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Abstract

It has been shown [3] that any bipartite graph K, ;, where a, b
are even integers, can be decomposed into closed trails with prescribed
even lengths. In this article, we consider the corresponding question for
directe(d_> bipartite graphs. We show that a complete directed bipartite

graph K . is decomposable into directed closed trails of even lengths
greater than 2, whenever these lengths sum up to the size of the di-
graph. We use this result to prove that complete bipartite multigraphs
can be decomposed in a similar manner.
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1. INTRODUCTION

Consider a graph G (without loops), whose size we denote by e(G). Write
V(@) for the vertex set and E(G) for the edge set of a graph or a digraph
G. If G is a graph, ‘G will denote the digraph obtained from G by replacing
each edge z,y € E(G) by the pair of arcs 7y and yz.

As in [3] we denote by Lct(G) the set of all integers [ such that there is
a closed trail of length [ in G. A sequence 7 = (t1,12,...,1,) of integers is
called admissible for a graph (digraph) G if it adds up to e(G) and t; € Let(G)
for all © € {1,2,...,p}. We shall write ((¢1)%,...,(t)%) for the sequence
(t1yeytyyen ety ).
—_——— ——
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Moreover, if 7 = (t1,%2,...,t,) is an admissible sequence for G and G can
be edge-disjointly (arc-disjointly) decomposed into (directed) closed trails
T, Ts,...,T, (?1,...,?1,) of lengths t1,ts,...,1, respectively, then 7 is
called realizable in G and the sequence (T1,T%,...,T},) is said to be a G-
realization of T or a realization of T in G.

Let K, be a complete bipartite graph with two sets of vertices A and
B, such that |A| = a and |B| = b. In Section 3, we shall prove the first
main result. We show that the complete directed bipartite graph ?mb can
be decomposed as an edge-disjoint union of directed closed trails of lengths
t1,t2,...,t, whenever ¢; is even and Zle t; = 2ab.

An undirected graph G is said to be even if the degrees of all its vertices
are even. Let "K, j be a complete bipartite graph where each edge xy occurs
with multiplicity 7. In Section 4, we deal with even multibipartite graphs
"Kqap. In the first part of this section, we show that if r is even, then for all
admissible sequences 7 for " K, there is a realization of 7 in "K, ;. In the
other part, we focus on graph "K, ;, where a, b are even and r is odd.

In [3] M. Horndk, M. WoZniak proved an analogous theorem for a simple
bipartite graph.

Theorem 1 ([3]). If a, b are positive even integers, then if Y 0 _,t; =a-b
and there is a closed trail of length t; in K,y (for alli € {1,...,p}), then
Kqp can be (edge-disjointly) decomposed into closed trails T1,T>, ..., T, of
lengths t1,ta,. .., tp,, respectively.

Similar problems were first investigated by P.N. Balister.

Theorem 2 ([1]). Let L = Y0 t;, t; = 3, with L = (}) when n is odd
and (g) -5 -2<L< (g) — 5 when n is even. Then we can write some
subgraph of Ky, as an edge union of circuits of lengths t1,...,tp.

Recently, also directed graphs and multigraphs were discussed by the same
author, see [2].

Theorem 3 ([2]). If Y7  t; =2(5) and t; > 2 fori = 1,...,p, then
?n can be decomposed into an edge-disjoint union of directed closed trails
of lengths t1,ta,...,tp,, except in the case when n =6 and all t; = 3.

Analogously as before, let " K, be a complete graph where each edge occurs
with multiplicity r.
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Theorem 4 ([2]). Assume n > 3, Y0 1 t; = r(5), and t; > 2 for i =
1,...,p. Then "K,, can be written as the edge-disjoint union of closed trails
of lengths t1,t2,...,t, if and only if either

(a) r is even, or

(b) 7 and n are both odd and Y, _oti > (3).

2. TERMINOLOGY

We say a graph (digraph) G is Eulerian if and only if it has a (directed) closed
trail through every edge (arc) of G. Here and subsequently, a (directed)
closed trail T’ (?) of length n is identified with any sequence (v1,ve, ..., Vp41)
of vertices of T' (?) such that v;v;41 are distinct edges of T (?) for i =
1,2,...,n. Notice that we do not require the v; to be distinct and undoubt-
edly v1 = v,41. However, it will be regarded as an Eulerian graph (digraph)
of order n.

