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Abstract

In the first part of this paper we give necessary and sufficient condi-
tions for some special classes of digraphs to have a (k,)-kernel. One of
them is the duplication of a set of vertices in a digraph. This duplica-
tion come into being as the generalization of the duplication of a vertex
in a graph (see [4]). Another one is the D-join of a digraph D and a
sequence a of nonempty pairwise disjoint digraphs. In the second part
we prove theorems, which give necessary and sufficient conditions for
special digraphs presented in the first part to be (k,1)-kernel-perfect
digraphs. The concept of a (k,!)-kernel-perfect digraph is the gener-
alization of the well-know idea of a kernel perfect digraph, which was
considered in [1] and [6].
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1. Introduction

Let D denote a finite, directed graph (for short: a digraph) without loops
and multiple arcs, where V(D) is the set of vertices of D and A(D) is
the set of arcs of D. By DI[S| we denote the subdigraph of D induced
by a nonempty subset S C V(D). A vertex z € V(D) is a source of a
digraph D, if for every y € V(D) there is no arc yz in D. By a path from
a vertex x1 to a vertex x, in D we mean a sequence of distinct vertices
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T1,T9,...,o, from V(D) and arcs z;z;11 € A(D), fori = 1,2,...,n — 1
and n > 2 for the simplicity we denote it by Plx1,x9,...,2,]. A circuit is
a path with 1 = z,, for n > 3. By P, we denote an elementary path
on m vertices meant as a digraph with V(P,) = {z1,22,...,2m}. By
dp(z,y) we denote the length of the shortest path from x to y in D. For
any X,Y C V(D) and z € V(D) \ X we put dp(x, X) = mingex dp(z,y),
dp(X,z) = mingex dp(y,z) and dp(X,Y) = mingex yey dp(x,y). Let k,1
be fixed integers, k > 2 and [ > 1. We say that a subset J C V(D) is a
(k,1)-kernel of D if

(i) for each z,y € J and x # y,dp(x,y) > k and
(i) for each x € V(D) \ J, dp(z,J) <1 .

The concept of a (k,[)-kernel was introduced by M. Kwasnik in [13] and
considered in [7, 8, 12] and [14]. If £ = 2 and [ = 1, then we obtain the
definition of a kernel or in other words a (2, 1)-kernel of a digraph. We call a
(k,k —1)-kernel a k-kernel. If J satisfies the condition (i), then we say that
J is k-stable in D. Moreover, we assume that the subset including exactly
one vertex also is k-stable in D, for k > 2. We say that J is [-dominating
in D, when the condition (ii) is fulfilled. More precisely with respect to the
vertex x we say: x is [-dominated by J in D or J l-dominates x in D.

A digraph whose every induced subdigraph has a (k,)-kernel is called a
(k,l)-kernel-perfect digraph (for short a (k,1)-K P digraph). If [ = k—1, then
we obtain k-kernel perfect digraph. In [11] we can find some results about k-
kernel perfectness of special digraphs. The last concept is the generalization
of a kernel-perfect digraph, which was considered in [1, 2] and [6].

For concepts not defined here, see [5].

2. The Existence of (k,[)-kernels of the D-join
Let D be a digraph with V(D) = {z1,72,...,z,} and a = (Di)icq1,2,...n}
be a sequence of vertex disjoint digraphs. The D-join of the digraph D and
the sequence « is a digraph o(«, D) such that V(o (o, D)) = U}, V(D;) and

A(o(a, D)) = (U A(Di)> U{ut :u e V(Ds),v € V(Dy),s#t
i=1

and z,z; € A(D)}.
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It may be noted that if all digraphs from the sequence « have the same
vertex set, then from the D-join we obtain the generalized lexicographic
product of the digraph D and the sequence of the digraphs D;, i.e., o(a, D) =
D[Dy, Do, ...,D,], For the reminder, the generalized lexicographic product
G[G1,Ga,...,G,] of the graph G and the sequence of the graphs G; was
introduced in [3] and its definition was applied to digraphs in [14]. Addition-
ally if all digraphs from the sequence « are isomorphic to the same digraph
D', then from the D-join we obtain the lexicographic product D[D’'] of the
digraphs D and D’. The D-join o(«a, D) is the special case of a digraph,
which was considered with reference to kernels by H. Galeana-Sanchez and
V. Neumann-Lara in [9].

