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Abstract

For paths P,,, G. Chartrand, L. Nebesky and P. Zhang showed that
ac'(P,) < ("52) + 2 for every positive integer n, where ac’(P,) denotes
the nearly antipodal chromatic number of P,. In this paper we show
that ac’(P,) < ("52) — 2 — [19] + 7 if n is even positive integer and
n > 10, and ac’(P,) < (";%) — %52 — [13] + 8 if n is odd positive
integer and n > 13. For all even positive integers n > 10 and all odd
positive integers n > 13, these results improve the upper bounds for

nearly antipodal chromatic number of P,.
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1. Introduction

Radio k-colorings are generalizations of ordinary colorings of graphs, which
were inspired by (FM Radio) Channel Assignments Problem (see [5, 7])
and introduced by G. Chartrand, D. Erwan, F. Harary and P. Zhang [1].
For a connected graph G of order n and diameter d and a integer k with
1 < k < d, a radio k-coloring of G is a function ¢: V(G) — N, such that
d(u,v)+ |e(u) —c(v)| > k+1 for every pair u and v of distinct vertices of G,
where d(u,v) denotes the distance between u and v (the length of a shortest
u — v path) in G. Clearly, radio l-colorings and ordinary colorings are
synonymous. The value rcg(c) of a radio k-coloring ¢ of G is the maximum
color assigned to a vertex of G; while the radio k-chromatic number rcg(G)
of G is min{rcg(c)} taken over all k-coloring ¢ of G. In particular, radio d-
colorings are referred to as radio labelings and the radio d-chromatic number
is called the radio number. Radio (d — 1)-colorings are referred to as radio
antipodal coloring or, more simply, as an antipodal coloring, and the radio
(d—1)-chromatic number is called the antipodal chromatic number, denoted
by ac(G). Radio k-coloring and radio labeling of graphs were studied in
[1, 2]. Radio antipodal coloring of paths were studied in [3, 4, 6].

Furthermore, G. Chartrand, L. Nebesky and P. Zhang gave the concepts
of nearly antipodal colorings in [4]. For a connected graph G of diameter
d, a nearly antipodal coloring of G is a function ¢: V(G) — N, such that
d(u,v) + |e(u) — e(v)| > d — 1 for every two distinct vertices u and v of G.
The value ac’(c) of a nearly antipodal coloring ¢ of G is the maximum color
assigned to a vertex of G. The nearly antipodal chromatic number ac'(G) of
G is min{ac/(c)} taken over all nearly antipodal colorings of G (In fact, for
d > 3, a nearly antipodal coloring is a radio (d — 2)-coloring).

Clearly, if G is a connected graph of diameter 1 or 2, then ac'(G) = 1;
while if diam(G) = 3, then ac’(G) is the chromatic number of G. Thus nearly
antipodal colorings are most interesting for connected graphs of diameter 4
or more. For this reason, the nearly antipodal chromatic number of paths
P, were investigated in [4] by G. Chartrand, L. Nebesky and P. Zhang. And
they showed that ac’(Ps) = 5, ac’(Ps) = 7, ac/(P;) = 11 and ac/(Ps) = 16.
Moreover, they presented an upper bound for the nearly antipodal chromatic
number of paths P, for every positive integer n as follows.

Theorem 1.1 ([4]). Ifn is a path of order n > 1, ac'(P,) < ("3%) + 2.
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2. Our Rresults and the Idea of the Proof

In this paper we will provide an improved version for Theorem 1.1. We will
show that

Theorem 2.1.

Clearly, it holds that —% — [10] +7 < 1 for all even integers n > 10, and
—n-t —[13]4+8 <1 for all odd integers n > 13. Thus, for all even integers
n > 10 and all odd integers n > 13, Theorem 2.1 improves the upper bounds
of ac'(P,).

