph of a star is a set of isolated vertices so the star can not be a
k-history of a single vertex.

For all other connected graphs the sequence of iterated path-graphs is
infinite. The only non-trivial P-convergent graphs are cycles, Gy and G},
where j is odd [15]. From Example 1 it is clear that the cycle Cy is k-history
of a vertex for any k > d/2.

When the sequence of iterated path graphs converges to the empty
graph, the possible value of the parameter k is bounded by the index of
the last non-empty iteration. So first we concentrate on even caterpillars.
The path joining any pendant vertex with a closest root vertex will be called
an end. The parity of an end is the parity of its length. We prove that an
even caterpillar with at most 2 odd ends is a k-history of some vertex. First
we prove the next lemma.

Lemma 11. Let T be an even caterpillar with e odd ends where e = 1 or
e =2, and k edges. Then there exists a graph H such that T = P~'(H),H
has k — e edges, and H s a path or a caterpillar with two odd ends.

Proof. Let d be the length of the diametric path (ug,u1,...,uq) in T. We
consider two cases.

(a) Let T have two even ends of lengths d; > dy. In this case all other
ends are of length 1 and these ends are pendant vertices on the diametrical
path. When d; = dy = 2, pendant vertices u and v are adjacent to uo
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and u;12 where j is the distance between root vertices. In this case graph
H is induced by vertices (u, ug,u1), (v, uj42, uj+3) and (u;, wit1, ui+2) where
0 <i<d-—2. Graph H is a path of length d. When T has only one odd
end then j = 0 and we set u = v. The constructed graph H is then also a
path of length d.

Now let di > 2 and the numbering of the diametrical path starts from
the end of length di. Let the odd ends be (u,uq,),(v,uq,+;) then H is
induced by vertices (u, uq, , ug, —1) and (v, ug, +j, Ud, +j—1) and (s, Uiy1, Uit2)
where 0 < i < d — 2. The resulting graph is a caterpillar with two pendant
vertices and diametric path with d — 2 edges. When T has just one odd end
we again set © = v and the resulting graph is again a caterpillar with two
pendant vertices and diametric path with d — 2 edges.

(b) Let T have one even end and two odd ends. Let dy be the length of
the even end and ds be the length of the odd end of the diametric path. Let
(u, uq, ) be the pendant edge. We suppose that vertices of the diametric path
are numbered starting from the even end. Graph H is induced by vertices
(u, ug, ,ug, —1) and (w;, wiy1, uit2) where 0 < ¢ < d —2. When d; > 2 then
graph H is a caterpillar with the diametric path of length d — 2 and one
pendant edge, otherwise it is a path of length d — 1. Because there are no
other possible cases, the proof is complete. [ |

Now we prove that each caterpillar with at most 2 odd ends is a k-history
of a vertex for some value k > 1. Let T be an even caterpillar with 2k
or 2k — 1 edges and 2 or 1 odd ends, respectively. Using the construc-
tion from Lemma 11 we create the sequence (Tp,T1,...,T)) where T' = Ty,
P~YT;41) = T; and T}, is a single vertex. When T; is a caterpillar then we
use the construction from the lemma. When T; is a path of length 2d and
d > 1 then T;41 is a path of length 2d — 2 otherwise d = 1 and T;4; is a
vertex. T; is a subgraph of P¥(T), hence P~¢(T;) = T and vertex T}, is the
k-history of T

Proposition 12. Let T be an even caterpillar with 2k edges and two odd
ends or with 2k — 1 edges and one odd end. Then there exists a vertex
v € P¥(T) such that v is the k-history of T.

Now we show that an even caterpillar with at least three odd ends is not
a k-history of any vertex for any value of k. For this purpose we define a
special class of graphs that contains even caterpillars as a subclass. Let G
be a connected bipartite graph with partitions A and B where all vertices in
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A have degrees 1 or 2, A has at least 1 vertex of degree 1, and B has at least
2 vertices. We call this graph 1-2-bipartite. When T' is an even caterpillar,
then pendant vertices of odd ends are placed to set A. Because the distance
from a pendant vertex of an odd end to the closest root is odd and distance
between any to roots is even, all roots are in the set B.

