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Abstract

Let 1 (G) and v, (G) denote the total domination and the paired
domination numbers of graph G, respectively, and let G 0 H denote
the Cartesian product of graphs G and H. In this paper, we show
that v (G)w(H) < 5v(G O H), which improves the known result
v (G)v(H) < 6v(G O H) given by Henning and Rall.
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Let G = (V, E) be a simple graph with vertex set V' and edge set E. The
open neighborhood of a vertex v € V' is Ng(v) = {u € V' | uv € E}, the set of
vertices adjacent to v. The closed neighborhood of v is Ng[v] = Ng(v)U{v}.
For S C V, the open neighborhood of S is defined by Ng(S) = UyesNg(v),
and the closed neighborhood of S by Ng[S] = Ng(S)US. The subgraph of
G induced by the vertices in S is denoted by G[S].

A set of vertices or of edges is independent if no two of its elements are
adjacent. A matching in a graph G is a set of independent edges in G. A
perfect matching M in G is a matching in G such that every vertex of G is
incident with an edge of M.

For S C V(G), the set S is a dominating set if N[S] = V, a total
dominating set, denoted TDS, if N(S) = V, and a paired dominating set,
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denoted PDS, if N(S) =V and G[S] contains at least one perfect matching.
The domination number 7(G) is the minimum cardinality of a dominating
set of G. The total domination number ~;(G) (resp. paired domination
number 7, (G)) is the minimum cardinality of a total dominating set (resp.
a paired dominating set) of G. For all graphs G without isolated vertices,
Y(G) < %(G) < Yr(G) < 29(G). For a detailed treatment of the total
domination and paired domination in graphs, the reader is referred to [1]
and [4].

For graphs G and H, the Cartesian product G [ H is the graph with
vertex set V(G) x V(H ), where two vertices (u1,v1) and (ug, v2) are adjacent
if and only if either u; = ug and vivy € E(H) or v; = vy and ujug € E(G).
The most famous open problem involving domination in graphs is Vizing’s
conjecture which states that

Conjecture 1 (Vizing’s Conjecture [5]). For any graphs G and H,
VG (H) < (GO H).

The best general upper bound to date on y(G)y(H) in terms of v(G O H)
is due to Clark and Suen. They proved in [2] that: For any graphs G and
H, v(G)y(H) < 27(GUOH).

The unability of proving or disproving Vizing’s conjecture lead authors
to pose different variations of the original problem. The total domination
version of Vizing’s conjecture has been studied by Henning and Rall [3].
They proved that v (G)v(H) < 6v(G O H) and proposed an open ques-
tion: For any graphs G and H without isolated vertices, is it true that
(G)n(H) < 2%(GOH)?

In this note, we prove that v(G)y(H) < 5v(G O H), which improves
the general upper bound of ~,(G)~v.(H) given by Henning and Rall [3].

For any vertex (z,u) of GO H, the vertex u of H is the H-projection of
(z,u), denoted u = ¢y (x,u). For any subset A = {(z1,u1),..., (zg, ug)} of
V(G O H), the H-projection of A, denoted ¢ (A), is defined by ¢y (A) =
UF_{¢u(wi,u;)}, which is a subset of V(H). For simplicity, we denote
Neop(A) = N(A) and Ngop[A] = N[A], where A is a subset of V(GO H).
For any vertex § = (x,u) of GO H, a neighbor (z,v) € N() is called an H-
neighbor of (z,u). Similarly, a neighbor (y,u) € N(#) is called a G-neighbor
of (z,u).
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Theorem 1. For any graphs G and H without isolated vertices,
Y (G)v(H) < 5v(GOH).