We will prove Theorem 2.1 in Section 3, and the proof will virtually
provide a nearly antipodal coloring ¢ for paths P, with ac’(c) that is equal
to the bound presented in Theorem 2.1. The idea of performing the coloring
¢ is based on pseudo greedy algorithm: Let V(P,) = {p1,p2,-.., Pn}- At
first, we use the color ¢; = 1 to color some vertex p,, € {p1,p2,.-.,Pn},
where py,, is the (a) central vertex of P,. Suppose that for 1 <i <n—1
the vertices in {pn,,Pny,---Pn;} C {P1,P2,--., pn} have been colored with

c(pn;) = ¢j for all 1 < j < i, then we choose a color ¢;1; € N as small
as possible to color one vertex pp,., € V(P,)\{Pn,Pnss---+Pn;}, such that
APy Py ) HE(Pniypy) — c(pn,)] = d— 1 for all 1 < j < 4. And if there
are two vertices can be chosen for p,, . ,, then we take p,,,, close to central
vertices of P, as near as possible. Finally, we obtain that ac’(c) = ¢(py,,)
and hence ac’'(P,) <ac'(c¢). In Section 4 we will give some examples which
present the nearly antipodal coloring ¢ for some paths P, with ac’(c) showed
in Theorem 2.1 by our methods.

3. Proof of Theorem 2.1

Proof. 1. n is even and n > 10. Firstly, we let n > 12, note that
— |19 =0, it suffices to show that ac’(P,) < (”;2) — 5+ 7. Write n = 2k =
10 4+ 2(4p + q), where p € {0,1,2,...} and g € {1,2,3,4}. Then we have
that k =54 (4p+¢) and d — 1 =diam(P,) — 1 = 2k — 2.

We denote the vertices of P, by z7,z5,23 v},v3,...,09, 1,05,

Wy, W2 ...,Wq; UV2p, V2p—1,--.,V2, V1; X2,T1; Y1,Y2; UL, U2,...,U2p—1, U2p;
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L ’ Y Y A A . .
Zqy e 22, 215 Ugp, Uy s - -+ 5 U, U5 Y3, Y, Yy (see Figure 1). And we write

- . . / / ! oa,l / /
Vl—{xlnyaylay% xl?£2a£37y17y2>y3}7

J— vyl / / A ) / / /
VZ—{U1>u27U37u47 <oy V2p—1,U2p5 V1, Vg, - - 7U2p—1a U2p7u17u27 s 7u2p—17u2p}7

Va={w1,wy, ... y Wq3 215 225 - -+ 5 25 V2p, U2p—1, - - - , Vg, U3, V2, U1 }-

In the following we will present a coloring ¢ for P,, by three steps, such that

(1) d(u,v) + |c(u) —c(v)| >d—1=2k—2

holds for all distinct vertices u,v € Vi U Vo U Vs = V(P,), and ac/(c) =
("52) — § 4 T(note that Vo = ) if p = 0, and it is easy to see that the
following proof is also suitable for Vo = ().

Step 1. Color the vertices in V; (see Figure 1).

Let
c(x1) =1 (a1 is an central vertex of P,);
cty)) =clx1)+ (k-2)=k -1, c(zh) =c(x1) + (k—1) =k;
() = elah) + (k—2) = 26— 2
c(zh) =cly1) +k—1=3k -3, c(yh) = c(xh) + 1 = 3k — 2;
c(z2) = () + (k+ 1) = 4k — 2;
c(ys) = clwe) + (k= 1) =5k =3,  c(ay) = c(ys) + 3 = 5k;
c(y2) = c(ah) + (k— 1) = 6k — 1

Then by the definition of ¢ and the value of d(u,v) for u,v € Vi, it is easy
to verify that the following claim holds.

Claim 3.1. For all distinct vertices u,v € Vi, the inequality (1) holds. At
the same time, max,ey; ¢(v) = c(y2) = 6k — 1 and max,cy;\(y,) ¢(v) =
c(zf) = bk.

Step 2. Color the vertices in V3 (see Figure 1).

Fori=1,2,...,p, let
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c(vh 1) = c(y2) + (20 = Dk +3(20 = 2) + 21 + 2+ ... + (20 - 2)]
+(2i - 2)(k — 1),
c(ub;_1) = c(y2) + (20 — 1)k +3(2i — 1) +2[1 + 2+ ...+ (2 — 1)]
+(2i — 2)(k — 1);
c(vaio1) = c(ya) + (20 — Dk +3(2i — 1) + 21 + 2+ ... + (20 — 1)]
+(2i — 1) (k- 1);
c(uby) = e(y2) + (20)k +3(20 — 1) +2[1 + 2+ ... + (20 — 1)]
+(2i — 1)(k — 1),
c(vh;) = c(y2) + (20)k +3(2¢) + 2[1 + 2+ ...+ (24)] + (20 — 1)(k — 1);
c(ugi) = e(y2) + (20)k +3(20) +2[1 + 2+ ... + (20)] + (2i) (k — 1).