Theorem 1. Let D be a digraph without circuits of length less than k. Let
a = (Dj)ief1,2,..n} be a sequence of vertex disjoint digraphs. A subset J* C
V(o(a, D)) is k-stable in the D-join o(«, D) if and only if there exists a
k-stable set J C V(D) of the digraph D such that J* = \J,c7 Ji, where
IT={i:x; €J}, J; CV(D;) and J; is k-stable in D; for everyi € T.

Proof. 1. Let J* be k-stable in the D-join o(a, D). Denote
J=A{x; € V(D):J" NV (D;) # @}.

At first we will prove that J is k-stable in D. Assume on the contrary
that there exist distinct vertices x;,z; € J such that dD(xi,xj) < k. Since
zi,xj € J, then J* NV (D;) # @ and J* N V(D;) # @. Additionally the
definition of the D-join and the assumption that dp(x;, ;) < k implies that
dy(a,p)(u,v) < k for every u € V(D;) and v € V(Dj;). This means that J*
is not k-stable in the digraph o(«, D), a contradiction with the assumption.
So J is k-stable in the digraph D. The definition of the set J implies that
we can depict J* in the following way: J* = (J;,c7 Ji, where T = {i : z; € J}
and J; C V(D;). Of course for every i € 7 we have that J; is k-stable in D;,
since J; € J* and J* is k-stable in o(«, D).

II. Let J C V(D) be a k-stable set of the digraph D. Let Z be a set
of indexes of vertices belonging to J and let J; be k-stable in D; for every
i € Z. We prove that J* = J;c7 J; is k-stable in the D-join o(a, D). Let
u,v € J*, u # v. Assume on the contrary that d,,, py(u,v) < k. Consider
two cases:

Case 1. w,v € J; for some ¢ € Z. Of course dp,(u,v) > k, since J; is
k-stable in D;. So there exists a path P from u to v in o(«, D) of length



106 M. KUCHARSKA

less than k such that at least one inner vertex of P does not belong to
V(D;). In other words there exists a vertex z € V(D) for i # j such that
P =1lu,...,z...,v]. The existence of a circuit C' = [z;,...,2;,..., ;] in
the digraph D of length less than k follows from the definition of the digraph
o(a, D), a contradiction with the assumption.

Case 2. u € J; and v € Jj, where i # j. Since dy(q,p)(u,v) < k, so
the definition of the digraph o(c, D) implies the fact that dp(z;, z;) < k, a
contradiction with the assumption that z;, x; belong to a k-stable set J of
the D-join.

Taking two above cases into consideration we obtain that for distinct
u,v € J*, dg(a,p)(u,v) > k, hence J* is k-stable in o(a, D). [

Theorem 2. Let J C V(D),Z ={i:x; € J} and J; C V(D;) for every
i € Z. If J is l-dominating in D and J; is l-dominating in D; for every
i € I, then J* = J,c7 Ji is I-dominating in the D-join o(a, D).

Proof. Assume that J is [-dominating in D, Z = {i : z; € J} and J; is I-
dominating in D; for every i € Z. Let J* = |J;c7 Ji and u € V(o(a, D))\ J*.
We show that u is -dominated by J* in o(«, D). Let i be a positive integer
such that v € V(D;). If i € Z, then w is [-dominated by J; C J* in the D-
join. If ¢ ¢ Z, then we obtain that dp(x;, J) <, since J is I-dominating in
D. This means that there exists a vertex z; € J such that dp(x;,z;) < 1. We
obtain that d,(,,py(u,v) < 1 for every v € V(Dj) in view of the definition
of the digraph o(a, D). Hence dy (4 py(u,J;) < I. Since J; C J*, then
dy(a,0) (1, J*) < 1. So we proved that each u € V(o (a, D))\ J* is [-dominated
by J* in o(a, D), i.e., J* is [-dominating in o(a, D). |

Remark 1. It is not difficult to observe that the sufficient condition from
Theorem 2 is not a necessary condition for the set J* to be l-dominating
in o(a, D). For example, let D = Py, V(Pi41) = {z1,22,...,241} and
D; = Py, where V(D;) = {u},ub} for every i = 1,...,1+ 1. J* = {uf,ub}
is [-dominating in o(a, D), but J* N V(D) is not I-dominating in Dj.

From Theorem 1 and Theorem 2 we obtain the following corollary.

