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Abstract

Motivated by problems in radio channel assignments, we consider
radio k-labelings of graphs. For a connected graph G and an integer
k > 1, a linear radio k-labeling of GG is an assignment f of nonnegative
integers to the vertices of G such that

|f(@) = f(y)| =2 k+1—de(z,y),

for any two distinct vertices x and y, where dg(x,y) is the distance
between x and y in G. A cyclic k-labeling of G is defined analogously
by using the cyclic metric on the labels. In both cases, we are interested
in minimizing the span of the labeling. The linear (cyclic, respectively)
radio k-labeling number of G is the minimum span of a linear (cyclic,
respectively) radio k-labeling of G.

In this paper, linear and cyclic radio k-labeling numbers of paths,
stars and trees are studied. For the path P, of order n < k + 1, we
completely determine the cyclic and linear radio k-labeling numbers.
For 1 < k <n—2, anew improved lower bound for the linear radio
k-labeling number is presented. Moreover, we give the exact value of
the linear radio k-labeling number of stars and we present an upper
bound for the linear radio k-labeling number of trees.

Keywords: graph theory, radio channel assignment, cyclic and linear
radio k-labeling.
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1. Introduction and Definitions

In wireless networks, an important task is the management of the radio
spectrum, that is the assignment of radio frequencies to transmitters in a
way that avoid interferences. Interferences can occur if transmitters with
close locations receive close frequencies. The problem, often modeled as a
coloring problem on the graph where vertices represent transmitters and
edges indicate closeness of the transmitters, has been studied by several
authors under different scenarios.

In this context, the general L(p1,po,...,p:)-labeling problem has been
proposed: find a labeling of the vertices of the graph such that the labels
of any two vertices at distance d are pg apart. The goal is to minimize the
span (range of frequencies). Since this problem appears to be difficult in its
generality, many particular cases have been studied. Among all, labelings
with constraints at two distances, i.e., L(h,k)-labelings and particularly
L(2,1)-labeling introduced by Griggs and Yeh [7] have been the subject of
many works.

In this paper, we study the radio k-labeling problem defined by Char-
trand et al. [2, 4], which can be viewed as an extension of the L(2, 1)-labeling
problem and a particular case of the L(pi,p2,...,pr)-labeling problem in
which the constraints are given by p; = k41 —i. More formally, for a graph
G = (V, E), we denote by dg(z,y) the distance between two vertices z and
y, and by D(G) the diameter of G.

Definition 1 (linear and cyclic radio k-labeling). Let G = (V,E) be a
connected graph and k£ an integer with k£ > 1.

(i) A linear radio k-labeling of G is a function f which maps each vertex
of V to an element of {0,1,2,...,\*(f)} such that:

1f(x) = f()| > k+1—dg(x,y),

for every two distinct vertices x and y of G. M¥(f) is called the span
of f. The linear radio k-labeling number \*(G) of G is the minimum
span of all linear radio k-labelings of G.

(ii) A cyclic radio k-labeling of G is a function g which maps each vertex
of V to an element of {0,1,2,..., \¥(g) — 1} such that for any (z,y) €
VxV,z#y,

k+1—de(z,y) < lg(@) — g(y)| < Mi(g) — (k+1 —da(z,y)),
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or equivalently,

l9(z) = g(Y)|lm = k+1—da(z,y),

where |a — b, = min {|a — b|, m — |a — b|} is the cyclic metric on the
labels. \.*(g) is called the span of g. The cyclic radio k-labeling number
A (G) of G is the minimum span of all cyclic radio k-labelings of G.

Let g be a cyclic k-labeling of G, we remark that if m is the largest label of g
then the span of g is m + 1 because there is one more interval of frequencies
between m and 0.

Therefore, radio k-labelings generalize many known labelings: For k =
1, MY (G) = x(G) — 1, where x(G) is the chromatic number of G. For k = 2,
the radio 2-labeling problem corresponds to the L(2,1)-labeling problem.
For k = D(G) — 1, a linear radio k-labeling is referred to as radio antipodal
coloring (see [2, 1]), because only antipodal vertices can be of the same
color. In that case, the minimum number of colors needed is called the
radio antipodal number, denoted by ac(G). As the authors of [2, 1] consider
the maximum color used (labels are positive) instead of the span, then we
have \*(G) = ac(G) — 1. Finally, in the case k = D(G), A*(G) is called the
radio number and is studied in [3, 13].