Lemma 13. Let G be a 1-2-bipartite graph. Then the main connected com-
ponent of P(G) is a 1-2-bipartite graph or a star K.

Proof. Let A = ay,a2...ap, and B = by,ba...b, be partitions of 1-2-
bipartite graph. Let the set A’ be the subset of vertices in P(G) that contains
all vertices (aj, bj, ay) and let the set B’ contains all vertices (b;, a;,by). No
two vertices in B’ are adjacent and no two vertices in A" are adjacent. Hence
P(G) is bipartite. The degree of vertex (a;,bj,ax) in P(G) is deg(a;) +
deg(ax) — 2, hence all vertices in A" are of the degree at most 2. When B’
has just one vertex, the main component of P(G) is a star otherwise it is a
1-2-bipartite graph. [ |

Lemma 14. Let G be a 1-2-bipartite graph with partition (A, B) and a be a
pendant vertex in A, then each vertex u from the main component of P(G)
such that a € P~1(u) has degree 1 and its history does not contain other
pendant vertex.

Proof. The path corresponding to vertex u is (a,b;,a;) and deg(u) =
deg(a) + deg(aj) — 2. The degree of vertex a; is 2 because u is not isolated.
|

Proposition 15. Let G be a 1-2-bipartite graph with at least 3 pendant
vertices in the set A, then G is not a k-history of any vertex v € P*(G).
For any k > 1.

Proof. Suppose that there exists v € P¥(G) such that P~%(v) = G. From
Lemmas 13 and 14 it follows that each H such that P~/ (H) = G contains at
least 3 pendant vertices. This is a contradiction with the number of pendant
vertices of P~1(v). ]

The characterization of convergent graphs that are k-histories of vertices
follows from the Propositions 7, 12 and 15. We shall prove that the only
divergent graphs, that are not k-histories of some vertices, are 1-2-bipartite
with at least 3 odd ends. First we formulate some technical lemmas.
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Lemma 16. Let G be a union of an induced path W of length d > 2 and
a cycle C such that W is rooted at a vertex of C. If d is even, then there
exists a cycle C' C PY%(G) such that P~%%(C") = G. If d is odd, then there
exists a cycle C' with a pendant edge e such that P~(4=V/2(e U C") = G.

Proof. Let W = (ag,a1,...,aq) and C = (cp,c1,...,ck—1) where ap =
cp = ¢x. Let G’ be the subgraph of P(G) induced by vertices (a1, ¢, c1),
(a1, ¢k, ck—1), (¢iyCit1,Cir2), 0 < i < k—2, and all vertices of P(W). G’ is
the union of a cycle and a path of length d — 2, and P~(G") = G. Repeating
the above construction we get the statement of the lemma. [ |

Lemma 17. Let G be a cycle of length 2d — 1 with one pendant edge. Then
in P4(G) there exists a cycle C of length 2d + 1 such that P~%(C) = G.

Proof. It is easy to see that it is possible to construct a sequence of graphs
G = Hy,H,Hs,...,H;_1, such that H; is a subgraph of P(H;_1), H; is a
cycle with two pendant edges such that the roots of pendant edges divide
the cycle into paths of lengths 2i and (2d — 1 — 2i), and P~*(Hi) = H;_1.
So H; 1 has two pendant edges rooted in adjacent vertices of a cycle of
length 2d — 1. P(H4—1) contains exactly one cycle C' of length 2d + 1 and
all edges of H;_1 are in its history. From the above construction it follows
that P~4(C) = G. u

Lemma 18. Let G be a caterpillar with two root vertices u and v with odd
distance j and four ends, three of length 1 and one of length d. Let us denote
this caterpillar G 4. Then there exists m > 1 and a cycle C in P™(G), such
that P~"(C) =G.