Corollary 1. Let D be a digraph without circuits of length less than k and
let o = (Di)ieq1,2,...ny be a sequence of vertex disjoint digraphs. If J C V(D)
is a (k,l)-kernel of D, T = {i : x; € J} and J; is a (k,l)-kernel of D; for
every i € Z, then J* = ;7 Ji is a (k,1)-kernel of the D-join o(a, D).
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Theorem 3. Let |l < k — 1. Let D be a digraph without circuits of length
less than k and a = (D;)icq1,2,...n} be a sequence of verter disjoint digraphs.
If J* is a (k,l)-kernel of the D-join o(a, D), then there exists a k-kernel
J C V(D) of the digraph D such that J* = J;c7 Ji, where T = {i: x; € J},
Ji CV(D;) and J; is a k-kernel of D; for everyi € L.

Proof. Let J* be a (k,1)-kernel of o(c, D), where [ < k—1. From Theorem
1 we get that J* = (J;c7 Ji, where J C V(D) is k-stable in D and .J; € V(D)
is k-stable in D; for every ¢ such that ¢ € Z. We will show that J is I-
dominating in D. Let z, € V(D) \ J. Hence p ¢ Z and V(D,) N J* = @.
This means that if u € V(D,), then u € V(o(a, D)) \ J*. Since J* is a
(k,1)-kernel of o(a, D), hence dy (4, py(u, J*) < 1. So there exists v € J*
such that d,(q, p)(u,v) < 1. Hence v € V(Dy), where t € 7, i.e., z; € J and
dp(zp,z¢) < 1 in view of the definition of the D-join, so x, is [-dominated
by J in D.

Now we will prove that J; is [-dominating in D; for every i € Z. Assume
on the contrary that there exists an integer ¢ such that .J; is not [-dominating
in the digraph D;. This means that the existence of a vertex u € J; such that
dp,(u, J;) > 1 is assured. Because of the assumption that J* is I-dominating
in the digraph o(«, D), there must exist a vertex v € J*\ V(D;) such that
dy(a,0) (1, v) < 1. From the definition of the D-join we obtain the inequality
do(a,0)(V(Ds),v) <1 and finally dg(q,p)(Ji,v) <1 <k —1, a contradiction
with the assumption that J* is a (k,1)-kernel of the D-join o(a, D). This
means that J; is I-dominating in D; for every ¢ € Z.

So every (k,l)-kernel J* of the D-join o(«, D), where [ < k — 1 can be
described in the form J* = | J;c7 Ji, where J is a (k,l)-kernel of D and J; is
a (k,l)-kernel of D; for every i € . |

From Corollary 1 and Theorem 3 we obtain the next corollary.

Corollary 2. Let D be a digraph without circuits of length less than k and
let a = (Di)ie{172,,,.7n} be a sequence of vertex disjoint digraphs. The subset
J* is a k-kernel of the D-join o(c, D) if and only if there exists a k-kernel
J C V(D) of the digraph D such that J* = J;c1 Ji, where T = {i : x; € J},
Ji CV(D;) and J; is a k-kernel of D; for everyi € L.
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3. The Existence of a (k,[)-kernel of the
Duplication

In [11] was given the definition of the duplication of a subset of vertices
of a graph as the generalization of the duplication of a vertex of a graph
introduced in [4]. This definition can be apply to digraphs in the following
way. Let X be a proper subset of the vertex set of a digraph D and let H be a
digraph isomorphic to D[X]. A vertex belonging to V(H) and corresponding
to a vertex x € X will be denoted by z’. The duplication of the subset X,
X C V(D) is the digraph DX such that V(DX) = V(D) U V(H) and
A(DX) = A(D)U A(H) U Ag U Ay, where

.
A = {x/y .2’ € V(H),y € V(D) and 7 € A(D)) and

N~ =~

A = {y_gf .2/ € V(H),y € V(D) and 77 € A(D)) .
Denote X' = V(H). A vertex 2’ € X’ (resp. a subset S” C X') will be called
the copy of the vertex € X (resp. the copy of the subset S C X). We will
call the vertex x as the original of the vertex 2’ and the subset S C X the
original of the subset S’. We will prove a necessary and sufficient condition
for the duplication DX to have a (k, 1)-kernel. To this end some lemmas will
be given. The next one follows directly from the definition of DX.

Lemma 1. Let DX be the duplication of a subset X, X C V(D). Let
rye X, 2y € X' andw,z € V(D)\ X. Then

(1) dp(x,y) = dpx(z,y) = dpx (2’ ¢) = dpx (z,y') = dpx (a',y),

(2) dp(w, z) = dpx (w, z),
(3) dp(w, ) = dpx(w,z) = dpx (w, 2),
(4) dp(z,w) = dpx(x,w) = dpx (z',w).

The next corollary follows from Lemma, 1.