Moreover, given two edge-disjoint undirected closed trails 77, 75 which
are not disjoint on vertices, we shall write T7.75 for their union, see Figure 1.

Figure 1. Example of T1.T5

Observe that 77.75 is a closed trail as well.
Notice that if ¢ and b are positive integers, then clearly

Let(Kap) = {4i:i=1,2,...,3b} if bis even,

Let(Kqp) = {2i:i=2,3,...,5(ab—4)} U {ab} if a,b > 4, and a,b are even,
Let("Kop) ={2i:i=1,2,..., %rab} if a,b>1andris even,
Let("Kop) ={2i:i=1,2,..., %Tab} if a,bare even and r > 2,
Let(K qp) = {2i i =1,2,...,ab} if a,b> 1.
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3. DECOMPOSITION OF COMPLETE BIPARTITE DIGRAPHS INTO
CLOSED TRAILS

e
Let K, be a complete bipartite digraph with vertices sets A and B. It is
>
easy to see that for all admissible sequences 7 for K 1, there is a realization
>
of 7in K 1.

Theorem 5. If a sequence 7 = (t1,t2,...,1t,) is admissible for ?a,b, then
>

there is a realization of T in K q.

Proof. We fix the number of the vertex set B and we will argue by
induction on a. For a = 1 Theorem 5 is true. The basic idea of the proof
is to consider ?a,b as an arc-disjoint union of ?a—l,b and ?Lb, each of
which has sizes 2(a — 1)b and 2b, respectively.
Let 7 = (t1,t2,...,t,) be admissible for ?&b.

If there exist iq,19,...,%; such that 22:1 ti; = 2b, then we would be done.
There exists a realization of 7/ = (¢;,,...,t;,) in ?Lb and from induction,
we obtain the realization of the remaining ¢; (namely, all except t;,,...,1;)
in ?a_l,b. Assume now, that there exists k, such that Zi-:ll t; < 2b and
Zle ti > 2b. Let t, =t} +t}/, such that

k—1
> ti+t) = 2b.
=1

e
Observe that t},t] > 2 are even and we may find a K 1 j-realization of the

>
sequence 7' = (t1,...,t;) and from induction a K, j-realization of 7" =
—= — — —-, = — —
(t%,tﬁl, costp). Let (Tq,..., Ty—1,T})and (T}, Thy1...,Tp) are K1

R
and K ,_1p-realizations of 7/ and 7", respectively, such that e(7'},) = t}, and
—
o(T) = 1. B
Now pick a vertex v € B of T}. It is easy to verify that we may
—
write the closed directed trail T} as (v,vq,... ,vt;_l,v). Now we pick a
— —
vertex w € B of T}. We may also write T} as (w,wl,...,wtg_l,w).
Notice that without losing generality, we may have chosen the realization
—
of 7 in such a way that v = w. In such a case, if we denote T =
—
(w,wy, ... Wy 1, W, V1, - ,vt;g_l,w), then T is a closed directed trail of

— g . e . .
length t;, and the sequence (T'q,...,T,) is an K ,p-realization of 7. |
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4. DECOMPOSITION OF COMPLETE BIPARTITE EVEN MULTIGRAPHS
INTO CLOSED TRAILS

Let "K, be the complete bipartite graph with vertices sets A and B such
that |A] = a and |B| = b. There is no loss of generality in assuming that
a<b.

Theorem 6. If a sequence T = (t1,ta,...,tp) is admissible for "Kgy, where
a,b>1, r is even, then there is a realization of T in "Kqp.

Proof. We will argue by induction on r. For r = 2, use Theorem 5 and
forget the orientations of the edges. The basic idea of the proof is to consider
"K,p as an edge-disjoint union of 2Ka7b and T_QKaﬁb, each of which has sizes
2ab and (r — 2)ab, respectively.

Let 7 = (t1,t2,...,tp) be admissible for "K,.
If there exist i1, 149,...,7; such that 2221 ti; = 2ab, then we would be done.
There exists a realization of 7/ = (;,,...,t;) in 2K, and we obtain the
realization of the remaining ¢; (namely, all except t;,,...,t;) in 772K, by
induction.

