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1. Introduction

The basis number of a graph is one of the numbers which give rise to a better
understanding and interpretations of a geometric properties of a graph (see
[19]). Minimum cycle bases (MCBs) of a cycle spaces have a variety of
applications in sciences and engineering, for example, in structural flexibility
analysis, electrical networks, and in chemical structure storage and retrieval
systems (see [9, 10] and [17]).

In general, required cycle bases, and minimum cycle bases are not very
well behaved under graph operations. Neither the basis number b(G) of
a graph G is monotonic (see [3] and [21]), nor the total length [(G) and
the length of the longest cycle in a minimum cycle basis A(G) are minor
monotone (see [12]). Hence, there does not seem to be a general way of
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extending required cycle bases and minimum cycle bases of a certain col-
lection of partial graphs of G to a required cycle basis and to a minimum
cycle basis of G, respectively. Global upper bounds b(G) < 2v(G) + 2 and
I(G) < dimC(G)+~k(T(G)) where v(G) is the genus of G and k(T(G)) is the
connectivity of the tree graph of G are proven in [21] and [18], respectively.

In this paper, we investigate the basis number for some classes of graphs
and we construct minimum cycle bases for same, also, we give their total
lengths and the length of longest cycles.

2. Definitions and Preliminaries

The graphs considered in this paper are finite, undirected, simple and con-
nected. Most of the notations that follow can be found in [6]. For a given
graph G, we denote the vertex set of G by V(G) and the edge set by E(G).

2..1 Cycle bases

Given a graph G, let e, eg,...,€g) be an ordering of its edges. Then
a subset S of E(G) corresponds to a (0, 1)-vector (b1, b, ..., bg(q)) in the
usual way with b; = 1if e; € S, and b; = 0 if ¢; ¢ S. These vectors form
an |E(G)|-dimensional vector space, denoted by (Z2)P(@)| over the field
of integers modulo 2. The vectors in (Z2)/F(@! which correspond to the
cycles in G generate a subspace called the cycle space of G and denoted
by C(G). We shall say that the cycles themselves, rather than the vectors
corresponding to them, generate C(G). It is known that for a connected
graph G dim C(G) = |E(G)| — |V(G)| + 1 (see [7]).

A basis B for C(G) is called a cycle basis of G. A cycle basis B of G is
called a d-fold if each edge of G occurs in at most d of the cycles in B. The
basis number, b(G), of G is the least non-negative integer d such that C(G)
has a d-fold basis. The length, |C|, of the element C of the cycle space C(G)
is the number of its edges. The length I(B) of a cycle basis B is the sum
of the lengths of its elements: {(B) = Y ~cz|C|. A(G) is defined to be the
minimum length of the longest element in an arbitrary cycle basis of G. A
minimum cycle basis (MCB) is a cycle basis with minimum length. Since
the cycle space C(G) is a matroid in which an element C' has weight |C|, the
greedy algorithm can be used to extract a MCB (see [23]). The following
results will be used frequently in the sequel.

Theorem 1.1.1 (MacLane). The Graph G is planar if and only if b(G) < 2.
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A cycle is relevant if it is contained in some MCB (see [22]).

Proposition 1.1.2 (Plotkin). A cycle C' is relevant if and only if it cannot
be written as a linear combinations modulo 2 of shorter cycles.

Chickering, Geiger and Heckerman [8], showed that A\(G) is the length of
the longest element in a MCB.

2..2 Products

Let G = (V(G),E(G)) and H = (V(H), E(H)) be two graphs.

(1) The cartesian product GOH has the vertex set V(GOH) = V(G) x
V(H) and the edge set E(GOH) = {(u1,v1)(ug, v2)|uiug € E(G) and vy =
v9, or v1ve € E(H) and u; = us}.

(2) The direct product G x H is the graph with the vertex set V(Gx H) =
V(G) x V(H) and the edge set E(G x H) = {(u1,uz2)(vi,v2)|uiv; € E(Q)
and ugve € E(H)}.

(3) The strong product GRKH is the graph with the vertex set V(GKH) =
V(G) x V(H) and the edge set E(GX H) = {(u1,uz2)(vi,v2)|luiv; € E(G)
and ugve € E(H) or up = vy and ugue € E(H) or ujv; € E(G) and ug = va}.

(4) The semi-strong product G e Go is the graph with the vertex set
V(GeH) =V (G)xV(H) and the edge set E(GeH) = {(u1,u2)(vi,ve)|uiv; €
E(G) and ugve € E(H) or u; = vy and ugvy € E(H)}.

(5) The lexicographic product G1[Gz2] is the graph with vertex set
V(G[H]) = V(G) x V(H) and the edge set E(G[H]) = {(u1,u2)(v1,v2)|u; =
vy and ugvy € E(H) or uyvy € E(G)}.

(6) The wreath product G x H has the vertex set V(G x H) = V(G) x
V(H) and the edge set E(G x H) = {(u1,v1)(u2,v2)|u; = uy and vive € H,
or ujup € G and there is o € Aut(H ) such that a(v1) = va} (see [1] and [11]).

Many authors studied the basis number and the minimum cycle bases
of graph products. The cartesian product of any two graphs was studied by
Ali and Marougi [4] and Imrich and Stadler [12].

Theorem 1.2.1 (Ali and Marougi). If G and H are two connected disjoint
graphs, then b(GUH) < max{b(G) + A(Twu),b(H) + A(Tg)} where Ty and
Ta are spanning trees of H and G, respectively, such that the maximum

degrees A\(Ty) and A(Tq) are minimum with respect to all spanning trees
of H and G.
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Theorem 1.2.2 (Imrich and Stadler). If G and H are triangle free, then
HGOH) = I(G) + I(H) + 4[[E(G)|(IV(H)| = 1) + [E(H)|(|V(G)] - 1) -
(IV(H)| - 1)(|[V(G)| = 1)] and A\(GOH) = max{4, \(G), A\(H)}.

Schmeichel [21], Ali [2, 3] and Jaradat [13] gave an upper bound for the basis
number of the semi-strong and the direct products of some special graphs.
They proved the following results:

Theorem 1.2.3 (Schmeichel). For eachn > 7, b(K,, ® Py) = 4.
Theorem 1.2.4 (Ali). For each integers n,m, b(K, e K,) <9.