Corollary 3. Let DX be the duplication of a subset X, where X C V(D).
If 2,y € V(D), then dp(z,y) = dpx(,y).
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Lemma 2. Let X C V(D). If J* C V(DX) is k-stable in the duplication
DX then (J*NV(D))US is a k-stable set of D, where S is the original of
the set J* N X',

Proof. Assume that J* C V(DX) is k-stable in the duplication DX and S
is the original of J* N X', ie., J*NX' = 5" Put J = J*NV (D). Of course
J, 8" and S are k-stable in DX, so J and S are k-stable in D. To show that
JUS is k-stable in the digraph D it is enough to prove that dp(J,S) > k and
dp(S,J) > k. Let z € J\ S and y € S\ J. From Lemma 1 we obtain that
dp(z,y) = dpx(z,y') and dp(y,z) = dpx (y',x), where y € S\ (JNX)" is
the copy of the vertex y. Since J* is k-stable in the duplication DX, then
dpx(z,y’) > k and dpx (', x) > k. Hence dp(z,y) > k and dp(y,z) > k,
which means that dp(J,S) > k and dp(S,J) > k. Thus the theorem is
proved. [

Theorem 4. Let D be a digraph and X C V(D). If J* is a (k,l)-kernel of
the duplication DX and J* C V(D™X), then (J*NV(D))US is a (k,1)-kernel
of the digraph D, where S is the original of J* N X'.

Proof. Assume that J* C V(DX) is a (k,l)-kernel of DX. Lemma 2
implies that J*NV(D)U S is k-stable in D. We show that (J*NV(D))uUS
is [-dominating in the digraph D. Let x € V(D) \ (J* U S). Since J* is
l-dominating in DX hence dpx(x,J*) < I. This means that there exists
y € J* such that dpx(z,y) <. Consider two cases.

Casel. Let z € X. If y € J* NV (D), then dp(z,y) = dpx(x,y) <lin
view of Corollary 3. If y € J*N X', then from the condition (1) of Lemma 1
we obtain that dp(z, z) = dpx(z,y) <, where z € S is the original of the
vertex y.

Case 2. Let x € V(D) \ X. If y € J* NV (D), then Corollary 3 implies
that dp(z,y) = dpx(z,y) < 1. If y € J*N X', then from the condition (3)
of Lemma 1 we obtain dp(z,z) = dpx(z,y) <, where z € S is the original
of the vertex y.

Finally dp(z, (J*NV(D))US) <, which means that (J*NV(D))US
is [-dominating in D and completes the proof. [

Lemma 3. Let D be a digraph, in which there exists a subset X C V(D)
such that D has no circuit of length less than k including vertices from X.
Let DX be the duplication of X. If J is k-stable in D and (J N X)' is the
copy of JN X in DX, then JU (J N X)" is k-stable in DX.
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Proof. Assume that D is a digraph, in which there exists a subset X C
V(D) such that D has no circuit of length less than k including vertices
from X. Let J be an arbitrary subset of vertices of the digraph D and
let (J N X) be the copy of J N X in the duplication DX. Assume that
JU (JN X) is not k-stable in DX. We will show that J is not a k-stable
set of D. Consider two cases.

Case 1. If JNX = &, then JU(JNX) = J. From the assumption the
set J is not k-stable in DX, so J is not k-stable in D.

Case 2. If JN X # O, then there exist two distinct vertices x,y €
J U (J N X) such that dpx(x,y) < k. If 2,y € J, then the inequality
dp(z,y) = dpx(x,y) < k follows from Corollary 3. If z,y € (J N X)’, then
from the condition (1) of Lemma 1 we obtain that dp(z, w) = dpx (z,y) < k,
where z,w € J N X are the copies of vertices x,y, respectively. If z € J
and y € (JNX) (resp. y € J and z € (JN X)), then in view of Lemma 1
we obtain that dp(z,w) = dpx(x,y) < k (resp. dp(z,y) = dpx(z,y) < k),
where w € JNX is the original of the vertex y (resp. z € JNX is the original
of the vertex ). Of course w # z (resp. z # y). Otherwise, there exists a
circuit of length less than k including a vertex from X, a contradiction with
the assumption.

To recapitulate, we proved that .J is not a k-stable in D. [

Theorem 5. Let D be a digraph, in which there exists a subset X C V(D)
such that D has no circuit of length less than k including vertices from X.
Let DX be the duplication of X. If J is a (k,1)-kernel of D and (J N X) is
the copy of JN X in DX, then JU (JNX) is a (k,1)-kernel of DX.