Then we have the following claim.

Claim 3.2. For all distinct vertices u,v € V; U V3, the inequality (1) holds.
At the same time, it holds that max,cv,uv, ¢(v) = c(ugy) = 6k — 1+
2p(2k +2p + 3) and max,e(v,uvs)\{us,} €(V) = c(vy,) = 5k +2p(2k +2p + 3).

In fact, note d — 1 = 2k — 2. Since that d(y2,v]) = k — 2, d(y2,u}) =
k—5, dvj,u)) = 2k =7, c(v]) = c(y2) + k and c(u)) = c(y2) + k + 5,
then for all distinct vertices u,v € {yo, v}, u}}, the inequality (1) holds. As
maXyey;\ {y,} €(v) = c(x3) by Claim 3.1, c(v}) = c(y2)+k = c(z3)+2k—1 and
c(u}) > ¢(v}), we have that c¢(v}) — (%) > d — 1 and c(u)) — c(zf) > d — 1.
Therefore for all distinct vertices u,v € Vi U {v},u}}, the inequality (1)
holds.

Since that d(u},v1) = k—1, d(vi,v]) = k—6, and c¢(vy) = c(u)) + (k—1)
= ¢(v]) + 5+ (k — 1), then for all distinct vertices u,v € {v1,v],u}}, the
inequality (1) holds. As max,ey, ¢(v) = ¢(y2) by Claim 3.1, and ¢(v;) =
c(y2) + k+5+ (k—1), we have that c(v1) — ¢(y2) > d — 1. Therefore for all
distinct vertices u,v € Vi U {v],u}, v1}, the inequality (1) holds.

Note the fact that d(vi,u)) = k — 2, d(v1,v5) = k — 5 — 2, d(uh,v}) =
2k —7—2, c(ub) = c(v1) +k, c(vh) = c(v1) + k+5+2; and d(vh,ug) = k—1,
d(ug,ub) =k —6—2, c(ug) = c(vh) + (k—1) = c(uh) +5+ 2+ (k —1).
Similar to the above discussion we can obtain that for all distinct vertices
u,v € Vi U{v],u),v1} U {ub, vh,us}, the inequality (1) holds.

Continue the above discussion we can conclude that for all distinct
vertices u,v € Vi U {vy,uy,v1} U {ug, vy, ug} U... U{vy, q,uh, 1,021} U
{us,,, vy, ugp} = Vi U Vs, the inequality (1) holds.
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By the definition of ¢, it is easy to verify that max,cv,u, c(v) = c(ugp) =
6k — 1 + 2p(2k + 2p + 3) and max,c(v,uvy)\{us,} €(v) = c(vy,) = 5k+
2p(2k + 2p + 3).

el el ™™ et " M) “C Ctlut ) et et e et et et

: : L / / ,
Yo Y2, U Up Ugpo1 Uzpy Zq 21 Ug, Ugy g Uy Uy L Y3 Yoo Yp

: 1 o / !
Ty Ta V1 Up Ugpo1 Uzl Wq Wi Wy, o, o vy v Loy ah 2

c(wy) 0(552)30(@1) ¢(vap-1) c(vy,) e(vh,_1)e(v)) C(vﬁ) c(xy) e(xy) e())

c(vs) " Evap)e(wg)c(w )

Figure 1: A nearly antipodal coloring for P, (n = 2k > 10).

Step 3. Color the vertices in V3 (see Figure 1).
Step 3.1. Color the vertices in {wy, wa, ..., wg; 21, 22, ..., 2}
According the value of ¢, there are four cases.

Case 1. g =1. Let

c(wy) = c(ugp) + k =7k — 1+ 2p(2k + 2p + 3),
c(z1) =clw1) +3+2(2p+1) =Tk + 4+ 2p(2k + 2p + 5).

Case 2. ¢ =2. Let

c(wy) = c(ugp) +k =7k — 1+ 2p(2k + 2p + 3),

c(z1) =clw1) +3+22p+1) =Tk +4+ 2p(2k + 2p + 5),
c(we) = c(z1) + (k — 1) = 8k + 3 + 2p(2k + 2p + 5),

c(z0) = c(w) +3+2(2p +2) =8k + 10 + 2p(2k + 2p + 7).