Theorem 1.2.5 (Ali). For any two cycles C,, and Cy, with n,m > 3,
b(C,, x Cyp) = 3.

Theorem 1.2.6 (Jaradat). For each bipartite graphs G and H,
b(Gx H)<54+b(G)+b(H).

Theorem 1.2.7 (Jaradat). For each bipartite graph G and cycle C,
b(G x C) <3+b(q).

The strong product was studied by Imrich and Stadler [12] and Jaradat [15].
They gave the following results:

Theorem 1.2.8 (Imrich and Stadler). For any two graphs G and H, [(GX
H) =1(G)+I(H)+3[dim C(GKH)—dim C(G) —dim C(H)] and \(GKH) =
max{3,\(G),\(H)}.

Theorem 1.2.9 (Jaradat). Let G be a bipartite graph and H be a graph.
Then b(GR H) < max{b(H) + 1,2A(H) + b(G) — 1, | 22E&H | 4(@) 4 2}

The results cited above trigger off the following question: Can we construct
a minimum cycle basis and find the basis number of the wreath product of
graphs? In this paper we will answer this question for a class of graphs. In
fact, we construct a minimum cycle basis of the wreath product of two paths,
a cycle with a path, a path with a star, a cycle with a star, a path with a
wheel and a cycle with a wheel and we give their basis numbers. Moreover,
we give the total lengths and lengths of longest cycles of the minimum cycle
bases of the same.
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In the rest of this paper, fp(e) stand for the number of elements of B
containing the edge e where B C C(G).

3. The Basis Number of the Wreath Product of
Graphs

In this section, we investigate the basis number of the wreath product of two
paths, a cycle with a path, a path with a star, a cycle with a star, a path with
a wheel and a cycle with a wheel. Also, in this section, we shall say B is a
basis of C(G), rather than saying B is a cycle basis of G. Let {v1,va,...,Um}
be a set of vertices and ab be an edge. Also, let P,, = viva...v,. Then the
automorphism group of the path P,, consists of two elements the identity,
I, and the automorphism « which is defined as follows:

a(vy) =Um—jt+1,7 =1,2,...,m.
Therefore, abx P, is decomposable into abl1F,,, UM where M is the graph

with the edge set {(a,v;)(b, vm—j+1), (@, Vm—j+1)(b,v;)|j =1,2,...,[m/2]}.
Now, we define the following sets of cycles (see Figure 1):

(ava-j+1) (vam-'+1) (ava-'+1)

(@ Vj+1) (0, Vji1)

;a, vp)  (bvy)

Kab(l)
(@ Vi) (B Vinoen) (b, Ving2e1)
& m/2 (& Vinp)
ab ab Zab ab

Figure 1. These graphs illustrate the cycles IC( N(]) job), zW z® Z(?’)

ab » “ab

and Z ﬁ) for even m.
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Kap = { K5 = (a,05) (b, 0) (b, v531) (@, v531) (@, 0) ] = 1,2, om — 1},

Nap = {./\/CEZ) = (a,v;)(b,v;)(a; vim—j+1)(b; Vm—j+1)(a,v5)|7=1,2,... ,{m/2j},

Rap = {RE) = (a,07)(@07) (b, Vi) (b, 0m—j41) (@, 07)]i =12, [m/2]}

=4, V|m/2) )(bv U[m/2j+1)(a’ ULm/2j+1)(aa Ulm/2] )7

zy) = (
2, = 2% = (@5 V1my2)) (05 Vmy2)) (0 U my2)+1) (@ Vimy2)),
28 = (0,020 (@021 11) (0, V2] (@ Vo)),
Z,%) = (avUl_m/2J+l)(b’UI_m/QJ)(b?’Ul_m/2j+l)(a7v\_m/2j+l) J

Lemma 3.1. Let m be an odd integer. Then A = Koy U Ny U Rap is a
linearly independent subset of C(ab x Py,).

Proof. We prove that K, is linearly independent using mathematical in-
duction on m. If m = 1, then K, consists only of one cycle Ké?' Thus,
Kap is linearly independent. Assume that m is greater than 2 and it is
true for less than m. Note that Ky, = (U;”:_IQIC(]I;)) U K((lzl_l). Since IC((IZ%D

a
contains the edge (a,vy,)(b, vy,) which is not in any cycle of U;”Z_IQIC(%), as
a result ICyp is linearly independent. By a similar way we show that each
of My, and Ry, are linearly independent. Any linear combination of cy-
cles of Rq, must contain an edge of the form (b, vm—j11)(a,v;) for some
1 < j < [m/2], which is not in any cycle of Kup. Thus, gy URgp is linearly
independent. Similarly, each linear combination of N, contains an edge of
the form (b,v;)(a,vm—j+1) for some 1 < j < [m/2], which is not in any
cycle of Ky U Ryp. Therefore, A,y is linearly independent. The proof is
complete. [

Remark 3.1. For an odd integer m let e € ab x P,,. Then

(1) if e = (a,vj)(a,vj41) such that j < [m/2], then fx,(e) = fr,,(e) =1
and fy,,(e) = 0.

(2) If e = (a,vj)(a,vj41) such that j > [m/2] 4+ 1, then fic,(e) = 1 and
fRa(€) = fn,,(€) = 0.
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(3) If e = (b,v;)(b,vj+1) such that j < |m/2], then fx,(e) = 1 and
JRw(€) = fN,,(€) = 0.

(4) Ife = (b,v;)(b,vj41) such that j > |m/2]|+1, then fx ,(e)= fr,,(e) =1
and fn,(e) = 0.

(5) If e = (a,v;)(b,v;) such that j # [m/2]+1, then fi, (e) <2, fr,,(e) =
0 and fa;,,(e) = 1.

(6) If e = (@, v|m/2)+1) (0, Vmys2)41); then fi,,(e) = 2, fr,(e) = 1 and
fn(e) = 0.