Proof. Let D be a minimum TDS of GOH. Let D = DgUDy, where D¢ is
the set of vertices in D which have no H-neighbors in D and Dy = D — Dg.
By symmetry of G and H in Cartesian product G O H, we may assume
that |Dg| < |Dg|. For each vertex (z,u) € D¢, add exactly one H-neighbor
(x,v) of (z,u) to Dg (note that (x,v) ¢ D). The resulting set is denoted
by Dg. Let D = DgUDy. Then |D| = |Dg|+|Dy| < 2|Dg|+|Dy| < 3| D
since |Dg| < |Dg| and |D| = |Dg| + |Dgl-

Let A ={z1,y1,...,%k, yx} be a minimum PDS of G where for each 1,
z; is adjacent to y; in G, and so v, (G) = 2k. Let {II;,Ily,...,II;} be a
partition of V(@) such that {z;,y;} CII; C N({x;,y;}) for each i, 1 <i < k.
For each w € V/(H), let Vi, = V(G) x {w} and G,, be the subgraph of GO H
induced by Vi, let Dy, = DNV, and D,, = DNV,,. Foreachi=1,2,...,k,
let H; =1I; x V(H), let D; = DN H; and D; = DN H;. Let

Li = {(i,w)|(I; x {w}) N N[D;] = @,w € V(H)}.

Corresponding to each set D;, we construct a TDS of H as follows. Let
D! = ¢ (D;), then H[D!] contains no isolated vertices in H. If |L;| > 1,
then let F; denote the subgraph of H induced by the set of vertices w that
correspond to elements (i,w) in L;. For each isolated vertex w in F;, add
exactly one neighbor w’ of w in H to the set D] (note that neither w nor v’
belong to the set D!, but since (IT; x {w'}) N N[ | # @, w' is adjacent to a
vertex of D; ). For each nontr1v1a1 component of F;, add every vertex from
that component to the set D]. By construction, the resulting set is a TDS

of H, and so y(H) < |D!| + |Li| < |D;| + |L;|. Summing over all i,

k
(@) < 1) 2% < S°(Di + L)
(1) =1
|D|+ZrL|< |D|+Z|L|

For each w € V(H), let M,, = {(i,w)|(I; x {w}) " N[D;] = &,1 < i < k}.
k T v .

Then 0, (Ll = X ey ¥ul- Let My = {(G,w)|(IL x {w}) 1 N[D]] =

@,1 < i < k}. By construction of D;, D; C D;, so N[D;] C N[D;]. Hence,
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for any i, if (II; x {w}) N N[D;] = @ then (II; x {w}) N N[D;] = @. So, if
(i,w) € M, then (i,w) € M,. Therefore, |M,| < |M,)|.

We claim that [M,| < |Dy|. In fact, for any ¢, if (i,w) € M, then
(IL; x {w}) N N[D;] = @. Since D is a TDS of GO H, (II; x {w}) C N[D,)].
Hence each vertex in II; x {w} is dominated by D,,. Note that each vertex
in IT; x {w} is totally dominated by {z;,y;} x {w}. To complete the proof
of this claim, we give the following claim which has been proved by Henning
and Rall:

Claim 1 ([3]).
Vor(G) < 2(k — [My)) + 2| Dy

Our claim is an immediate consequence of Claim 1. Hence

ML= Y Myl < Y Myl < Y |Du|=1D).

i=1 weV (H) weV (H) weV (H)
Thus, by (1), we have

(G (H) < 5|D| = 5v(G O H).

References

[1] E.J. Cockayne, R.M. Dawes and S.T. Hedetniemi, Total domination in graphs,
Networks 10 (1980) 211-219.

[2] W.E. Clark and S. Suen, An inequality related to Vizing’s conjecture, Electron.
J. Combin. 7 (2000), No.1, Note 4, 3pp. (electronic).

[3] M.A. Henning and D.F. Rall, On the total domination number of Cartesian
products of graphs, Graphs and Combinatorics 21 (2005) 63-69.

[4] T.W. Haynes and P.J. Slater, Paired-domination in graphs, Networks 32 (1998)
199-206.

[5] V.G. Vizing, Some unsolved problems in graph theory, Usp. Mat. Nauk 23
(1968), no. 6(144) 117-134.

Received 7 March 2006
Revised 25 October 2006


http://www.tcpdf.org