Case 3. ¢ = 3. Let

c(wy) = c(ugp) + k =7k — 1+ 2p(2k + 2p + 3),

1) =clw1))+3+22p+1) =Tk +4+42p(2k + 2p + 5),

3) =c(z1) + (k—1) =8k + 3+ 2p(2k + 2p + 5),

2) = c(w3) +k =9k +3+4+2p(2k + 2p +5),

wa) =c(22) +3+2(2p+2) =9k + 10+ 2p(2k +2p + 7),
)+ k =10k + 10+ 2p(2k +2p + 7).
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Case 4. ¢ = 4. Let

c(wn) —c(uzp) k=7k—142p(2k + 2p+ 3),
z1) = c(wy) +3+2(2p+1) = Tk + 4 + 2p(2k + 2p + 5),
wy) = c(z1) + (k—1) = 8k + 3+ 2p(2k + 2p + 5),

(

o(

(

(22) = c(wy) + k =9k + 3 + 2p(2k + 2p + 5),
( c(z

(

o
Il

Q

o

ws) = c(22) + 34 2(2p + 2) = 9k + 10+ 2p(2k + 2p + 7),

CZ3): ( 2) ( —1):10k+9+2p(2k+2p+7)
C(Z

c(wz) = c(z3) + 34+ 2(2p + 3) = 10k + 18 + 2p(2k + 2p + 9),
c(z1) = c(ws) + (k+1) = 11k + 19 + 2p(2k + 2p + 9).
Step 3.2. Color the vertices in {vap, ugp—1, ..., va, us, v, u1 }.

For any case above (¢ =1,2,3,4), we let

c(vap) = c(zq) + [(k +q) = 1],

c(ugp-1) = c(vap) + [(k+q—1) +2],
c(vzp-2) = c(ugp—1) +[(k+¢—1)+2-2],
c(ugp—3) = c(vgp—2) + [(k+q—1)+2-3],

[(k+q—1)+2(2p—2)]
[(k+q—1)+2(2p—1)]
2p(k+q—1)+2. 2271
= c(zq) +2p(k+q+ 2p — 2).

Then by a similar method to prove Claim 3.2, we can obtain the following
claim.

Claim 3.3. For all distinct vertices u,v € ViUVaUVs = V(P,), the inequal-
ity (1) holds. And max,cy(p,)c(v) = c(u1) = c(z) + 2p(k +q + 2p — 2).

By Claim 3.3, we have shown that for all even integers n > 12, ¢
is a nearly antipodal coloring for P,. Therefore ac’'(P,) < ac'(c) =
max,cy(p,) ¢(v) = c(u1) = c(zq) + 2p(k + g + 2p — 2). To finish the proof of
Theorem 2.1 for all even integers n > 12, it suffices to prove the following
claim.

Claim 3.4. For any p € {0,1,2,...} and any ¢ € {1,2,3,4}, it holds that
c(u1) = e(zq)+2p(k+q+2p—2) = (";%)—2+7, where n = 2k = 2(5+4p-+q).
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In fact, if g =1, then kK =4p+ 6, 2p = %. Thus
clur) =c(z1)+2p(k+q+2p—2)=Tk+4+2p(2k +2p +5)
+2p(k+2p—1)

2 —2
=2k32—6k+10=%—3n+10: <n2 )— + 7.

n
2
If =2, then k = 4p + 7, 2p = 557, Thus
c(ur) = c(z9) +2p(k +q+2p—2) =8k + 10+ 2p(2k + 2p + 7)
+ 2p(k + 2p)
:8k+10+2p(3k+4p+7)=n;—3n+10: (”;2> —g+7.
If g = 3, then k = 4p + 8, 2p:%. Thus
c(ur) =c(z3) +2p(k +q+2p—2) =10k + 10+ 2p(2k + 2p + 7)
+2p(k +2p+1)

2 -2
:10k+10+2p(3k+4p+8):%_3n+10: (”2 >_Z+7.

If g =4, then k = 4p +9, 2p = 552, Thus
c(ur) =c(za) +2p(k +q+2p—2) =11k + 19+ 2p(2k + 2p + 9)
+ 2p(k +2p +2)

2
=11k + 19+ 2p(3k + 4p + 11) = %—3n+10: <”;2> —g+7.
Thus Claim 3.4 holds and hence ac’(P,) <ac'(c) = (";%) — 2 +7 for all even
integers n > 12.