Proof. Assume that J is a (k,l)-kernel of D and (J N X)' is the copy of
JN X in DX. We will show that J U (J N X) is a (k,[)-kernel of DX. If
JNX =@, then (JNX) = @. Hence JU(JNX) = J. Since J is a
(k,1)-kernel of the digraph D, then dp(x,y) > k and dp(z,J) < for every
z,y € Jand z € V(D) \ J. So from Lemma 1 it follows that dpx (z,y) > k,
dpx(z,J) <l and dpx(z/,J) < I, where 2’ is the copy of a vertex z, if
z € X\ J. Hence JU (JN X)"is a (k,I)-kernel of the duplication DX in
the case when J N X = @. Thus assume that J N X # @. From Lemma 3
we get that J U (J N X)" is a k-stable in DX. So we need only prove that
this set is I-dominating in the digraph DX. Since V(D) \ (JU(JN X)) =
(V(D)\ J) U (X'\ (JN X)), so let us consider two cases.



ON (k,l)-KERNEL PERFECTNESS OF ... 111

Case 1. If x € V(D) \ J, then z is l-dominated by J in the digraph
D, because J is a (k,l)-kernel of D. Thus z is [-dominated by J in the
duplication DX.

Case 2. It x € X'\ (J N X)', then its original y € X \ J is [-dominated
by J in D. Therefore there exists a path from the vertex y to some vertex
z € J in D of length not greater than [, i.e., dp(y,z) <I. If z € JN X, then
the condition (1) of Lemma 1 implies that dpx(x,2') = dp(y, z) < [, where
z € (JNX)'. This means that dpx(z,(JNX)) <. If z€ JN(V(D)\ X),
then from the condition (3) of Lemma 1 we obtain that dpx(z,z) < I. So
dpx(z,J) <L

Therefore z is I-dominated by J U (J N X)' in the duplication DX.
Because of the fact that J U (J N X)' is k-stable in DX we obtain that
JU(JNX) is a (k,1)-kernel of the duplication DX. |

The next corollary follows from Theorem 4 and Theorem 5.

Corollary 4. Let D be a digraph, in which there ezists a subset X C V(D)
such that D has no circuit of length less than k including vertices from X.

Then the duplication DX possesses a (k,1)-kernel if and only if the digraph
D has a (k,l)-kernel.

4. The Existence of a k-kernel of the Digraph
D(a, P,,)

Let D be an arbitrary digraph and P,, be a path meant as a digraph for
m > 2, where V(Py,) = {z1,72,...,2n} and V(D)NV (Py,) = @. Ifa = pg is
an arc of the digraph D, then D(a, P,,) is a digraph such that V' (D(a, P,,)) =
V(D) UV(Py) and A(D(a, P)) = A(D) U A(Py) U {5, i}

The following theorem gives a necessary and sufficient condition for the
existence of a k-kernel of D(a, Py,).

Theorem 6. Let D be a digraph without circuits of length less than k. Let
a=pg € AD) and n > 1. J* is a k-kernel of the digraph D(a, Pny) if
and only if there exists a k-kernel J of D such that J* = J U J', where
J' = {x1+57$1+k+57 - 7371+(n71)k+s} - V(Pnk) and s = dD(Q: J)

Proof. 1. Let a = pg € A(D) and let J* be a k-kernel of the digraph
D(a, P,i). We will prove that J*NV(P,;) = J' and J*NV (D) is a k-kernel
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of D. Put J =J*"NV(D). Let s = dp(q,J). It is not difficult to observe
that J* NV (Puk) = {145 T11ktsy-- - :E1+(n_1)k+s}, ie, J*NV(Py) = J'.
Otherwise, J* is not k-stable or (k — 1)-dominating in D(a, P,y).

Of course J and J*NV (P,) are k-stable in D(a, P,t), so J is k-stable in
D. So it remains to show that J is (k —1)-dominating in D. Let x € V(D) \
J*. Since J* is a k-kernel of D(a, Pnx), hence dp, p,,)(z,J*) <k —1. Tt is
enough to prove that if = is (k — 1)-dominated by J' in D(a, Pp), then it is
(k—1)-dominated by J*NV (D) in D. Let x be (k—1)-dominated in D(a, Py,)
by a vertex belonging to J'. Hence dp(, p,,) (7, 21+s) < k — 1. At the same
time dp(q,p,,)(®; T1+s) = dp(2,p) + dp(a,p,,) (D, T14s) = dp(w,p) + s + 1.
Thus dp(z,p) < k—s—2. On the other hand from the assumption we have
that dp(q,J) = s. So we get that

dp(z,J) < dp(z,p) +dp(p,q) +dplq,J)
= dD(xap)+1+5§k_1a

which means that z is (k — 1)-dominated by J in D. Finally, J is a k-kernel
of D, what completes this part of the proof.