(7) If e = (a,vj)(b,vm—j4+1) such that j < [m/2], then fx ,(e) = 0,
fry(e) <2 and far,(e) =1

(8) If e = (b,vj)(a, vm—jt+1) such that j < |m/2], then fx,(e) = fr,,(€) =
0 and fu;,,(e) = 1.

Lemma 3 2 Let m be an even integer. Then Ty = Koy U Ny U Ry U
{ ab , 2 } K (Im/2]) N(Lm/zj R(Lm/2J } is a linearly independent
subset of C(ab X Pp,).

Proof. Using the same argument as in Lemma 3.1, we have that g U
Nap U Rap — {/Cg%m/ 2J),./\/ é,gm/ 2J),Rg%m/ 2D} is linearly independent. Since
Zﬂ)) contains (a, Vm2|)(@, v|m/2)+1) which is not in any cycle of Kap UNgp U
Rap — (G NG RN, Ky U NGy URay U {28} = (52,
Na(lgm/ QJ),R(%m/ 2J)} is linearly independent. Also, Zﬁ) contains (b, v|y,/2))
(b, V|3 /2)+1) Which is not in any cycle of Ky UNabURabU{Z 1)} — {Ki%m/%),
N RUmP2I - Hence, Kup U Ny U Rap U {20, 2203 — {iclbm/2D),
N éblm/ ZJ),Rg%m/ 2D } is linearly independent. Similarly, Z g;) contains the
edge (a,ULm/QJ_i_l)(b,fUl-m/QJ) which is not in any cycle of Kgp U Ngp U Rep U
{Z(gé),Zg)}—{lCé%m/ 2) Ny (Lm/2]) R (Lm/ 2) }. Therefore, 7,y is linearly inde-
pendent. The proof is complete ]
Agp, if mis odd,

Throughout this paper we consider By, = { T “f m is even
abs .

Remark 3.2. For any integer m let e € ab x P,,,. Then from Lemma 3.1
and Lemma 3.2 and as in Remark 3.1 we have that

(1) if e = (a,v;)(a,vj41) such that j < |m/2], then fg,,(e) < 2.
(2) If e = (a,v;)(a,vj41) such that j > [m/2] + 1, then fz,,(e) =
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(3) = (b,v;)(b,vj4+1) such that j < [m/2], then fg,, (e) = 1.

(4) = (b,v;)(b,vj4+1) such that j > |m/2] + 1, then fz,,(e) < 2.
(5) If e = (a, v;)(b,vj) such that j # 1,m, then fg,, (e) < 3.

(6) = (a,v1)(b,v1) or (a,vm)(b,vn), then fg ,(e) < 2.

(7) (a,vj)(b, Um—j+1) such that j < [m/2], then fg,,(e) < 3.
(8) Tre=( 1

—
Lo r)
@

Il
=

Q@

=
i~

3
<

+

—
wn
o
o
=
-+
=
o
-+

<
N

El

~
[\)

[l
-+
=
@
=

=

>

—

f_“/

Il

Lemma 3.3. If m > 3, then b(ab x P,,) > 3.

Proof. Casel. misodd. Let H; be the subgraph of abx P, induced by the
following set of vertices {(a,v|m/2])s (@ V|m/2j+2)s (0, Vm/2)+1)s (0:V|mys2));
(b, V| my2)+2)s (@, V|ms2j41)}-  Then Hy is isomorphic to K33 and so by
MacLane’s Theorem b(ab x P,) > 3.

Case2. miseven. Let H be the subgraph with vertex set {(a, v|,/2)-1),
(@, 0my2))s (@ Vpmy2)+1)s (@ Vmy2)12) (0 Vpm 2] —1)s (05 0(my2))s (B Vpmy2) 1),
(b,v|m/2)4+2)} and edge set consists of the following nine paths: P; =
(@5 Vmy/2)4+1)(@ Vmy2)+2) (0 Vimy2)+2), P2 = (4, V)my2)11) (@, 0m)2))s Ps =
(@, Vmy2)+1) (0 Vmy2))s Po = (@, 0my2)(@, 0 my2)=1)s Ps = (@, 0]my2))(b,
Vlmy2)+1)s Po = (@ V[my2)-1) (0, Vmy2)=1)(0:Vmy2))s Pr = (@ V|my2j-1)
(b7vLm/2j+2)7 Py = (b, ULm/ZJ)(bﬂvLm/2j+l)7 Py = (bavLm/zjﬂ)(baULm/2J+2)~
Then Hy is homeomorphic to K33. Thus, by MacLane’s Theorem b(ab x
P,,) > 3. The proof is complete. [

Let P, = aias...a,. Then the graph P, x P, is decomposable into
P,0PF,, U My where M is the graph consisting of the following edge set
U {(ais v3) (@irts vnjr)s (ais vn—jr1) (@irn, v) |5 = 1,2, [m/2]}.
Hence, |E(P, X Py)| = n(m — 1)+ m(n — 1) + 2(n — 1) [m/2]|. There-
fore, dim C(P, X Pp,) =n(m—1)+m(n—1)+2(n—1) |m/2] —nm+1=
mn—n—m+2(n—1) |m/2]+1. The following lemma will be used frequently
in the sequel.

Lemma 3.4 (Jaradat, Alzoubi and Rawashdeh). Let A and B be two lin-
early independent sets of cycles such that E(A) N E(B) is an edge set of a
forest. Then AU B is linearly independent.

Theorem 3.5. Let P, and P, be two paths of order n,m > 2. Then

b(P, x Py,) < 3. Moreover, the equality holds if n > 2 and m > 3.
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Proof. By Lemma 3.3 we have that b(P,, x P,,) > 3 for any n > 2,m > 3.
To prove that b(P, x P,,) < 3, it suffices to exhibit a 3-fold cycle ba-
sis. Define B(P, % Pp,) = U 'Ba;a;,,- We now show that B(P, x P,) is
linearly independent using mathematical induction on n. If n = 2, then
B(P, x P,) = Bg,q, which is linearly independent by Lemma 3.1 and 3.2.
Assume n > 3 and it is true for less than or equal to n—2. Note that B(F,, x
Pp) = (U5 Boaisn) U (Bayoran) and B (U5 Baapn) N E (Bay_yan) =
E(an—10P,,) which is an edge set of a path. Thus, by Lemma 3.4, B(P, x
P,,) is linearly independent. Since

|Baiai+1| = |~Aa¢ai+1| =(m—1)+2[m/2]
if m is odd, and

|Baiai+1| = |%¢a¢+1‘ = (m - 2) + 2(Lm/2J - 1) + 3
= (m—1)+2[m/2],

if m is even, we obtain

n—1
B(Pp % Pn) = Z |Baiai+1|
=1

= (n=1)((m—=1)+2[m/2])
=mn—-m-n+2n-—1)|m/2]+1
= dim C(P, x Pp,).