Proof. If j = 1,d = 1 then the main component of P(Gy,1) is a cycle C
and P~1(C) = G.

Let d > 1 and j > 1. We construct a sequence of graphs Hy, Hs, ...,
H(;_1)/2- The main component of P(() is a caterpillar Gi;_3 4 with one more
pendant vertex. We set graph H; to be equal to caterpillar Gj_ 4. It is clear
that P~'(H;) = G. The construction of H; from H; i is the same as de-
scribed above. We should note, that P~ (H;,1) = H;, P_(j_l)/Q(H(j_l)/2) =
G and H(;_1)/2 = G1,4. When d =1 assertion of the lemma follows. When
d = 2 then the main component of P(H (-1 /2) is a cycle with pendant path
of length 2 and assertion follows from Lemma 16.

Suppose that d > 3, then the main component of P(H_y)/) is a
union of a cycle C' = (¢, c1, ¢2, c3) and a caterpillar with the diametric path
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W = (cg,a1,...,a4-1) and pendant edge (b,a;). Deleting the vertex cs from
the main component we obtain graph H' = Gy 4-1. As P1(H') = H(j_1y o,
repeating this construction we finish with a caterpillar G 2, hence the proof
is complete. [ |

Proposition 19. Let G be a connected P-divergent graph that is not 1-2-
bipartite, then there exists k > 1 and v € P*(G) such that P~%(v) = G.

Proof. Let G be a P-divergent graph different from 1-2-bipartite. When
G is not bipartite, then it contains an odd cycle C,44. Let v be a pendant
vertex of G. There is a path joining v to C,3q and by Lemma 16 and 17
there exists k, > 1 and a cycle C’, in P (G) such that the k,-history of
C! .4 contains the pendant path of vertex v. We apply this procedure to all
pendant paths and obtain a graph G’ without pendant vertices such that
P~%(G") = G. By Theorem 10 the assertion follows.

When G is P-divergent bipartite but not 1-2-bipartite, then it contains
at least two vertices of degree > 3 from different partitions. It means that
G contains a caterpillar G; with j odd. Let v be a pendant vertex in G,
then there exists a path from v to a vertex u of Gj. Let the length of this
path be d. When u is a pendant vertex of G; then v is a pendant vertex of
caterpillar G411 ;. By Lemma 18 there exists k, such that this caterpillar is
included in the k,-history of some cycle.

Let now u be a vertex on the path between the root vertices x and y of
G. One of the paths (u — x) or (u —y) has odd length ¢ so v is a pendant
vertex of a caterpillar G; 4 and by Lemma 18 there is a cycle such that the
pendant path is included in its k,-history. When we apply this procedure to
all pendant paths, we create G’ without pendant vertices and by Theorem 10
the assertion follows. [

The last remaining type of graphs are 1-2-bipartite P-divergent graphs with
at most 2 odd ends. A connected 1-2-bipartite graph is divergent only if
it contains a copy of graph Gy or a cycle (of even length). In both cases
P(G) contains at least one cycle. From Lemma 16 it follows that there ex-
ists a kg > 0 and a subgraph Hy of P*0(G) such that Hj has no even ends,
P~ (Hy) = G and Hy has the same number of odd ends as G. So Hy has
at most two pendant vertices. It is easy to see that there exist a 2-regular
walk that starts in the first pendant vertex, traverse all other vertices of Hy
and ends in the second pendant vertex. When G has only one odd end, the
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first and the last vertex of the walk is the same. From Corollary 9 it follows
that G is a k-history of some vertex.

Now we can formulate a characterization of k-histories for 2-path graphs.

Theorem 20. A graph G is a k-history of some vertex in PQk(G) for some
k > 0 if and only if G is a connected graph different from a path of odd
length, from a star Ki, where r > 3 and from a 1-2-bipartite graph with at
least 3 odd ends.
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