IT. Let J be a k-kernel of D and J' = {145, T14k+s)- -+ > P14 (n—1)kts) C
V(Pynk), where s = dp(q, J). We prove that JUJ' is a k-kernel of D(a, P,).
Since J is a k-kernel of D, then every x € V(D) \ J is (k — 1)-dominated by
J in D, which means that x is (k — 1)-dominated by JU.J’ in D(a, P,). To
show that JUJ' is (k—1)-dominating in D(a, P,), it is enough to prove that
vertices from V' (P,;) not belonging to JUJ' are (k—1)-dominated by JUJ' in
the digraph D(a, Pyk). Let x; € V(Ppi)\J'. If 1 <i <1+ (n—1)k+s, then
dp,,. (zi, J') < k—1. Hence dp(q,p,,) (i, JUJ') <k—=1. If 2+ (n—1)k+s <
1 < nk, then

dD(tI,Pnk)(xi’J) = dpnk(xi,q) —|—dD(q, J) =nk+1—17+s
<nk+1—2+n—-Dk+s)+s=k—1.

So JUJ" is (k —1)-dominating in D(a, P,x). Moreover, the definition of the
digraph D(a, P,) implies that J and J’ are k-stable in D(a, P,)). To prove
that JUJ’ is k-stable in D(a, Pyt) it is enough to show that dp(, p,,)(J', J)
> k and dpq,p,,)(J, J') > k. Since dp(q,J) = s, then

dp(a,Pop) (T14(n—1)kt+s0J) = APy, (T14(m—1)kts:7) + dp (g, J)
= (k—s)+s=k.
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Hence dp(a,p,,)(J';J) > k. So we need only to prove that dp,p,,)(J;J')
> k. Assume on the contrary that dp(, p,,)(/,J) < k. Hence there exists a
vertex y € J such that there is a path [y,...,p,...,z14s] of length less than
k in D. This means that there exists a path [y,...,p| of length less than
k —s—1 in the digraph D. At the same time, since s = dp(q, J), then there
exists z € J such that dp(q, z) = s. So we can conclude that if y # z, then J
is not k-stable in D or if y = z, then there is a circuit [y,...,p,q, ...,z = Y]
in D of length less than k, a contradiction with the assumptions. Finally
dp(a,p,)(J,J) > k. The facts proved above imply that J U J' is a k-
kernel of D(a, P,), which completes the part II of the proof. Thus theorem
is proved. [

Theorem 6 implies the next corollary.

Corollary 5. Let D be a digraph without circuits of length less than k. The
digraph D(a, P,x) has a k-kernel for an arbitrary a € A(D) and n > 1 if
and only if the digraph D possesses a k-kernel.

5. (k,l)-kernel Perfect Digraphs

This section includes necessary and sufficient conditions for special classes of
digraphs considered above to be (k, [)-kernel perfect digraphs. The definition
of a (k,1)-K P digraph implies the next propositions.

Proposition 1. If D is a (k,1)-K P digraph, then every induced subdigraph
of D is a (k,l)-KP digraph.

Proposition 2. The disjoint union of D1 and Dy is a (k,1)-K P digraph if
and only if digraphs D1 and Do are (k,1)-KP digraphs.

Theorem 7. Let D be a digraph, in which there exists X C V(D) such
that D has no circuit of length less than k including vertices from X. Then
the duplication DX is a (k,1)-KP digraph if and only if D is a (k,1)-KP
digraph.

Proof. 1. If the duplication D¥X is a (k,[)-K P digraph, then the induced
subdigraph DX[V(D)] is a (k,1)-K P digraph and it is isomorphic to D. So
D is a (k,1)-K P digraph.

II. Let D be a (k,l)-KP digraph, in which there exists X C V(D)
such that D has no circuit of length less than k including vertices from X.
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We will prove that DX is a (k,1)-K P digraph. Let Y C V(DX). We show
that DX[Y] has a (k,[)-kernel. If Y C V(D) or Y C X', where X’ is the copy
of X in the duplication DX, then the induced subdigraph DX[Y] possesses
a (k,l)-kernel, because it is isomorphic to some induced subdigraph of the
digraph D. Now assume that Y N V(D) # @, Y N X' # & and denote
Yp=YNV(D),Z =Y NX" Of course Y = YpUZ'. Let Z denotes the
original of Y N X".