Secondly, for n = 10, in the above proof we take p = 0 and ¢ = 0.
Namely, V2 = V3 = 0, V(Pio) = Vi = {2, 23, 2322, 15 Y1, Y25 U5, Y5, Y1 }
(also see Figure 1 and let p = ¢ = 0). Then coloring c|,ev; (v) is a nearly
antipodal coloring for Pjg. Thus by Claim 3.1, ac’(Pio) <ac'(clyey;) =
max,cy, ¢(v) = c(y2) = (6k — 1)|k=5 = 29 = (10;2) +1. Since =[] = -1
for n = 10, it follows that ac’(Pio) <ac(c|vev;) = (102_2) +1= (102_2) — 90—
[12] +7.
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Thus we complete the proof of assertion 1 in Theorem 2.1.

2. n is odd and n > 13. Firstly, we let n > 15, note that — | 12 | = 0, it suffices
to show that ac’(P,) < (";%) — & +8. Write n = 2k + 1 = 13+ 2(4p + ¢),
where p € {0,1,2,...} and ¢ € {1,2,3,4}. Then we have that k = 6+ (4p+q)

and d — 1 =diam(P,) — 1 =2k — 1.

: / / / /. / / / /.

We denote the vertices of P, by z,z5, x5, }; V], Vg, -y Uy, Vs

Wi, W2, ..., Wq; V2p, V2p—1; --.,V2,V1; T2, T1; TO; Y1, Y2; U1, U2, ..., U2p—1, U2p;
oy / / .,/ / / / : :

Zqs .5 22, 215 Ugp, Ugy 15 - - - Ug, UL Yy U3, Yo, Uy (see Figure 2). And we write

. . - / / .,/ / / /
Vl == {$0;$17$2,y17y27$17$27$37$4,y17y27y3794}7
— vy / / oL, / /! !/
V2 = {’l)l,’LLQ,’l)3,U4, <oy, V2p—1,U2p; V1, Vgy v vt 7v2p—17v2p7u17u27 s 7u2p—17u2p}7
V3 = {wlaw27-~7wq;217227---azq;v2p7u2p—la~--7”47“37”27“1}-

Similar to the method of proof assertion 1, we will present a coloring ¢ for
P, by three steps, such that

(2) d(u,v) + |c(u) —c(v)| >d—1=2k -1

holds for all distinct vertices u,v € V1 U Vo U V3 = V(FB,), and ac'(c) =
(";2) — 5 + 8(note that Vo = 0 if p = 0, and it is easy to see that the
following proof is also suitable for Vo = ().

Step 1. Color the vertices in V; (see Figure 2).

Let
c(zp) = 1 (xg is the central vertex of P,);
c(x1) = c(xo) + (k — 1) =k, c(y) = clzo) + (k= 1) = k;
c(xy) = c(z) + k = 2k;
c(yy) = c(x1) +(k—1) =3k =1, c(z}) = c(z1) + (k+1) =3k + 1
c(y1) = clya) + (k+ 1) = 4k;
c(xy) = c(y1) + k = 5k, c(yy) = c(yy) + 3 = bk + 3;
c(x2) = c(zh) + (k + 3) = 6k + 3;
c(yy) = c(x2) +k =Tk + 3, o(x)) = cly)) +5 =Tk +8;
c(y2) = c(z)) + k =8k + 8.

Then by the definition of ¢ and the value of d(u,v) for u,v € Vi, it is easy
to verify that the following claim holds.
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Claim 3.5. For all distinct vertices u,v € V1, the inequality (2) holds. At
the same time, max,cy; c(v) = c(y2) = 8k + 8 and max,cy;\ fy,} (V) =
c(x)y) =Tk + 8.