Figure 1 shows a linear radio 3-labeling of a graph with span 10 (notice
that the diameter of the graph is 4, thus this labeling is antipodal). If we
consider this labeling to be a 13-labeling, then it is also a cyclic radio 3-
labeling with span 13 (although the labels 11 and 12 are not used), but it is
not a cyclic radio 3-labelings with span 12 since adjacent vertices with label
0 and 10 have too close labels.

10 2 5

3

0 7

Figure 1. A linear radio 3-labelings with span 10.

In this paper, we shall relate the linear and cyclic radio k-labeling number
with the following parameters: the upper hamiltonian number of a graph G
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of order n, denoted by ht(G) is the maximum of Y7 da(n(i + 1), 7(3)),
over all cyclic permutations 7 of the vertices of G; and the upper traceable
number (see [14]) is defined as t7(G) = max, Y12 dg((i + 1), 7(i)). The
upper hamiltonian number was first studied in [5, 6]. Later, Kral et al. in [11]
showed that the problem of determining the upper hamiltonian number of a
graph is N P-hard. The same method can be used to prove that computing
the upper traceable number is also an N P-hard problem.

The complexity of deciding whether A¥(G) < h for a given graph G and
integers k£ and h is still unknown. However, in this paper, we show that
determining the radio k-labeling number of a graph G for k > 2D(G) — 2 is
an N P-hard problem.

To our knowledge, bounds on the linear radio k-labeling number are
given only for the path P,, when k < n — 1. Furthermore, for the particular
cases k = n—2 and k = n—1, the exact value of \*(P,) have been established
recently [10, 13].

In the context of radio frequency assignment, many authors adopt the
linear metric on the channel. Nevertheless, the use of the cyclic metric ap-
pears to be interesting also, even so not much works consider this approach:
Heuvel et al. [8], Shepherd [15], and Leese and Noble [12] considered cyclic
labeling, but mainly for constraints at two distances.

Notice that, although the authors in [4] only consider linear radio k-
labelings for k& < D(G), one can also consider the case k > D(G). The
motivation behind the study of the case & > D(G) is of two kinds: first,
this case seems less difficult to study than the case k < D(G) (see Theorem
1) and secondly, computing the radio k-labeling number of a graph for & >
D(G) can be help to compute the radio k-labeling number of other graphs
with larger diameter, as it is done in [9].

In this paper, we first present a complete study both for the linear and
the cyclic radio k-labeling problem on the path P, for any value of n and k.
In most cases we find the exact value of the radio numbers and in other cases
we improved the existing bounds (see table below, where (x) represents our
results in this paper).

Next, we investigate the linear and cyclic radio k-labeling number for
trees. We give the exact value of the linear and cyclic radio k-labeling
number of star for any £ > 2. We also present an upper bound for the linear
and cyclic radio k-labeling number of a tree of order at least 5 that is neither
a star nor a path.
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e
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2
2 _ e
k +§k L if k is odd.

(*)

k244
22
B2+l if k is odd.

2
if k£ is even, % if k is even,

* > : *
£ ) L BT ks odd. )

2 . same bounds as above
2p° —2p+2 ifn=2p+1.

2 . . 2 . _ (*)
2p© + 2 if n=2p+ 1. 2p° +2p+1 ifn=2p+1.

(n—1)k— %n(n -2) if n is even, nk — %n(n -2) if n is even,

(n—1k—Ln—1)2+1 ifnisodd |7 \nk—L(n—1)>+1 ifnis odd
2 : 2 3

(*)

2 _ o
kn—2{2p dp+4 if n=2p, [10]
2 _ i = 2 i =
{Qp 2p+1 if n=2p, [13] _ {2p if n = 2p,

2. The Linear Radio k-Labeling Number of
Graphs

In this section, we first give some simple bounds on the linear radio k-labeling
number of a general graph for any £ > 1, and secondly, we present results
concerning linear radio k-labeling numbers of paths.

2.1. General graphs

The following proposition helps to obtain an upper bound for \*(G).