Since D is a (k,1)-K P digraph, then the induced subdigraph D[Yp U Z]
has a (k,l)-kernel, say J. Let K = JN Z and let K’ be the copy of K, i.e.,
K' = (JnZ). If K=o, then we assume that K’ = @. We show that
J* = (JNYp)UK'is a (k,I)-kernel of DX[Y]. First, we prove that J* is
l-dominating in DX[Y]. Let = € V(DX[Y])\ J*. Since

V(DXYD\T =Y \J = (YpuZ)\J = p\J)HU(Z'\J),
then consider two cases.

Case 1. If x € Yp \ J*, then dppy,uz/(z,J) < [, because J is [-
dominating in D[YpUZ]. This means that there exists a path P = [z,..., ]
of length not greater than [ in the digraph D[Yp U Z], where y € J. Re-
placing all vertices of the path P belonging to Z with their copies from Z’
we get the path P’ from the vertex x to some vertex from J* of length not
greater than [ in DX[Y], hence dpxyy(z, J*) < L.

Case 2. fx € Z'\ J* = Z'\ K and y € Z is the original of x, then
dppypuz)(y,J) < 1, since J is a (k,l)-kernel of D[Yp U Z]. Arguing like in
Case 1 we obtain that dpx(y(z, J*) <.

So we proved that for every x € V(DX[Y])\ J*, dpxpyy(z, J*) <1, which
means that J* is [-dominating in DX[Y].

Now we will show the k-stability of J* in the digraph DX[Y]. Of course
JNYp and K are k-stable in DX[Yp U Z] in view of the k-stability of .J in
D[Yp U Z] and the definition of DX. Assume on the contrary that J N Yp
(resp. K') is not k-stable in DX[Y]. This means that there exists a path
P = [x,...,y] in DX[Y] of length less than k, where z,3y € J N Yp (resp.
z,y € K'). Exchanging all vertices of the path P belonging to Z’ for their
originals from Z we obtain a path P’ from z to y (resp. from w to z, where
w, z are the originals of vertices x,y and w,y € K) in the digraph D[YpU Z]
of length less than k, a contradiction with the fact given above that JNYp
and K are k-stable in D[Yp U Z|. This means that J NYp and K’ are
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k-stable in DX[Y]. Since J* = (J NYp) U K', we need only show that
dDX[Y](JﬂYD,K/) > k and dDX[Y](K/,JﬂYD) > k. Let x € JNYp and
y € K'. If x € XNJNYp, then there exists its copy z’. Since vertices 2/, 3/
are not necessary distinct, consider two cases.

Case (a). Let x € XNJNYp and 2’ # y' or z ¢ X. lf dpxy(2,y) <k,
then there is a path P = [z, ..., 3] of length less than k in DX[Y]. Replacing
all vertices of the path P belonging to Z’ with their originals from Z we get
the path P’ from the vertex x € J NYp to the vertex y € K = JN Z of
length less than k in D[Yp U Z], a contradiction with the assumption that
J is a (k,1)-kernel of D[Yp U Z]. Hence dpxyj(z,y') > k. Analogously it
can be proved that dpxpy(y', z) > k.

Case (b). Let z € XNJNYp and ' = y'. This means that dpxy(z,y’) >
k and dpxpy|(y',z) > k. Otherwise, there exists a circuit in D of length less
than £ including vertices from X, a contradiction with the assumption.

So J* is k-stable in DX[Y] and finally J* is a (k,[)-kernel of DX[Y].
This means that the duplication DX is a (k, [)-K P digraph. [

The definition of the D-join implies the next result.

Proposition 3. Every induced subdigraph of the D-join o(a, D) is:

(1) the Dg-join o(ag, Do), where Dy is an induced subdigraph of D with the
vertex set V(Do) = {xiy, Tig, - - -, Ti,, } and ag is a sequence of digraphs
{Di17 DiQ, ey Dzm} or

(2) an induced subdigraph of D; for some 1 <i <n or

(3) the disjoint union of digraphs from items (1) or (2).

Theorem 8. Let D be a digraph without circuits of length less than k and
V(D) = {z1,22,...,2n}. Let o = (Di)icq1,2,...n} be a sequence of vertex
disjoint digraphs. The D-join o(a, D) is a (k,1)-KP digraph if and only if
the digraph D and the digraphs D1, Ds, ..., Dy, are (k,1)-KP digraphs.