Step 2. Color the vertices in V5 (see Figure 2).
Fori:=1,2,...,p, let

c(vh; 1) = cly2) + (20 — 1)(k +1) +5(20 —2) + 2L+ 2+ ... + (2i — 2)]

+ (2 — 2)k,
cluby_1)=cly2) + (2i —1)(k+1)+52i—1)+21+2+...4+ (20 — 1)
+ (20 — 2)k;
c(vai1) =c(y2) + (20— 1)(E+1) +5(20 — 1) +2[1 +2+ ... + (20 — 1)]
+ (20 — 1)k;
cluh;) = e(ya) + (20)(k +1) +5(2i — 1) +2[1 + 2+ ... + (20 — 1)]
+ (20 — 1)k,

c(vh;) =c(y2) + (20)(k + 1) +5(20) +2[1 + 2+ ... 4+ (20)] + (2t — 1)k;
c(ugi) = c(y2) + (20)(k + 1) +5(2¢) + 2[1 + 2+ ... + (24)] + (20).

Then we have the following claim.

Claim 3.6. For all distinct vertices u,v € Vi U V3, the inequality (2) holds.
At the same time, it holds that max,cv,uy, ¢(v) = c(ugp) = 8k +8+2p(2k +
2p + 7) and max,ev;uvy)\fus,} (V) = c(vh,) = Tk + 8+ 2p(2k + 2p + 7).

In fact, note d — 1 = 2k — 1. Since that d(y2,v]) =k — 2, d(y2,u}) = k — 6,
d(vj,u}) =2k =8, c(v]) = c(y2) + (k+ 1) and c(u)) = e(y2) + (K + 1) + 7,
then for all distinct vertices u,v € {yo, v}, u)}, the inequality (2) holds. As
Max,cy;\{y,} ¢(v) = c(}y) by Claim 3.5, c(v]) = c(y2)+(k+1) = c(a))+2k+1
and c(u}) > ¢(v}), we have that ¢(v])—c(a}) > d—1 and c(u})—c(zf)) > d—1.
Therefore for all distinct vertices u,v € ViU{v], u}}, the inequality (2) holds.

Since that d(u},v1) =k — 1, d(v1,v]) =k =7, and c(v1) = c(u)) + k =
c(v]) + 7+ k, then for all distinct vertices u,v € {vi,v],u}}, the inequal-
ity (2) holds. As maxyecy, ¢(v) = ¢(y2) by Claim 3.5, and c¢(v1) = ¢(y2)+
(k+1)+7+k, we have that c¢(v1) — ¢(y2) > d — 1. Therefore for all distinct
vertices u,v € Vi U {v],u},v1}, the inequality (2) holds.

Note the fact that d(vi,u)) = k — 2, d(v1,v5) = k — 6 — 2, d(uh,vh) =
2k — 8 — 2, c(uh) = c(v1) + (k+ 1), e¢(vh) = c(v1)) + (k+ 1)+ 7+ 2; and
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d(vh,uz) = k=1, d(ug,ub) = k—7-2, c(uz) = c(vh)+k = c(u) +7+2+k.
Similar to the above discussion we can obtain that for all distinct vertices
u,v € Vi U], u), v} U{ub, v, us}, the inequality (2) holds.

Continue the above discussion we can conclude that for all distinct
vertices u,v € Vi U {v],uy,v1} U {us, vy, ua} U ... U{vy, 1, uh, q,v9p-1} U
{us,,, vy, ugp}t = Vi U Va, the inequality (2) holds.

By the definition of ¢, it is easy to see that max,cy,uv, c(v) = c(ugp) =
8k + 8 + 2p(2k + 2p + 7), and max,e(v,uvs)\{us,} €(V) = c(vy,) = Tk +8 +
2p(2k+2p+ 7).

el ) " s " M U V) et o) e ) ) )

! P ! T / / ro o / / /
Yo Y2 o U uz Uzp-1 Uzpy Zqg 21 Ug, Ug, g Uy Uy L Yy Y3 Yoo Y

C(Io)l,o

1 1 ) ' 1
Ty Xy o Uy Uy Vg1 Uzpy W Wi Uy, Uy, g vy V)L Xy xh xh )

o)l 0 S L) o R0 ) ) ()

Figure 2. A nearly antipodal coloring for P, (n =2k +1 > 13).

Step 3. Color the vertices in V3 (see Figure 2).
Step 3.1. Color the vertices in {wy, wa, ..., wg; 21, 22, ..., 2}
According the value of ¢, there are four cases.

Case 1. g =1. Let

c(wy) =c(ugy) + (k+1) =9 +9+2p(2k +2p +7),
c(z1) = c(wy) +5+2(2p+ 1) =9k + 16 + 2p(2k + 2p + 9).