Thus, B(P, x Py,) is a basis for C(P,, X Py,). We now show that B(P,, x Ppy,)

is a 3-fold basis. Let e € E(P,, x Pp,). Then

(1) If e = (ai,vj)(ai,vj41) such that j < [m/2], then fpp,xp,)(€) =
SBay 1a;(€) + [Bajay,, (€) =1+2=23.

(2) If e = (ai,vj)(ai,vj+1) such that j > [m/2] + 1, then fgp,xp,)(€) =
SBay 1a;(€) + [Baja,,, (€) =2+1=23.

(3) If e is not of the above form, then e belongs only to cycles of By,q,.,
for some 1 < i <n—1andso fgp,up,)(€) = fBaa,,, (€) < 3.

The proof is complete. [

Now we turn our attention to deal with C),, x P,,. Let C,, = ajas...a,a1.

Note that C,, x P,, is decomposable into P, X P,, U M3 where Mjs is the
subgraph consists of the following edges: {(a1,v;)(an,v;)|j =1,2,...,m} U
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{(al,vj)(an,vm_j+1), (al,vm_j+1)(an,vj)]j = 1, 2, ceey Lm/2j} Therefore,
|E(Cy, % Pp)| = |E(Py X Pp)| +m +2|m/2] and so dim C(C,, X Pp,) =
C(PpX Py)+m+2|m/2] =mn—n+2n|m/2] + 1.

Let G and H be two graphs and e = (a,u)(b,v) € E(G x H). Then the
projection of e in G, Pg(e), is defined to be the edge ab if a # b and to be
the vertex a if a = b (see [12]).

Lemma 3.6. C,0v; is relevant in C,, X Py, for eachi=1,2,...,n.

Proof. For simplicity assume that e; = a;a;+1 for each i =1,2,...,n—1
and e, = apai. Let O be any cycle of C,, x P, of length less than n. Since

a;00P,, ifj—i=1n-1,

E(eixpmmE(ejKPm):{cb ifj—i#1n—1

(assuming ¢ < j), as a result O consists of edges of successive graphs of
{er X Pp}l_q, say ej41 X Py, €0 X P, ... €4k X Py, for some [, k < n.
Since e; X P, = (¢;0P,)U (a;+10P,,) U X; where X; is a bipartite graph
with independent sets of vertices a; x V(Py,) and a;11 X V(P,,), as a result O
contains even number of edges with projection e;, ¢ for each s =1,2,... k.
Thus, if

f
CnD’Ul = Z Oz (mod 2).
=1

where O; is a cycle of length less than n. Then the number of edge of
the ring sum O1 © Oz @ --- & Oy with projection e; in C), is even for each

i =1,2,...,n. In contrast, the number of edges of C,,[Jv; with projection
e; in Cy, is 1 for each ¢ = 1,2,...,n. Thus, C,,00v; is relevant. The proof is
complete. [

Theorem 3.7. Let C,, be a cycle and P,, be a path. Then b(C,, x P,,) = 3.

Proof. By Lemma 3.3, to prove that b(C,, x P,,) > 3, it suffices to show
that b(Cp, x P3) > 3. Let H be the spanning subgraph of C, x P» with
the edge set consists of the following paths: (a1,v1)(a1,v2), (az,v1)(ag,va),
(a17vl) (a27U2)7 (alvUZ) (a27v1)7 (alvUQ) (anvv1)7 (alvvl) (amUQ)v (amvl)
(an,v2), (az,v2) (as,v1) (aq,v1)...(an,v1) and (ag,v1) (as,v2) (aq,v2)...
(@n,v2). Then, H is homeomorphic to K33 and so b(C,, X P») > 3. Define
B(CyX Py,) = B(P, X Py,)UBg,, 0, U{C,,0v1 } where B(P,,x Py,) is as defined in



ON THE BASIS NUMBER AND THE MINIMUM CYCLE BASES OF ... 123

Theorem 3.5. Now, since E(P,, X Py,)NE(Bq, q,) = E(a10PF,,) U E(a,0P,,)
which is an edge set of a forest, by Lemma 3.4 B(P,, X Py,) UBg,,q, is linearly
independent. Since each cycle of B(C,, x P,,) — {C,,0v;} is of length less
than n and since C,,Jv; is relevant in C,, x P, (Lemma 3.6), B(C), x Py,)
is linearly independent. Since

|IB(Cr, X Pp)| = mn—m—-n+(n-12|m/2]+1+(m—1)+2|m/2]+1
=mn—n+2n|m/2]+1
= dim C(C), X Ppy,),

B(C,, x Pp,) is a basis of C(C), X Py,). It is an easy task to show that
B(C,, x Py,,) is a 3-fold basis. The proof is complete. [

Now consider S, to be the star with the vertex set {vi,ve,...,v,} and
ds, (v1) = m — 1. Note that the automorphism group of S, is isomor-
phic to the symmetric group on the set {va,vs, ..., vy }. Therefore, for any
v €Aut(G),v(v1) = vi. Moreover, for any two vertices v;,v; such that 2 <
i,j < m there is an automorphism « such that a(v;) = v;. Hence, the graph
ab x Sy, is decomposable into (alSy,) U (b01Sy,) U{(a, v1)(b,v1)} Uab[Ny—1]
where Ny,_1 is the null graph with the vertex set {va,vs,..., vy }. Let

Hap = {(a,v;)(b,v1)(a,vj+1) (b, vir1)(a,v5) : 2 < j, I <mj.

