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Abstract

A k-uniform hypergraph H = (V; E) is called self-complementary
if there is a permutation o : V' — V|, called self-complementing, such
that for every k-subset e of V, e € E if and only if o(e) ¢ E. In other
words, H is isomorphic with H" = (V; (‘;) —E).

In the present paper, for every k, (1 < k < n), we give a char-
acterization of self-complementig permutations of k-uniform self-com-
plementary hypergraphs of the order n. This characterization implies
the well known results for self-complementing permutations of graphs,
given independently in the years 1962-1963 by Sachs and Ringel, and
those obtained for 3-uniform hypergraphs by Kocay, for 4-uniform hy-
pergraphs by Szymanski, and for general (not uniform) hypergraphs
by Zwonek.
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1. Introduction

Let V be a finite set with n vertices. By (z) we denote the set of all
k-subsets of V. A k-uniform hypergraph is a pair H = (V;E), where
E C (‘]g) V is called a vertex set, and E an edge set of H. Two k-uniform
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hypergraphs H = (V; E) and H' = (V'; E’) are isomorphic if there is a
bijection 7 : V. — V such that 7 induces a bijection of E onto E’. If
H = (V;E) is isomorphic to H = (V; (‘;) — E), then H is called a self-
complementary k-uniform hypergraph. Every permutation o : V' — V which
induces a bijection ¢* : F — (Z) — F is called a self-complementing per-
mutation. It is clear that if H is a self-complementary k-uniform hyper-
graph and o is its self-complementing permutation, then every odd power
0?1 is a self-complementing permutation of H, while every even power
0% is an automorphism of H. The self-complementary 2-uniform hyper-
graphs, so just self-complementary graphs, have been introduced and stud-
ied first by Ringel [3] and Sachs [4]. In particular, Ringel and Sachs have
independently characterised the self-complementing permutations of self-
complementary graphs. The self-complementing permutations of 3-uniform
self-complementary hypergraphs have been characterised by Kocay in [2],
and the self-complementing permutations of 4-uniform self-complementary
hypergraphs are described in [5] by Szymaiiski. All these results follow from
Theorem 2 and we give them in the last section of the paper.

In [5] Szymaiiski proposed to study the complementation of general
hypergraphs. Since there is exactly one subset of V' which has |V| ele-
ments, and exactly one subset of V with 0 elements, we define a general
self-complementary hypergraph as follows.

A hypergraph H = (V; E) is said to be a general self-complementary
hypergraph if ),V ¢ E and H is isomorphic with H' = (V;2V — E — {0} —
{V'}). A corresponding permutation o : V' — V is called a general self-com-
plementing permutation. The general self-complementing permutations have
been characterised in [6] by Zwonek. Also this result follows from Theorem 2
and we give it in Section 3.

2. Results

Proposition 1. Let H = (V; E) be a k-uniform self-complementary hyper-
graph, and let o be its self-complementing permutation. Then H = (V; E'),
where E' = {V —e : e € E} is an (n — k)-uniform self-complementary
hypergraph and o is its self-complementing permutation. [

Theorem 2. Let k,m and n be natural numbers and let o : V — V be a per-
mutation of a set V, |V| = n, with the orbits O1,...,On,. Let 29(2s;+1) de-
note the cardinality of the orbit O;, i =1,...,m. o is a self-complementing
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permutation of a self-complementary k-uniform hypergraph, if and only if,
for every l € {1,...,k} and for every decomposition

k=ki+ko+--+Fk

of k, where k; = 2Pi(2r; +1); p;, ; are non negative integers, and for every
subsequence of orbits

Oiy, 04y, ..., 0

such that k; < Oy for j = 1,2...,1, there is a subscript jo € {1,...,1}
such that pj, < iy -

Theorem 2 follows easily from the lemmas given below. For a hypergraph
H = (V;E) and a subset A of V, we denote by H(A) the subhypergraph
induced in H by A, i.e., the hypergraph H(A) = (A; E N 24).

Lemma 3. Let k and l be positive integers, k < 1. Ifc = (a1,...,q;) is a cy-
cle of a self-complementing permutation of a k-uniform self-complementary
hypergraph H, then H{{ai,...,a;}) is a k-uniform self-complementary hy-
pergraph with self-complementing permutation c. [

The next lemma is also formulated in [5], its version for graphs is given
in [1].

Lemma 4. A permutation o : V — V is self-complementing of a k-uniform
self-complementary hypergraph, if and only if, for every k-subset e of V
o?ttl(e) # e for every integer t.