Proposition 1 ([10]). For any graph G on n vertices, and for any integers
k>1and a>1,

M@ < XNG) + (n — 1a.

If G* is the kth power of G, that is the graph with vertex set V(G*) = V(G)
and edge set E(G*) = {(x,y) € V(G)|dg(x,y) < k}), then

Proposition 2. For any integer k > 1,
(@) < k(X(GY) = 1).

Proof. Assume that there exists a proper coloring f of G* which uses
x(GF) colors. Then, for any (x,y) € E(G*), we have |f(z) — f(y)| > 1.
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Consider the labeling g : V(G) — {0,1,...,kx(G*) — k}, defined by
g(x) = kf(x) for any z € V(G). Let (z,y) be two distinct vertices of G. If
(z,y) € BE(G*), we get

lg(z) —g(y)| = k[f(x) = fW)| =2k > k+1—da(x,y).

Hence, g is a linear k-labelings with span \*(g) = k.x(G*)—k. Consequently,
N(G) < F(x(GM) ~1). .

Thus far we have presented only upper bounds on A\*(G) when k& > 1. We
now provide a lower bound on A\*(G). Note that the linear radio k-labeling
number is related to the upper traceable number ¢*(G). This result also
appears in our paper [9], but as the proof is short, we give it again to be
complete.

Lemma 1 ([9]). For any integer k > 1, and any graph G of order n,
MN(G) > (n—1)(k+1)—t7(G).

Proof. Let f be alinear radio k-labeling of G such that \*(f) = A\*(G). Let
(1, x2,...,x,) be an ordering of the vertices of G such that f(z;) < f(zit1).

Observe that f(wn) — f(x1) = Y1) (f(wig1) — f ().
As, foreachi=1,...,n—1, |f(CL‘Z+1) — f(.’EZ)’ >k+1-— dg(l‘i+1,l‘i),
we get

n—1
flan) = f(x1) = (n=1)(k+1) =D da(@ip1, z:)-
i=1
Thus
AP > (n— D)k + 1) — (). I

Finally, note that if £ > 2D(G) — 2 then we can compute the exact value of
M¥(G) as a function of k, n, and h} (G).

Theorem 1 ([9]). For any graph G on n vertices, if k > 2D(G) — 2, then
MN(G) = (n—1)(k+1)—t7(Q).

Remark 1. An immediate consequence of this result is that given a graph
G and an integer k > 2D(G) — 2, determining the radio k-labeling number
of G is an N P-hard problem since computing the upper traceable number
is N P-hard, as observed in the introduction.
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2.2. Paths

Let P, denote the path on n vertices. In the next, we determine the exact
value of the linear radio k-labeling number of P, for £k > n. Note that
A""2(P,) was calculated by Khennoufa and Togni in [10], and \»~*(P,) by
Liu and Zhu in [13].

Theorem 2 ([10]). For any n > 5,

_ 2% —4dp+4  ifn = 2p,
NP =17 g
2p° —2p+2 ifn=2p+1.

Theorem 3 ([13]). For any n > 3,

22 —2+1 ifn=2
)\n—l(Pn) — { p p+ an D,

2p% +2 if n=2p+1.
With these results in hand, we can now determine \*(P,) for k > n.

Lemma 2 ([13]). For any integer n > 2,

2% — 1 if n=2p,
22 +2p—1 ifn=2p+1.

t+(Pn) = {

Theorem 4. If P, is a path of order n > 3, then for k > n

A (P,) = {(n — 1)k — %n(n —2) if n is even,
(n—1Dk—31(n—124+1 ifn is odd.
Proof. Let k > n. For n = 2p, Proposition 1 gives
AP < AN (P 4 (n— 1) (k —n + 1).
With Theorem 3 we obtain
AN (P <2p* —2p+1+ (2p— 1)(k —2p+1).

Then
ME(P,) < (n— 1)k — %n(n _9).
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On the other hand, by combining Lemma 1 and Lemma 2, we get
1
NP, > (n— 1)k — §n(n —2).
For n = 2p + 1, Proposition 1 gives
M(Py) < XNYPy) + (n—1)(k —n).