Case 2. ¢ =2. Let

clwr) = c(ugy) + (k+1) = 9k + 9+ 2p(2k + 2p + 7),
c(z1) = c(wy) +5+2(2p + 1) = 9k + 16 + 2p(2k + 2p + 9),
c(we) =c(z1) + k =10k + 16 + 2p(2k + 2p + 9),

(

c(z2) = c(wa) + 5+ 2(2p + 2) = 10k + 25 + 2p(2k + 2p + 11).



170

Y.-F. SHEN, G.-P. ZHENG AND W.-J.

(w1) =clugp) + (k+1) =9 +9+2p(2k +2p+7),

(z1) = c(w1) + 5+ 2(2p+ 1) = 9k + 16 + 2p(2k + 2p + 9),
(w3) = ¢(z1) + k =10k + 16 + 2p(2k + 2p + 9),

c(22) = c(ws) + (k +1) = 11k + 17 + 2p(2k + 2p + 9),
(wa) = c(z2) +5+2(2p +2) = 11k + 26 + 2p(2k + 2p + 11),
( )+

23) = c(wy) + (k+ 1) = 12k + 27 + 2p(2k + 2p + 11).

Case 4. ¢ = 4. Let

c(wy) = c(ugp) + (k+1) =9k + 9+ 2p(2k + 2p + 7),
1)+5+22p+1) =9+ 16+ 2p(2k +2p+9),
+k =10k 4+ 16 4 2p(2k + 2p +9),

wg) + (k+1) =11k + 174+ 2p(2k + 2p +9),

(
o c(w
( c(z1)
( c(ws) +
c(wy) = c(z2) + 5+ 2(2p + 2) = 11k + 26 + 2p(2k + 2p + 11),
( c(wz)
( c(z3)
( c(ws) +

(2

wa) + k =12k + 26 + 2p(2k + 2p + 11),
(z3) +5+2(2p+ 3) = 12k + 37 + 2p(2k + 2p + 13),
(k +2) = 13k + 39 + 2p(2k + 2p + 13).

c(wsg) =

24)

c w3

Step 3.2. Color the vertices in {vap, ugp—1,...,v4,us, v2, us }.

For each case above (¢ =1,2,3,4), we let

(vap) = czq) + (K +q),

(uzp—1) = c(vap) + [(k + q) + 2],

c(vap—2) = c(ugp—1) + [(k+q) +2-2],
( ) = c(vap—2) + [(k+4q) +2- 3],

c(v2) = c(uz) + [(k + q) +2(2p — 2)],
c(ur) = c(v2) + [(k +q) +2(2p — 1)]
= ¢(2q) + 2p(k + ) + 2 - 22221
=c(zq) +2p(k+q+2p—1).

He

Then by a similar method to prove Claim 3.6, we can obtain the following

claim.
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Claim 3.7. For all distinct vertices u,v € ViUVaUV3 = V(P,), the inequal-
ity (2) holds. And max,cy(p,)c(v) = c(ur) = c(zq) + 2p(k +q +2p — 1).

By Claim 3.7, we have shown that for all odd integers n > 15, ¢ is a nearly
antipodal coloring for P,. Therefore ac'(P,) <ac'(c) = max,cy(p,)c(v) =
c(ur) = c(zq) + 2p(k + ¢+ 2p — 1). To finish the proof of Theorem 2.1 for
all odd integers n > 15, it suffices to prove the following claim.

Claim 3.8. For any p € {0,1,2,...} and any ¢q € {1,2,3,4}, it holds that
c(ur) = c(zg) +2p(k +q+2p—1) = (HQZ) — 2l 48, wheren =2k +1 =
13+ 2(dp + q).

In fact, if g =1, then k =4p + 7, 4p =k — 7, 2p = 5. Thus
clur) =c(z1) +2p(k +q+2p — 1) = 9k + 16 + 2p(2k + 2p + 9) + 2p(k + 2p)

n? 23 n—2 n—1
=2k* —4k+9=— — - = - :
+9 2 3n+2 ( 9 > 5 +38

If g =2, then k =4p + 8, 4p:k—8,p:k—58. Thus

c(ur) = c(z2) +2p(k +q+2p—1)

10k + 25+ 2p(2k + 2p+ 11) + 2p(k +2p + 1)

n? 23 n—2 n—1
=2k -4 = — — = — .
k k+9 2 3n+2 ( 9 > 5 + 8

Ifg=3,then k=4p+9,4p=4k—9, p= %2 Thus

clur) = c(z3) +2p(k +q+2p—1)

12k + 27 4 2p(2k + 2p + 11) + 2p(k + 2p + 2)

2 _— J—
:2k2—4k+9:n—3n+23:<n 2>_n 1+8.