Then H,p is the Schemeichel’s 4-fold basis of C(ab[Ny,—1]) (see Theorem 2.4
in [21]). Moreover,

(1) if e = (a,v2)(b,vm) or e = (a,vy)(b,v2) or e = (a,v2)(b,v2) or e =
(@, vm) (b, vm), then fr, (e) = 1.

(2) If e = (a,v2)(b,v;) or (a,v;)(b,v2) or (a,vy,)(b,v;) or (a,v;)(b, vy,), then
fHab (e) <2

(3) If e € E(e[Np—1]) and is not of the above form, then fy_, (e) < 4. Now,
define the following sets of cycles (see Figure 2):

Gab = {Q((ll) = (a,v1)(a,v)(b,v2)(a,vi41)(a,v1)2 <1 < m — 1} 7

and

Sap = K5 = {(a, v1) (@, v2) (b, v2) (b, v1) (@, v1) }.

Lemma 3.8. G, U Gy, U Sy is a linearly independent subset of cycles of
C(abx Sy,).
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Proof. G is a basis for the cycle subspace of C(ab x Sy,) corresponding
to the planar subgraph of ab x Sy, obtained by pasting all the cycles of Gy,
which are 4-cycles, at the common edges of the successive cycles. Similarly,
Gpq s a basis for the cycle subspace of C(ab x S,,). Since E(Gap) N E(Gpg) =
{(a,v1)(a,v2), (a,v2)(b,v2), (b,v2)(b,v1)} which is an edge set of a path and
since S,y contains (b, v1)(a,v1) which occurs in no cycle of Gup U Gy, Gap U
Gpa U Sgp is a linearly independent set. The proof is complete. [

Lemma 3.9. L, = Hap U Gap U Goe U Sap is a linearly independent set of
cycles.

Proof. The proof of this lemma follows by noting that every linear com-
bination of cycles of G.p U Gy U Sqp contains at least one edge of the set
E(aS,,) U E(b1S,,) which occurs in no cycle of Hy,. The proof is com-
plete. [

Remark 3.3. Let e € E(P, x Sy;,). Then

(1) if e = (a,v1)(a,v;) or (b,v1)(b,v;), then fr ,(e) < 2.

(2) If e = (a,v2)(b,v2), then fr ,(e) = 4.

(3) If e = (a,vm) (b, vy,) or (a,v1)(b,v1), then fr ,(e) = 1.

(4) If e = (a,v2)(b,v;) or (a,v;)(b,v2) such that m > j,1 > 2, then

fro,(e) <4

(6) If e = (a, vm)(b,vl) or (a,vj)(b,vp,) such that j,I > 2, then f._,(e) < 2.
(7) If e is not of the above form, then fr ,(e) = fx,,(e) <4

The graph P, x Sy, is decomposable into (U (a;00Sy,)) U Pp[Npy—1] U
(P,Ovy). Thus |E(P, x Sp)| = m?(n —1) = m(n —2) + n — 2. And so
dim C(P, X Sy) =m?(n—1) —2m(n — 1) +n — 1.

Lemma 3.10. Ifn > 4 and (m? + 1)(n — 1) — m(5n — 2) +3 < 0, then
m < 6.

Proof. (m? + 1)(n — 1) < m(5n — 2) — 3. Hence (m? + 1)(n — 1) <
5m(n — 1) + 3(m — 1) which implies that (m?+1) < 5m+3(m—1)/(n—1)
and som < 543(m—1)/m(n—1)—1/m. But 3(m—1)/m(n—1)—1/m < 1.
Therefore, m < 6. n

Theorem 3.11. For any path P, of order n > 2 and star S,,, we have that
b(P, x Sp) < 4. Moreover, the equality holds if n > 4 and m > 6.
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Proof. Defined B(P, x S;,) = U!"{'L4,q,,,. Then by Lemma 3.9 and using
the same arguments as in Theorem 3.5 we have that B(P, x Sy,) is linearly
independent. Now,

|Lasais| =m* —2m + 1.
Thus,

n—1
B(Py X Sp) =Y _(m® —2m+1) = dim C(P, x Spy).
=1

Therefore, B(P,, X Sy,) is a basis for C(P,, X Sp,). Now we show that B(P, x
Sm) is a 4-fold basis. Let e € E(P,, X Sy,). Then
(1) if e = (as,v1)(ai, v), then fgp,xs,)(€) = fra, 0, (€) + Lo, () <

242 =4
(2) Ife = (ai,vj)(ait1,vr) such that j, 1 > 2, then fgp, xs,,)(e) = Seasary (e)
< 4.

(3) If e = (ai,v1)(@ir1,v1), then fyp,xs,)(€) = fro. . (e)=1.

1%i+1

Now, we show that b(P, x S,,) > 4 for each n > 4 and m > 6. Suppose that
B is a 3-fold basis of C(P,, X Sy,) for each n > 4 and m > 6. Since the girth
of P, X Sy, is 4, as a result

4 dim C(Py, x Sp) < 3|E(P, x Sy)|
and so

4(nm? — 2mn — m? 4+ 2m +n — 1) (nm? —mn —m? +2m +n — 2),
nm? — 5mn —m? +2m +n + 2
m*(n—1) —m(5n —2) +(n—1) +3

3
0,
0,
(m?>+1)(n—1)—m(GBn—2)+3 < 0.

(VAN VAN VAR VAN

By Lemma 3.10, for n > 4, we have that m < 6. This is a contradiction.
The proof is complete. [ ]

Now, C), X Sy, is decomposable into P, x Sp,Ua1am [Npm—1]U{(a1,v1)(am,v1)}
where N,,_1 is the null graph with the vertex set {ve,vs,...,vy,}. Thus,
|E(Cy, % Sp)| = |E(P, x Sp)| + (m —1)2 + 1. Hence, dimC(C,, x Sy,) =
dimC(P, X Sp) + (m —1)2 +1 = n(m — 1)2 + 1. By applying the same
arguments as in Lemma 3.6 in C), X S,,,, we have the following result:

Lemma 3.12. C,v; is relevant in C,, X Sy, for eachi=1,2,...,n.
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Theorem 3.13. For any cycle C,, and star Sy,, we have that b(Cy, X S,,) <4.
Moreover, the equality holds if n > 4 and m > 5.