In the next, we need to determine \"*(P,). For this, we define a labeling f
of P, by

f)=@p+1-1)+p+1, 1<i<p+]1,

fli+p+1)=f)—p-1, 1<i<p

It is easy to verify that f is a linear radio k-labeling with span \"(f) =
f(p+1)=2p?>+2p+1. Then

NP (Popi1) < 2p° +2p + 1.
This implies
MNP <2p* +2p+1+ (n—1)(k —n).
Thus

MNP < (n— 1)k — %(n R

On the other hand, by virtue of Lemma 1 and Lemma 2, we have

(P, > (n—1)k;—%(n—1)2+1. .

Bounds for the radio k-labeling number of P, where given in [4]:

Theorem 5 (Chartrand et al. [4]). For 1 <k <n—3,

2 . .
Lis if k is even,

NP 2§
F=Lif kis odd,

and

)\k(P)< { % if k is even,

K42h=1 i f k is odd.
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In the next, we give an improved lower bound for the linear radio k-labeling
number of the path.

Theorem 6. For1 <k <n — 3,

)\k(P ) > { # if k is even,

B4l i f ks odd.

Proof. Observe that for any positive integers n and m, if n < m then
MNe(P,) < XE(Py,). Thus, for k < n — 3, we have \F(Pypy1) < \F(P,).
Moreover, according to Theorem 3, we have

202 —2p+1 ifk+1=2p,

Ne(Pypyq) =
(Fern) {2ﬁ+2 i k+1=2p+1.

That is,

i B4l if | is odd,
2

Consequently, for £ <n — 3, we have

if k is even.

KA1l if | is odd,

T2

if £ is even. -

3. The Cyclic Radio k-Labeling Number of
Graphs

In this section, we begin by presenting a relationship between \*(G) and
Me(@) for a general graph G, and we provide lower and upper bounds for
M(@). In the remainder we give a complete description of A¥(P,), for all
values of k and n.

3.1. General graphs

The following proposition is a consequence of more general result of Heuvel
et al. in [8] concerning constraints (p1,pe,...,pr). To be complete we give
a short proof of this result.
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Proposition 3 ([8]). For any graph G and any integer k > 1,
MG +1 < M@ < N(G) + k.

Proof. By the definitions in Section 1, a cyclic radio k-labeling with span
m is a linear radio k-labeling with span m — 1. Thus, \¥(G) < M¥(G) — 1.

On the other hand, any linear radio k-labeling of G with span m is a cyclic
radio k-labeling with span m + k (note that by definition, it is not needed
that the labeling is onto, and the span need not be used as a label on a
vertex). Consequently, \¥(G) < M (G) + k. |

Proposition 4. For any graph G of order n and any integers k > 1 and
a>1,
e (@) < AR (@) + na.

Proof. Suppose that there exists a cyclic radio k-labelings f of G such that
M(F) = MAE(G). Let g be a labeling of G such that g(z;) = f(z;) +ia where
(x1, xa,...,xy) is an ordering of V' such that f(z;) < f(zi+1). So, for all
1 <1< j<n, we have

f (@) = f@)| + (5 — i)
k+1—dg(zj,z)+ (j — 1)
E+a+1—dg(xj,z)+ (7 —i— 1)
> k+a+1—de(zj,z)

l9(z5) — g(:)]

\%

Y

because (j — i — 1)ae > 0. Moreover,

l9(x) = g(@i)| = [f(z;) = fzi)| + (1 = D)o

) —
< M@ - (k+1—dg(zj,zi))+ (j — 1)
<A (G’)+na7(k+a+lfdg(x], x;)) — (n—1—(j— 1))
< A (G)+na—(k+a+1 da(zj,x;))

because (n — 1 — (j —4))a > 0. Then, M*+(g) = N(G) + na. Thus,
Mete (@) < MG + na. m

The following result is an immediate consequence of propositions 2 and 3.
Proposition 5. For any integer k > 1,
Ae(G) < kx(GP).
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Like the linear radio k-labeling number which is related to the upper trace-
able number, the cyclic radio k-labeling number is related to the upper
hamiltonian number A (G) in this way:

Lemma 3. Let G be a connected graph of order n, and let k be an integer.
Then

AH@) > n(k +1) — hT(G).
Proof. Let f be a cyclic k-labeling labeling of G such that \¥(f) = A\¥(G).