Assume now that there exists k such that Zfz_ll t; < 2ab and Zle ti >
2ab. Let us introduce ¢}, ¢} such that t; = ¢} +t} and

k—1
Z t; + th, = 2ab.
=1

Observe that t),t] > 2 are even and the sequence 7/ = (t1,...,t}) is realiz-
able in 2K, j,, whereas the sequence 7" = (}/,tg+1, . - - , tp), from induction, is
realizable in ’"_ZKa,b. Notice that we may choose these realizations in such
a way that the proper T} and T} have a common vertex. In such a case, if
we denote T}, to be T}.T}, then (11,15, ..., Tp) is a " K, p-realization of 7. m

Notice that if 7 is odd and a,b are even, then there can be at most ab| ]

rab

trails of length two, so we easily conclude that the sequence 71 = (272 )

is not realizable in "K,;, then because 6 ¢ Lct(Kyp) also the sequence
(r—1)ab

T = (22 ,6,2b — 6) is not realizable in "Ky} (b > 6). According to
the above remark we will consider now for "K,; an admissible sequence
T = (tl, tg, e ,tp) such that ZtiEO (mod 4) tl + ZQEQ (mod 4) (tz - 2) 2 ab if
a=2,or Zti>2ti > abif a > 4.
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Theorem 7. Let r > 1, r is odd and a,b are even. Then an admissible
sequence T = (t1,ta,...,t,) for "Kqyp is realizable in "K,p if and only if T
1s such that

oootit > (t—2)=ab ifa=2,
t;=0 (mod 4) t;=2 (mod 4)

> ti>ab if a>4.

t;>2

Before we prove Theorem 7 we shall need two observations.

Observation 8. Let r > 3, r is odd and let a = 2, b be even. If T =
(t1,t2,...,tp) is admissible for "Kayp and there exist iy,i2,...,% such that
ti; = 0 (mod 4) and different from them m such that t,, = t,, + t;,, where

m’

t, =>4, >0 and Zé’:l ti; +t, = 2b, then T is " Ko p-realizable.

Proof. The basic idea of the proof is to consider "K»j as an edge-disjoint
union of Koy (G1) and ""1Ksp (Gs), each of which has sizes 2b and 2(r —
1)b, respectively. Notice that ¢/, > 4 and ¢/, = 0 (mod 4). It follows
that {t;,,...,t;,t,,} C Let(Kap) and from Theorem 1 we may decompose
graph G into closed trails T;,, Ti,, ..., T;,, T}, of lengths t;,,ti,, ... i, th,,
respectively.

From Theorem 6, we obtain the realization of the remaining ¢; (namely,
all except t;,,...,t;, and t,,, but including ¢, if t!! > 0) in Gb.

Moreover, if ¢! > 0, we may choose these realizations in such a way
that the proper T,, and T, have a common vertex. If now T, is a closed
trail being an union of 7},.7), (T;, if t;, = 0), then (T1,T%,...,T,) make up
a " Ky p-realization of 7. [

Observation 9. Let r > 3, r is odd and let a,b > 4 be even. To show that
T is realizable in "Kg,yp, it is enough to find indicators iy,...,i,m (I > 0)
such that t;; > 4 (1 < j < 1), tym = t,, +ty,, where t,, >4, t7, > 0 and
Zé’:l li; + t;n = ab.

Proof. Analogously as in the proof of Observation 8 we consider "K, ; as
an edge-disjoint union of K, (G1) and T_lKa’b (G2). By our assumptions
tr, > 4 is even and it implies that {t;,,...,t;,t,} C Let(Kqp). From The-
orem 1, we may decompose G into closed trails T;,, ..., T;,, T}, of lengths
tiy,. .., ti,t,, respectively. Then we may also decompose G into closed
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trails of lengths equal to ¢/, (if ¢ > 0) and the remaining ¢; (namely, all
except t;,,...,t; and t,,), respectively from Theorem 6.