Proof. Define B(C,, X Sy,) = B(Pp, X Spm) U Lqg,,0, U{CrOv;1 }. By using the
same arguments as in Theorem 3.7, we show that B(C,, x S,,) is a 4-fold
basis of C(C), X Sp,). On the other hand to show that b(C), x S,,) > 4, we
suppose that B is a 3-fold basis of the space C(C,, x S,) for each n > 4
and m > 5, then we argue more or less as in Theorem 3.12 by taking into
account that if n > 4 and nm? — 5mn +n + 4 < 0, then m < 5. The proof
is complete. [

Now, consider W,, to be the wheel graph with vertex set {vy,va,...,vm}
and dyw,, (v1) = m — 1. Note that for m > 5, Aut(W,,) is isomorphic to
Aut(Sy,). Hence, ab x Wy, is decomposable into ab x S, U (aJC) U (b0C)
where C' = vov3...v,v2. For each k = 2,3, ..., m, define,

P = 1Py = (b.vi)(a vy (a,vj40) (b, o) 2 < j < m— 1,
Qa = {(a,v2)(a,v3) ... (a,vm)(a, v2)}.
Analogously, we define Q; (see Figure 2).

(a!V|+1)
(@ Vj+1)
(a,V|) :
(a! Vj)
(b, vic)
AR biv2) @v.)
a,V,
G, P o) Qa

Figure 2. These graphs illustrate the cycles gffb), P,E’;’j ) and Qg
Lemma 3.14. (UZLZQP(E’Z)) U PIS(T) is linearly independent.

(

Proof. Since Paf’j) contains an edge of the form (a, v;)(a, vj+1) which is not

in any other cycle of 73(];), as a result P(lg)

» ., 1s linearly independent for each
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k= 2,3,...,m. Now by the inductive step, we assume that UZ‘:?P(EIZ) is

linearly independent. Note that E(UZ@:_ZIPC(LIZ))QE(PC(LZL)) = E(aQOuvyvs ... vy)
which is an edge set of a path. Thus, UZ‘ZQPL(JI:) is linearly independent. Now,

each cycle Pé;n’j ) contains an edge of the form (b, v;)(b,vj+1) which occurs

in no other cycles of (UZ‘ZQPC(LIZ)) U PIEZL). Thus, (UL”ZQPC(LIZ)) U Pé;n) is linearly
independent. The proof is complete. [

Lemma 3.15. Ifn > 2 and m*(n—1) —4m(n—1) —2m+3n—1 <0, then
m < 6.

Proof. m*(n—1) <4m(n—1) +2m —3n+ 1. Thus, m <4 +2/(n—1)
—3n/m(n — 1) + 1/m(n — 1) which implies that m < 442 —2/m(n — 1).
Hence, m < 6. [ |

Lemma 3.16. Ifn > 2 and m?(n — 1) —4m(n — 1) — 2m + 2 < 0, then
m < 6.

Proof. As in Lemma 3.15 we have that m <4+4+2/(n—1) —2/m(n — 1)
which implies that m <4 +2—2/m(n —1) < 6. ]

Lemma 3.17. If n > 2 and m*(n—1) —7m(n—1) —5m +3n+2 < 0, then
m < 12.

Proof. As in Lemma 3.15, we have that m < 7+5/(n—1) —3n/m(n—1)
—2/m(n—1) < 12.

Note that P, x W, is decomposable into P,, x Sy, U (U, (a;00C)) where
C = vavs...vpnva. Thus, |E(P, x Wp,)| = |E(P,, X Si)|+ (m — 1)n. Hence,
dimC(P, x Wp,) = (n — 1)m? + 2m — mn — 1. ]

Theorem 3.18. For each wheel Wy, of order m > 5 and path P, of order
n > 2, we have that b(P, x Wy,,) < 4. Moreover, the equality holds if n > 2
and m > 12.

Proof. Define B(P, x Wy,) = B(P, x Sp) U (U''P . Y uPim) | U
(U1 Qq;) where B(P, X Sy,) is defined as in Theorem 3.11. By Lemma 3.14
each one of 735122 41 and P,gzl,l)%l is linearly independent. Since E (P,SZQ )N

E( gﬁ? 1) = @ whenever i # [, U} (Szz 41 is linearly independent. Now,

each linear combination of cycles of PC(LTCZTHI contains at least one edge of
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E(ap0vivy...vp) which is not in any cycle of U??P&%Z 41~ Thus
(U?;ll'Pé:Z)i H)UP(E:Q” , is linearly independent. E(Q,,)NE(Qq,;) = & when-
ever i # j, also Q,, is the only cycle of B(P, x Wy,) containing (az, U ) (@i, v2)
for each . Therefore, (u;?;llpél’;)i +1)UP§ZQ”71 U(U; Qg, ) is linearly indepen-
dent. Any linear combination of cycles of (u?;fPSZZZH)UPCETJH_l U(U,Qq,)
contains at least one edge of the set U E(a;0vavs, . .., vyve) which is not
in any cycle of B(P, x Sy,). Thus, B(P, x Wy,) is linearly independent.
Since

n—1 n
(BB x Win)| = [B(Pu < Sl + 3 _IPEa | + [P, 1+ D 19l
i=1 i=1
=m?n—2mn—m?>+2m+(n—1)+ (n—1)(m—2)
+(m—2)+n
= (n—1)m*+2m—mn -1
= dim C(Py, x W),

B(P,, x W) is a basis for C(P,, x W,,). Now we show that B(P,, x W,,) is
a 4-fold basis. Let e € E(P,, x Wy,). Then

(1) if e = (a;,v1)(ai, vr), then fup,uw,,)(€) = fra, 1a;(€) + fLasa;,, (€) <

2+2=4.
(2) If e = (ai,vj)(aiy1,vr) such that m > 4,1 > 2, then fpp, xw,,)(€) =
f»calal+1( ) S 4

(3) If e = (ai,vm)(ai+1,v;) or (ai,v;)(ait1,vm) such that m > 1 > 2, then
JePusxwi)(€) = fLaa;, T 15 Pt () <2+2=4.