Let (x1, xa,...,r,) be an ordering of the vertices of G such that f(x;) <
f(zi41). Observe that

n—1
Flan) = f(x1) =D (flair) = f(2).

i=1

Asforeachi=1,....,n—1, |f(xi41) — f(zi)| > k+1—dg(zit1, i), we get

n—1
flan) = f(21) = (k+1)(n—1) = > do(ipr, :).
=1

Now, as f is a cyclic labeling, we have

fan) = f(21) < )‘]cc(f) — (k+1—dg(zn, 1)

Combining the two inequalities, we obtain
n—1
M) = n(k +1) = da(an, 1) = Y da(@ip1, ).
i=1

As f is of minimal span, and h*(G) > dg(zn, 21) + 317 da(xit1, i) by
definition, then the lemma is proved. |

Theorem 7. Let G be a graph on n vertices with diameter D(G), then for
any integers k > 2D(G) — 2,

MG =n(k+1) - hH(G).
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Proof. By Lemma 3 it suffices to prove

MG <n(k+1) - hH(G).

Combining Proposition 3 and Theorem 1, we obtain
MG < (n—1)(k+1) —tT(G) + k.
It is easy to verify that
h*(G) < t7(G) +da(n(n — 1), 7(0)) < t7(G) + D(G).

where 7 is a permutation on the vertices of G.
As 2D(G) — 2 < k, we get

MN(G) < n(k+1)—hT(G).

3.2. Paths

The idea of the proof of the following result is the same as the one of Lemma
2 given in [13].

Lemma 4. For any positive integers n,

2 : _
WP = { W ifn=2p
2p°+2p if n=2p+1.

Proof. Let the vertex set of P, be {0,1,...,n—1}. For a permutation 7 on
the vertices, dg(m(i+1), 7(i)) is equal to either w(i+1)—m (i) or w (i) —7(i+1),
whichever is positive. Therefore, each integer from {0,1,...,n — 1} occurs
two times in the summation Y7 dg(m(i + 1), 7(i)), as positive or negative
term, and in total we have n positive terms and n negative terms in the
sum.

Thus, to maximize the sum, one has to take a permutation « such that
the smaller numbers occur twice as negative and the greater numbers occur
twice as positive.

If n = 2p is even, then the configuration achieving the maximum sum-
mation is when each number in {0,1,...,p—1} occurs twice as negative and
each of {p,p+1,...,2p— 1} occurs twice as positive. In that case we obtain
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1=0

2p—1 2p—1 p—1 p—1
> da(n(i+1), (i) = 2( > i Zz) =2y p=2p".
i=p i=0 i=0

If n = 2p + 1 is odd, then the configuration achieving the maximum sum-
mation is when each number in {0,1,...,p — 1} occurs twice as negative,
each of {p+ 1,p+2,...,2p} occurs twice as positive and p occurs once as
negative and once as positive. In that case we obtain

=0 i=p+1 =0 i=0

2p—1 2p p—1 p—1
Y da(w(it1), (i) = 2< > Z—ZZ) —p+p=2) (p+1) =2p(p+1).
|

Using this result, we can compute the cyclic radio k-labeling number of the
path P, for k =n — 1.

Theorem 8. For any n > 3,

2p2 if n=2p,
202 +2p+1 if n=2p+1.

A TH(Pa) = {

Proof. If k = n — 1, then according to Proposition 3 and Theorem 3, we
get
AP (Pap) < 2%,

Therefore, it suffices to show that AP _I(ng) > 2p?. Lemma 3 and Lemma
4 give
)\ip_l(ng) > dp? — 2p% = 2p%.

For n = 2p + 1, we define a labeling f of Py,i1 by

f@i) = (2p+ 1)1, 1<i<p,
flp+1) =p,
fli+p+1)=f(@)+p, 1<i<p.

Note that the span of f is A2P(f) = f(2p+ 1) +1=2p? + 2p + 1.
Now, we need to verify that f is a cyclic radio (2p)-labeling.
For1<i,5<2p+1,let
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Aij=f0@) = )l
Ai,j:k‘Fl—dPn(Z.,j):2p—|-1—’i—j|,
Bij = N"7H) = Ay =20 +]i = j.
Case 1. if 1 <i < j <p, then

Aij—Ai;=2p+1)(J—9)—2p+ 1)+ (-9 = 2p+2)(j—i—1)+1>0.