Proof. Suppose that o : V — V is a self-complementing permutation of a
k-uniform self-complementary hypergraph H = (V; E). Set E' = (‘,2) —F.
Note that H' = (V; E’) is a k-uniform self-complementary hypergraph too,
and o is its self-complementing permutation. Moreover, every odd power
of o is a self-complementing permutation of H and of H’ as well. Hence,
for every integer ¢, we have 0?*!(e) € E' for e € F and 0?*1(e) € F for
e € E'. Therefore 0?*1(e) # e for every e € (}).

Now, let us suppose that ¢ is such a permutation of the set V that for
every k-subset e of V, and for every integer t, 0%'*1(e) # e. We color all
the k-subsets of V' with two colors: red or blue. If e C V, |e|] = k and
e is yet uncolored, then color all the edges o?*1(e) red, and all the edges
o?!(e) blue (t € N). Every edge of order k is colored with exactly one color.
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It is clear that the hypergraph H, on the vertex set V with the edge set
consisting of all the red edges is k-uniform self-complementary hypergraph
and its self-complementing permutation is o. The complement of H,. in the
complete k-uniform hypergraph (V; (Z)) is the hypergraph on the vertex
set V with all the blue edges. [ ]

Lemma 5. Let p,q,r and s be non negative integers, and let k = 2P(2r +1),
n =2%92s+ 1) and k < n. The cyclic permutation o = (1,...,n) is a self-
complementing permutation of a k-uniform self-complementary hypergraph
on the vertex set [1,n] = {1,...,n} if and only if p < q.

Proof. Let us suppose first that £ < n and p < ¢. Assume, to derive
a contradiction, that o = (1,...,n) is not a self-complementing permu-
tation for any k-uniform self-complementary hypergraph with vertex set
{1,...,n}. Then, by Lemma 4, there is a non negative integer ¢ and a k-
subset {a1,...ax} C {1,...,n},such that o> " ({ay,...,ax}) = {a1,...,ax}.
Write 7 = o?/*!. Every orbit of 7 has the same cardinality, say 3. So we
have k = [y, where  is the number of orbits of 7 contained in {a1, ..., ax}.
We have
Tﬂ = Zd[l,n]

and therefore o2k = 707 = z‘d[vl’n} = id[; ). Hence (2t + 1)k is a multiple
of n and we have (2t +1) - 2P(2r + 1) = 29(2s + 1) - a, where o € Z, a
contradiction with p < q.

Now, let us suppose that o is a self-complementing permutation of a
k-uniform, self-complementary hypergraph H. We shall prove that p < q.
Conversely, suppose that ¢ < p. Observe that since n > k, we have n — k =
29(2s + 1) = 2P(2r + 1) = 29(2s +1 —2P79(2r + 1)) > 0 and therefore
2s+1>2P79(2r +1). Consider the set

e={1,2,...,2P792r + 1),
2s4+2,25+3,...,2s+ 1+ 2P79(2r + 1),

as+1)+1a(2s+1)4+2,...,a(2s+ 1) +2P79(2r + 1),
(27 —-1)2s+1)+1,...,(29=1)(2s + 1) +2P79(2r + 1)} .

Clearly, |e| = 29(2P~49(2r+1)) = k and 0?*T!(e) = e, contradicting Lemma 4.
|
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Proof of Theorem 2. Let o be a permutation of a set V' of cardinality
n, and let O1, ..., Oy, be the orbits of o, |0;| = 2%(2s;+ 1) fori =1,...,m.

e We first suppose that o satisfies the conditions of Theorem 2. Let
Oy, - - ., 0;, be the subsequence of orbits having non empty intersections
with e, say e; = O;; Ne and |ej| = k; = 2Pi(2r; + 1), for j = 1,...,L
So we have k; < |O;;| and, by the assumptions of the theorem, there is
a jo € {1,...,1}, such that p;, < gj,. By Lemmas 3, 4 and 5, for every
integer ¢ we have o?T1(e;)) # ej, and, in consequence, o2 T(e) # e.
Hence, by Lemma 4, ¢ is a k-uniform self-complementary hypergraph.

e Now, let us suppose that o is a self-complementary permutation of a k-
uniform self-complementary hypergraph. By Lemma 4, 0?*1(e) # e for
every k-subset of V' and for every integer t. Suppose that the conditions
of the theorem are not satisfied, i.e., there is such a decomposition

k=ki+... Kk

where k;j = 2Pi(2r;+1) for j = 1,...,1, and such a subsequence of orbits
Oiy, ..., 0y that k;; <]0;;| and ¢;; < pj for every j € {1,...,1}. Then,
by Lemmas 5 and 4, for every j € {1,...,l}, there is such ej, |e;| = k;
and such integer ¢; that 0?71 (e;) = e;. Observe that u = H§:1(2tj +1)
is odd and o“(e) = e, a contradiction. |

3. Corollaries

The three corollaries given below follow easily from Theorem 2 for k = 2,3
and 4, respectively. The first one has been proved independently by Ringel
[3] and Sachs [4], the second by Kocay [2], and the third by Szymanski [5].
The proofs are easy and similar, hence we give only a proof of Corollary 7.