2 2 2 2
If g =4, then £k =4p+ 10, 4p =k — 10, 2p = k;210‘ Thus
c(ur) = c(za) +2p(k+q+2p—1)
= 13k + 39 + 2p(2k + 2p + 13) + 2p(k + 2p + 3)

2 23 n—2 n—1
= 2% —dk+9=" —3n+ — - '
+9 5 3n+2 ( 9 > 5 +38
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Thus Claim 3.8 holds and hence ac’(P,) <ac'(c) = ("3?) — 5% + 8 for all
odd integers n > 15.

Secondly, for n = 13, in the above proof we take p = 0 and ¢ = 0.
Namely, Vo = V3 = 0, V(P13) = Vi = {7, 25, 2%, ¥j; T2, 215 To; Y1, Y25 Y45 Y3,
yh, 1} (also see Figure 2 and let p = ¢ = 0). Then coloring c|,ey; (v) is a
nearly antipodal coloring for Pj3. Thus by Claim 3.5, ac’'(P3) <ac'(clyevy) =
max,ey, ¢(v) = c(y2) = (8k + 8)|k=¢ = 56 = (13;2) +1. Since —[13] = -1
fl(?))r_ln_—tll%, f8follows that ac’(Pi3) <ac'(clvery) = (*%%) +1 = (*%?) -

2 13 :

Thus the assertion 2 in Theorem 2.1 holds. [ ]

4. Examples

In this section we give some examples which present the nearly antipodal
coloring ¢ for some P,, with ac’(c) presented in Theorem 2.1 by our methods.
Example 4.1. A nearly antipodal coloring ¢ for Pyy with ac’(c) = (10; 2) —
DB +7= (102_2) + 1 =29 (see Figure 3).

5 12 25 18 1 8 22 13 4

ry oz xh o x2 m Y1 Y2 oyh o yh o

Figure 3. A nearly antipodal coloring for Pg.

Example 4.2. A nearly antipodal coloring ¢ for Pi3 with ac’(c) = (132_ 2) -

1351 - L%J +8= (13;2) + 1 =56 (see Figure 4).

6 19 30 50 39 12 1 24 45 33 17 6

N / / / - - - / / / /
ry Ty xy xy P2 T To Y1 Y2 ys, Yz Y2 Y

Figure 4. A nearly antipodal coloring ¢ for Pi3.

Example 4.3 A nearly antipodal coloring ¢ for Pss with ac’(c) = (322_ 2) -

Bi7= (32;2) — 9 =426 (see Figure 5).
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Here n = 2k = 10+ 2(4p + q) = 32, then k = 16, p = 2 and ¢ = 3.

[426] 380 1342 311 280

30 95 169 251 1225 194 147 116 77 46 15

l l L / / r
Yi Y2, ur Uz Uz Ug, 23 22 21 Uy Uz Uy U Y3 Yy o Y

Ty Tl Vi V2 V3 Vg W3 W2 Wi owy vy vy Uy L oy xhy, X

1 62131 209 : 1236 185 154 111.80 45 16
1 402 360 . 295 326 267 . 1

Figure 5. A nearly antipodal coloring for Piss.

Example 4.4. A nearly antipodal coloring ¢ for P33 with ac’(c) = (332_ 2) -

B-l48= (33;2) — 8 =457 (see Figure 6).

Here n =2k + 1 =13+ 2(4p + q) = 33, then k = 16, p = 2 and ¢ = 2.

[457] 411 1373 340 :

64 136 218 308 1279 246 193 160115 83 47 16
O A T T R A A A R A A A
Lo

Ty T2 0 V1 V2 VU3 Vg we wi, vy vy vy v ah ah xh 2

3299 176 235 202 153120 80 49 16

262 3 1 292
433 391 1356 325

Figure 6. A nearly antipodal coloring ¢ for Ps3.
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