ANjj—Aij =20+ (j —1) = (2p+ 1)(j — i) = 2p(p — (j —4)) = 0. Thus,
Ajj < Aij <Ay
Observe that Ajypi1j4pr1 = Aij, and Aiipia jypr1 = Aij, and
Aiypi1jipr1 = Ay, then
Aiyprijipt1 < Aiiprtjiprt < Digprtjipit-
Aijp1—Dijipr1 = (2p+1) (G —i) +p—(p— (i —i)) = 2p+2)(j—i) > 0

and A jipr1 — Aijip1 =202 +p+1+ (G —i)— ((2p+1)(j —4) +p)
2p(p—(j —i)) +1>0. Thus

Aijipr1 < Aijyprr < A jipyi
Aitpr1j = Dippr1y = Cp+1)(G—i) —p—(p+(j—1)) =2p(j —i—1) =2 0
and Ajypi1,j — Aigpy1; =202 +p+1— (G —i)— (2p+1)(j — 1) —p) =
2p+2)(p—(j—1))+1>0. Thus

Aitpi1 < Aigpr1j < Digpr1je

Case 2. if 1 < i < p, then

Ai,p+1 — Ai,p+l = (2]) + 1)Z —pP— (p + Z) = 2p(z — 1) > 0.

Aipr1 — Aipr1=(2p+2)(p—1) +1 > 0. Thus
Aipt1 < Aipr1 < Djpia.

Aippripr1 = Divpriptr = (2p+1)i—(2p+1—1i) = (2p+2)(i—1)+1 = 0.

Aiypript1 — Airpripr1 = 2p(p — i) > 0. Thus

Aipriptt < Aigpripr1 < Digpriptr.
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Thus, f is a cyclic radio 2p-labeling of P,;1. Hence
NP (Papi1) < NP(f) =2p° +2p + 1.
By Lemma 3 and Lemma 4, we obtain
NP (Popy1) = 2p +2p + 1.
Theorem 9. For any k> n >3
nk — in(n —2) if nis even,

)\ck(Pn) =
nk—3%(n—172+1 if nisodd.

Proof. The result follows by combining Theorem 4 and Proposition 3.

Theorem 10. For 1 <k <n-—2,
@ if k is even,

A (Pa) <
" { RHk=l it L is odd.

Proof. The result follows by combining Theorem 5 and Proposition 3.

Theorem 11. For 1 <k <n-—2,

k242k+2
2

if k is even
k )
AC(P’Vl) 2 { (k+1)2

2

if k is odd.

119

Proof. As for the linear case, we can show that for any positive integers

n and m, if n < m then M(P,) < M¢(P,,). This allows us to prove
theorem.

the
|

4. Linear and Cyclic Radio k-Labeling of Trees

In this section, we first determine the exact value of the linear and cyclic
radio k-labeling number of stars for any k > 2. Secondly, we give the upper
bound of the linear and cyclic radio k-labeling number of a tree of order at

least 5 that is neither a star nor a path.

4.1. Linear and cyclic radio k-labeling of stars

Let S,, be a star on n vertices.
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Theorem 12. For any integer n > 3 and for any integer k > 2,
Mo(Sp) = (n—1)(k—1)+1,

and

ME(S,) =n(k —1) +2.

Proof. For any integer n > 3, we have D(S,,) = 2. Since k > 2D(S,,) — 2,
by Theorem 1, we get

M(Sn) = (n—1)(k+1) —t(S,).
Let {0,1,...,n — 1} be the vertex set of S,,. It is easy to see that
n—2 n—2
t7(Sy) =max » dg, (r(i+1),7()) =1+ 2=2n-3.
i=0 i=1
This implies
MN(Sp) = (n—1)(k—1)+1.

In the other hand, Proposition 3 and Lemma 3 give

n(k+1) — h(S,) < Ne(Sn) < N¥(Sy) + k.

Easy calculation shows that h*(S,) = 2n — 2. Then
n(k—1)4+2 = n(k+1)—2n+2 < A¥(S,) < (n—1)(k—1)+14+k = n(k—1)+2.