1241 anay,_1

(4) If e = (ai,v1)(ai+1,v1), then fB PuxWy)(€) = [S40,,, (€ ) =1L

(5) If e = (ai,v2)(ai, vm), then fpp, xw,,)(€) = fo,,(€) =

(6) Ife = (ai,vm)(ait1,vm), then fp, xw,,)(€) = f“r(am+1
Fpy () <1+1+41=3

anGpn 1

;541
7) It e = (a;,v; az,vﬂ such that j > 2 and 1 <n — 1, then
J J
IB(P xw,) (€) = p(m) 1( )-i-fg%_( e)<1l+4+1=2.

(8) If e = (an, vj)(an, vj+1) such that j > 2, then fz(p, xw,,)(e) =
fpé‘:’"a)‘ . (e) + ann(e) é 1 + 1 = 2
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(9) If e = (as,v2)(aiy1,vm) or (ai,vm)(aiz1,v2), then fzp, ww,(e) =
f['anan_1 (6) + f a,-a,-+1U7D¢<1m¢3, . (6) S 2 —+ 1 =2.

On the other hand, to show that b(P, x W,,) > 4 for any n > 2 and
m > 12, we have to exclude any possibility for the cycle space C(P, x
Wp,) to have a 3-fold basis for any n > 2 and m > 12. To this end,
suppose that B is a 3-fold basis of the cycle space C(P,, x W,,,) for any n > 2
and m > 12. First, suppose that B consists only of 3-cycles. Then |B| <
3(m—1)n because any 3-cycle must contain an edge of E(a;d(vavs . .. vpv2)),
for i = 1,2,...,n and each edge is of fold at most 3. This is equivalent to
the inequality m2(n — 1) — mn + 2m — 1 < 3(m — 1)n which implies that
m?(n —1) —4m(n —1) —2m +3n — 1 < 0 and so by Lemma 3.15, m < 6.
This is a contradiction. Now, suppose that B consists only of cycles of
length greater than or equal to 4. Then 4|B| < 3|E(P, x Wy,)| because the
length of each cycle of B greater than or equal to 4 and each edge is of fold
at most 3. Thus, 4(m?(n — 1) — mn +2m — 1) < 3(m?(n — 1) + 2m — 2)
which is equivalent to m?(n — 1) —4m(n — 1) — 2m + 2 < 0 and so by
Lemma 3.16, m < 6. This is a contradiction. Finally, Suppose that B
consists of r 3-cycles and f cycles of length greater than or equal to 4. Then
f < |(3(m*(n —1) 4+ 2m — 2) — 3r) /4] because the length of each cycle of r
is 3 and each cycle of f is at least 4 and the fold of each edge is at most 3.
Hence, |B] =7+ f < r+ [(3(m*(n — 1) + 2m — 2) — 3r) /4| which implies
that 4(m?(n — 1) —mn +2m — 1) < r + 3(m%(n — 1) + 2m — 2). Thus,
4m2(n —1) —mn +2m — 1) < 3(m — D)n + 3(m?*(n — 1) + 2m — 2). By
simplifying the inequality we have that m?(n—1) —7m(n—1) — 5m+3n+2
< 0. Thus, by Lemma 3.17 m < 12. This is a contradiction. The proof is
complete. [

Now, C,, x Wy, is decomposable into P, X W, U a1a:[Npm—1] U {(a1,v1)
(@m,v1)} where Ny, 1 is the null graph with the vertex set {ve,vs, ..., vp}.
Thus, |E(C,xWy,)| = |E(PyXx W) |+(m—1)2+1. Hence, dim C(Cp, x W,,) =
dimC(P, x Wy,) + (m —1)2 + 1 = nm? — mn + 1. By employing the same
ideas as in Lemma 3.6, we have the following result.

Lemma 3.19. C,,0v; is relevant in C,, x W,,.

Theorem 3.20. For each cycle C,, of order n and wheel W, of order m > 5,
we have that b(Cy, x W,,,) < 4. Moreover, the equality holds if and only if
n>3andm>"T.
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Proof. Define B(Cy, x Wy,) = B(P, X Wy,) U Lg, 6, U{C,,0v1}. By noting
that E(Lq,q,) N E(B(Py x Wy,)) = (a108m) U (a,05,,) which is an edge
set of a forest, we have that B(P, x W,,,) —{C,Ov;} is linearly independent.
By Lemma 3.18, B(P,, x W,;,) is linearly independent. Since

IB(Cr, x W) = [B(Pr, x Wip)| + [Lapay | +1

=nm?® —mn+1

= dim C(C,, x W,,),

B(Cp, x Wy,) is a basis for C(C,, x W,). Now we can easily show that
B(Cy, x W) is a 4-fold basis. To show that C(C,, x W,,) has no 3-fold basis
we argue more or less as in the last paragraph of Theorem 3.18. The proof
is complete. [

4. The Minimum Cycle Bases of the Wreath Prod-
uct of Graphs

In this section, we present minimum cycle bases (MCBs) for the wreath
product of two paths, a cycle with a path, a path with a star, a cycle with
a star, a path with a wheel and a cycle with a wheel. Moreover, we give the
length of their maximum cycle.

Theorem 4.1. B(P, X P,,) is a minimum cycle basis of P, X Pp,.

Proof. Recall that a MCB is obtained by a greedy algorithm, that is, an
algorithm that selects independent cycles starting with the shortest ones
from the set of all cycles. We consider two cases:

Case 1. m is odd. Then the girth of P, x P,, is 4. Since each cycle of
B(P, x Pp,) is of length 4, as a result B(P,, X P,,) is a MCB.

Case2. miseven. Note that the only 3-cycles of P, x P, are U?;ll Zaiaim
and only three cycles of the four cycles of Z,,4,,, are linearly independent
for each i =1,2,...,n—1. Thus, {25}, 28, 28) li=1,2,..n—1}
is a set consisting of the largest number of 3-cycles linearly independent of
C(Pyx Py). Since {Z80,.., 282, 28, li=1,2,...n—1} C B(Pyx Py)
and B(P, x Py,) — {Zé}c)wl, ai)hﬂ,Zc(L?azH\z =1,2,...n — 1} are 4-cycles,
B(P, x Pp,) is MCB. The proof is complete. |
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Corollary 4

I(Py % Py) :{ (mn—m-—-n+2(n—-1)|m/2|+1), if nis odd,
dmn —4m —Tn+8(n— 1) |m/2] +7, if n is even.