Corollary 6 ([3,4]). A permutation o : [1,n] — [1,n] is a self-complementing
permutation of a self-complementary graph if and only if

1. n=0 (mod 4) orn =1 (mod 4),

2. a length of every cycle of o is a multiple of 4 unless, in the odd case,

one cycle of the length 1 (a fixed point). [ |

Corollary 7 ([2]). A permutation o is a complementing permutation of a
3-uniform self-complementary hypergraph if and only if
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1. every cycle of o has even length, or

2. 0 has 1 or 2 fized points, and the length of all the other cycles is a
multiple of 4.

Proof. In the proof we shall use the three decompositions of 3:
() 3=3,

(i) 3=1+2,

(i) 3=1+1+1.

Let us assume first that o : V' — V is a self-complementing permutation of
a 3-uniform self-complementary hypergraph H.

By Theorem 2 and the decomposition (i), if an orbit O of o has at least
three elements then |O| is even. So we may assume that ¢ has a fixed point.
But then, by the decomposition (ii) and Theorem 2, all the orbits with at
least two elements must have cardinalities divisible by 4. It is also clear, by
the decomposition (iii) and Theorem 2, that o may not have more than two
fixed points.

Now, suppose that o : V' — V satisfies the conditions of Corollary 7.

e If every orbit of ¢ has an even cardinality then, by Theorem 2, o is
self-complementing, since in every decomposition (i) — (iii) of 3 at least
one element is odd.

e If o has a fixed point then, for every decomposition of 3 = ki + - - - + ki,
[ < 3, and for any sequence of mutually different orbits Oy, ..., Oy, such
that k; < |O;] for i = 1,...,l, we have at least one orbit of the or-
der divisible by 4, while all k; are either odd or equal to 2. More-
over, if k; # 1 then |O;| is a multiple of 4. Hence, by Theorem 2, o
is a self-complementing permutation of a 3-uniform self-compementary
hypergraph. [

Corollary 8 ([5]). A permutation o is a self-complementing permutation of
a 4-uniform self-complementary hypergraph if and only if one of the following
cases is satisfied.

1. The length of every cycle of o is a multiple of 8,

2. 0 has 1,2 or 3 fixed points and all other cycles have length a multiple
of 8,

3. 0 has 1 cycle of length 2, and all other cycles have length a multiple
of 8,
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4. o has 1 fixed point, 1 cycle of length 2, and all other cycles have length
a multiple of 8,

5. 0 has 1 cycle of length 3, and all other cycles have length a multiple
of 8. [

The last corollary of this section has been first proved in [6] by Zwonek.

Corollary 9 ([6]). Let H = (V; E) be a general self-complementary hyper-
graph with V.= {1,...n}, n > 2. Then n = 2™ for some positive integer m
and the self-complementing permutation o of H is cyclic. Moreover, every
cyclic permutation (1,2,...,2™) is a self-complementing permutation of a
general self-complementary hypergraph of order 2™.

Proof of Corollary 9. Observe first that a hypergraph H = (V; E) of
order n is a general self-complementary hypergraph, if and only if for every k
such that 1 < k < n —1, the hypergraph H*) = (V; En (Z)) is a k-uniform
self-complementary hypergraph, and all these k-uniform self-complementary
hypergraphs H (%) have a common self-complementing permutation o.

If such a permutation o exists, then it is cyclic — otherwise there is

a cycle 7 = (a1,...,q;) of o, with [ < n, and then o(e) = 7(e) = e for
the hyperedge e = {a1,...,a;}, what is impossible. Hence, without loss of
generality, we may suppose 0 = (1,...,n). If n = 2 then — up to the isomor-

phism — the only self-complementary hypergraph is H = ({1,2}; {{1}}). It
is also clear that there is no general hypergraph of order n = 3. Hence we
may suppose that n > 4.

Let Iy = max{l|2' < n}. We have 1 < 2l0=1 < 200 Since HZ°™") is a
2l—1_yniform self-complementary hypergraph and o is its self-complementing
cyclic permutation we have, by Lemma 5, n = 2%,

Let now o = (1,...,2™). Then for every k such that 1 <k <n—1, we
have k = 2P(2r + 1) with p < m. By Lemma 5, o is a self-complementing

permutation of a k-uniform hypergraph H®) on the vertex set {1,...,n}.
Hence o is a self-complementing permutation of a general hypergraph on
the vertex set {1,...,n}. ]

Observe that, for every permutation o satisfying the conditions of Theo-
rem 2, the algorithm given in the second part of the proof of Lemma 4
produces all the k-uniform self-complementary hypergraphs having o as a
self-complementing permutation.
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