If ¢! > 0, then we may carry out these decompositions of G; and Go
in such a way that 7 and T} have a common vertex. If we denote T}, to
be T),. Ty (if t7, > 0) or T}, (if ¢}/, = 0), then (T1,T»,...,Tp) is a "Kgqy-
realization of . ]

Proof of Theorem 7.
Necessity. Suppose that 7 is an admissible sequence for "K,;. Notice
that if we consider, in a closed trail T" of "K,;, the set of edges with odd
multiplicity, and forget the multiplicity, as the trail is Eulerian, we obtain
closed trails in K, 5. If r is odd, the set of these trails must cover the edge
set of K. It follows that:
If @ =2 and 7 is such that 37, — (mod 4y ti T 2_t,=2 (mod ) (ti — 2) < 2,
then 7 is not realizable in "Ky p, because t; € Let(Kay) if t; = 0 (mod 4).
If @ > 4 and 7 is such that Zti>2 t; < ab, then 7 is not realizable in
"Kqp, because 2 ¢ Let(Kqp).

Sufficiency. If r = 1, then Y P, t; = ab, this implies that Theorem 7 is
true by Theorem 1. If r > 3, then the basic idea of the proof is to consider
"K,p as an edge-disjoint union of K, (G1) and "1 K, (G2), each of which
has sizes ab and (r — 1)ab, respectively.

Case 1. a = 2.
Let "K5p be a complete bipartite multigraph with vertices sets {z,y} and B.

Let My, My and Ms be the sets such that My = {i: t;; =0 (mod 4)} =
{1,...,m}, My = {i : t;, = 2 (mod 4),t;, > 6} = {m +1,...,n} and
Mz ={i:tj =2} ={n+1,...,p}. Notice that if > " ¢; > 2b, then 7 is
realizable in "Ko j from Observation 8.

Let k < n be the smallest integer such that Y7 ¢;,+3F  (t;,—2) >
2b. Observe that t;, =t +t! such that > ", tji+2f;%+1(tji—2)+t;k = 20,
and t; =0 (mod 4), t7 > 2.

Let t) =t;, —2,t] =2fori=m+1,.... k-1

— . . / / ’

Observe that sequence 7" = (t;,,... N 7IS FUTRRRS 7 N tjk) from Theo-
3 s : / ! /

rem 1 is realizable in K> j and the sequence T},,..., T}, , ijﬂ, Ty LT

is the Ky p-realization of 7’.

There is a realization T](:nﬂ,...,T]{’kil,ﬂ;,Tij,...J}p of sequence
/i " " s r—1
=t ettty tg,) in T Koy from Theorem 6.
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Observe that vertex x or y is in V(Tj) for i € {m + 1,...,k} and the
set of vertices {z,y} C V(T}) for i € {m +1,...,k}. In such a way T},
and T} (for i € {m + 1,...,k}) have always a common vertex z or y. In
such a case, if we denote T}, to be T} .7} (for i € {m +1,...,k}), then
Tiyyeo s Ty Ty s - -5 T, 18 @ " Ky p-realization of 7.

Case 2. a > 4.
We may assume that 7 is such that ¢; > --- > ¢,. Let k be the smallest
integer such that ¢ > 4 and Zle t; > ab.

Notice that if Zf;ll t; # ab — 2, then the existence of "K, p-realization
of 7 follows from Observation 9. Assume now that

Denote
thq = teo1+2,

t?c =t — 2.

Then, since t;,_, > 4, t} > 2 we may find a Gj-realization of 7 = (t1,...,
tr—2, ;) from Theorem 1 and a Gs-realization of 7o = (¢}, tg11,...,1p)
from Theorem 6. Let (11,75, ...,Tx—2,T}_;) and (T}, Tk41,...,Tp) are Gy
and Go-realizations of 7 and 79, respectively, such that e(T,é_l) = t;_l and
e(T}) =ty

Observe that e(T}_;) > 6 and |V (T},_,)| > 6, it is easy to verify that
we may write T} _; as (c1,... ’Ctﬁcfﬁl) with ¢; € A and ¢4 € B. We may
also write T}, as (d1,-~-,dt;€+1) with d; € A and do € B. Notice that
without losing generality, we may have chosen the realization of 75 in such
a way that ¢y = d; and ¢4 = do. In such a case, if we denote Ty, =
(di,da,cs5,. .. ’Ctk_ﬁ-l) and Ty, = (di, 2, c3,da,ds, . .. ’dt;—kl)v then T;_; and
Ty are closed trails of lengths t;_1 and t; respectively, and the sequence
(Th,...,T}p) is a " K, p-realization of 7. [ |
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