AP, % Py)

Theorem 4.3. For each n > 4, B(C,, X Py,) is a minimum cycle basis of
Cp X Py,.

Proof. By Lemma 3.6 and following, word by word, the same arguments

as in the proof of Theorem 4.1 by taking into account that in Case 2 the

Set {Zazlc)Lz+1?Z((le‘)lz+17 Z((l?()lz+1 = 1)27' 1} U {Zai)(H?Z(gn)al?Z((lnal} 1S

consisting of the largest number of 3—cycles linearly independent of C(C), x
P,,), we have the result. The proof is complete. [
Corollary 4.4.
Forn>4,1(C, x Pp) = {
and \(Cyp, X Pp,) =

dmn —3n+8n|m/2|, if n is odd,
dmn —6n +8n |m/2|, if n is even.

By noting that each of P, x S, and C; x S, has no 3-cycle for each r > 4
and by Theorems 3.11 and 3.13 and Lemma 3.12, we have the following
result.

Theorem 4.5. For each r > 4, B(P, X Sp,) and B(C, x Sy,) are minimum
cycle bases.

Corollary 4.6. For eachr > 4, [(P,x Sy,) = 4(m?n—2mn—m?+2m+n—1),
1(Cr % Sp) = 4(m?r —2mr + 7+ 1), \(Py, X Pp) =4 and \(Cy. x Sp,) =7

The proof of the following result is a straightforward.

Lemma 4.7. Let H be a subgraph of the graph G. Let A and B be a cycle
basis and a minimum cycle basis of H and G, respectively. If A C B, then
A is a minimum cycle basis of H.

In the following result B,, oy, denotes to the cycle basis of the wheel a;[JW,,
consisting of 3-cycles.

Theorem 4.8. B*(P, x Wy) = (U5 Uy Py U (USRI 6) U
(U2 Bo,ow,,) U (U Sasasyy) and B*(Cn, x Wm) = B*(P, x Wy,) U
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(U;”ZQP(SZL)M) Upéﬁ)n US4, ay U{Cr x v1} are minimum bases of P, x W, and
Cp, X W, respectively.

Proof. By Lemma 4.7, it is enough to show that B*(C,, x Wm) is a
minimum cycle basis of C,, x W,, and B*(P, x W,,) is a cycle basis of
P, x Wy,. By Lemma 3.14, each one of the two sets (U;-”ZQP,SZ()ZHl) U Pé?ﬂai

and (UTZZPO(L?M) U P(gﬁ)n is linearly independent. Note that

B ((UyPh,., ) u P ) 0B (U (WP, ) uPi.,)
= E(axOvavs ... vp)

which is an edge set of path for each K =1,2,...,n — 1 and

E ((u;?";ng 7 ) uPm ) NE (u;?;f (( Pl ZLM) U Pgﬁ{%»

= F(a10vgvs ... vp) U E(a,Ovavs . .. vy,

which is an edge set of a forest. Thus, (U~} Uy 73(%“1) U (U2 1177521)1%)

(U;ﬂ 2P§i)a1)upélan is linearly mdependent set. Now, foreachi =1,2,...,n,
Ba;xw,, is a cycle basis of a;[0Wy,. Since E(By,ow,, )" E(Bs,ow,,) = ¢
whenever i # j, U, B,,o0w,, is linearly independent. Now any linear combi-
nation of U' ; B,,ow,, contains an edge of U' ; E(a;0(W —S)) which is not in
any cycle of (U~} UL 27753211 L)Y P(gl +)1az) (U7 QPéi)al)UP(m)n where S
is the star graph Wthh is obtained from Wi by deletmg the edges of the cycle
V2U3 . .. U2, as a result (UJ_; u;’;fﬂﬁ{;m) U (U Pén)al) U (Un Péi)al)

C(lﬁ)n U (U Ba,00w,,) is linearly independent. Now, (U}, lSalal 1) USanay

is a cycle basis of the planar graph P,[Jvive which obtained by pasting all
the cycle of (U!['Sa,a541) U Sanar» Which are 4-cycles, at the common edges
of the successive cycles. Note that any linear combinations of cycles of
(U Susaii1) USanas contains an edge of E(P,vy) which is not in any cy-

cle of (U Uy Pl )U(UZ Pl ) U(US Pl ) UPSY, U (U Bayow ),
thus (U], UP P (U Py UL Py P, DU By U
(U?:_llSaiai +1) USa,q, is linearly independent. Now By Lemma 3.19, C,,[0v;
is relevant. Thus, B*(C,, x W,,) is a linearly independent. Since
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B (Cn x Win)| = (m = 1)(m =2)(n = 1)+ (n—=1)(m =2) + (m —1)n
+n—1)+m-2)(m—-1)+(m—-2)+1+1
= m*n —mn + 1 =dimC(C,, x Wy,)

B*(C,, x Wy,) is a cycle basis of C), X W,,. Since each cycle of B*(C,, X
W) — {(U'} Susasir) U Sanay U(CrTv1)} is of length three and since the
smallest cycle contains any edge of (a;,v1)(ai+1,v1), (a1,v1)(an,v1) is of
length 4 and by Lemma 3.19, we have that each cycle of B*(C,, x W,,) is
relevant in C,, x W,,. Therefore, B*(C,, x W) is a minimum cycle basis
Cy X W,y Since B*(P,, x Wy,) C B*(Cy, x Wy,) and |B*(P,, X Wy,)| =
m?n —mn —m? + 2m — 1 = dimC(P,, x W,,), we have that B*(P,, x W,

is a cycle basis of P, x W,. The proof is complete. [

Corollary 4.9. [(P, x W,,) = 3m?n —3mn —3m? 4+ 6m — 3, [(Cp, x Wy,) =
3m?n — 3mn +n, AN(P, x Wy,) = 4 and \(C,, x W,) = n.
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