Thus
(S, = n(k — 1)+ 2. m

4.2. Linear and cyclic radio k-labeling of trees

Let T, be a tree of order n > 5 that is neither a star nor a path.

Lemma 5. There exists a Hamiltonian path (xg,z1,- -+ ,Tpn—1) in the com-
plement T, of T), and there exists 0 < p < n—2 such that dp, (xp, xpr1) > 3.

Proof. The proof is by induction on the order of T;,.
For n = 5, by symmetric reason, two possible configurations of Ty are
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presented in Figure 2. In both case the path (z¢,z1,x2,z3,24) is a Hamil-
tonian path in 75 such that dpy(xp, zp+1) = 3 with p =1 or 2.

Figure 2. The two possible configurations for T5.

Suppose that the result holds for every tree T}, of order n > 5. It is easy to
see that T,, 41 contains a leaf x such that T),11 — z is a tree that is neither a
star nor a path. Thus, by the induction hypothesis, there exists a Hamilto-
nian path (xg,x1, - ,z,—1) in the complement T,,11 — x of T),—x, and there
exists 0 < p < n—2 such that dr, (xp, p+1) > 3. Since x is a leaf in T}, 11,
is adjacent to one vertex of (zg,x1, - ,Zn—1). If z is adjacent to z¢ in Ty
then x is not adjacent to x,—1 in Ty4+1, so (xg, 1, -+ ,Tp_1,x) is a Hamilto-
nian path in T, ;1. If 2 is adjacent to z,,_1 in T}, ;1 then z is not adjacent to
xo in Ty1, thus (2, zg, 21, - ,2,_1) is a Hamiltonian path in T, 1. Thus,
either (zg,x1, - ,xp—1,2) or (x,zp,21, - ,Tp—1) is a Hamiltonian path in
Ty+1. Moreover, in both case we have dr, .\ (Tp, pi1) > 3. [

Theorem 13. For any integer k > 2,
MN(T) < (n—1)(k—1) - 1.

Proof. As T, is a tree of order n > 5 that is neither a star nor a path,

by Lemma 5, T',, contains a Hamiltonian path (xq,x1, -+ ,2,_1) and there
exists p with 0 < p < mn — 2 such that dr, (zp, zp+1) > 3.
Since (xq, 71, -+ ,Tn_1) is a Hamiltonian path in T),, it follows that for

each 0 <i<n—2,drp,(zi,xir1) > 2. Define a labeling f of T,, by

flxi) = (i—1)(k—1)—1 if p+1<i<n-—2.

fo<i<j<porp+1<i<j<n—2then|f(z;)—f(z:)=(—1)(k—-1).
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If j —i =1 then dp, (x;, zi+1) > 2, and we get |f(zit1) — f(x)| =k —1>

k+1—dp (xi41,2;). Moreover, if j —i > 2 we can easily verify that

) — F)l =206 — 1) > e+ 1 — dr, (5, 25).
Ifo<i<pandp+1<j<n-—2then

[f(z5) = fzo)| = (G =) (k= 1) - L.

If i = pand j = p+1 then | f(xp1)— f(zp)| = k—2. Since dr,, (xp+1,Tp) > 3,
we get | f(zpi1) — f(zp)| > k+1—dr, (xps1,2p).

If j —i > 2 then |f(x;) — f(x;)] > 2k — 3, in this case it is easy to verify
that |f((IJJ) — f(.%'z)’ >k+1-— dTn(xj,wi).

Thus f is a linear radio k-labeling of T}, of span AF(f) = f(z,_1) =
(n—1)(k —1) — 1. Consequently,

N(T) < M(f) < (n=1)(k = 1) — L. .
The corollary follows by combining Theorem 13 and Proposition 3

Corollary 1. For any integer k > 2,

(T < n(k—1).

5. Concluding Remarks

For paths P,, we have presented exact results for the linear radio k-labeling
number for some values of £ and quite close upper and lower bounds. Nev-
ertheless, it seems to be difficult to find an exact formula for A\*(P,) for
any k.

Several examples lead us to conjecture that the upper bound of Char-
trand et al. is the exact value when n is large enough, i.e. that

‘ . @22]’“, if k is even,
lim A(P,)={ |
n—oo EAZk=l ' if k is odd.
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