Proof. 1. If the digraph o(«, D) is a (k, 1)-K P digraph, then a subdigraph
of the digraph o(a, D) induced by V(D;) is a (k,l)-KP digraph for i =
1,2,...,n. The definition of the D-join implies that the induced subdigraph
o(a, D)[V(D;)] is isomorphic to D;. Hence digraph D; is a (k,1)-K P digraph
for i = 1,2,...,n. Now consider a subset X of the vertex set of o(«, D)
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including exactly one vertex from V(D;) for every i = 1,2,...,n. From the
definition of the D-join we obtain that the induced subdigraph o(«, D)[X]
is isomorphic to the digraph D. So the digraph D is a (k,[)-K P digraph.
II. Let D and Dy, Dy, ..., D, be (k,1)-K P digraphs. Corollary 1 implies
that the D-join o (g, Dy), where Dy is an induced subdigraph of the digraph
D with the vertex set V(Dy) = {x;,, iy, ..., i, } and o is a sequence of
induced subdigraphs of digraphs {D;,, Di,, ..., D;, }, has a (k,[)-kernel. So
from Proposition 2 and Proposition 3 we get that the digraph o(«, D) is a
(k,1)-K P digraph. |

For k =2 and [ = 1 Theorem 8 is similar to result given in [9].

We give the necessary and sufficient condition for the digraph D(a, P,,) to
be a k-K P digraph. But first we prove some useful lemmas.

Let D be a digraph and P, be a path meant as a digraph for m > 2,
where V(P,,) = {z1,22,...,2m} and V(D) NV (P,) = @. If z is a ver-
tex of the digraph D, then symbols D(x™, P,,) and D(z~, P,,) will denote
digraphs such that V(D(z", Py,)) = V(D(z~, Py)) = V(D) UV (P,,), and
A(D(z%, P,)) = A(D)U A(Py,) U {zx1} A(D(2~, Py)) = A(D)U A(P,,) U
(Fm}.

From the definition of digraphs D(z*, P;,,) and D(z~, P,,) we get im-
mediately the following proposition.

Proposition 4. Every induced subdigraph of the digraph D(xt, Py,) (resp.

D(z—, Py)), where x € V(D), is:

(1) a digraph in the form Do(x™, Ps) (resp. Do(z~, Ps)), where Dy is an
induced subdigraph of the digraph D and 2 < s <m or

(2) an induced subdigraph of the digraph D or

(3) induced subdigraph of the path Py, or

(4) the disjoint sum of digraphs from items (1), (2) or (3).

Since every k-kernel J of the digraph D can be easily extended to a k-kernel
of the digraph D(z~, P,,) by adding to J some vertices from V(P,,), then
on basis of Proposition 4 and Proposition 2 we can formulate the following
result.

Proposition 5. A digraph D is a k-K P digraph if and only if D(x~, Py,)
is a k-K P digraph, for every x € V(D), where m > 2.
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Theorem 9. Let D1, Dy and D be digraphs such that V(D) NV (Dy = {x}
and D = Dy U Do, where x is a source of digraphs D1 and Dy. The digraph
D is a k-K P digraph if and only if D1 and Do are k-K P digraphs.

Proof. The necessary condition follows from Proposition 1. Assume that
D; is a k-K P digraph for ¢ = 1,2. We will show that D is a k-K P digraph.
Let X C V(D).

If X CV(D;) or X C V(D3), then an induced subdigraph D[X] has a
k-kernel, since digraphs D; and Ds are k-K P digraphs.

IfxreV(D)\ X and X NV(D;) # @ for i = 1,2, then

dpix] (X NV (D1), XNV (D2)) >k,

since x is a source of digraphs D1 and Dy. This means that Jy U Ja, where
Ji is a k-kernel of D;[X NV (D;)], for i = 1,2, is a k-kernel of the digraph
D[X].

So assume that z € X and X NV(D;) # @ for i = 1,2. Let J; be a
k-kernel of the subdigraph of D[X] induced by X NV (D;)\ {z} for i =1,2.
The existence of a k-kernel J; follows from the assumption that D; is a k-K P
digraph.

If dpx (x,J1UJy) < k—1, then J; UJy is a (k — 1)-dominating in the
digraph D[X]. Of course J; U J3 is a k-stable in D[X], since z is a source
of digraphs D; and Ds. So J; U Jy is a k-kernel of the digraph D[X].

If dD[X](:L‘,Jl U Jg) > k, then J; U Jy U {x} is k-stable and (,IC - 1)—
dominating in D[X]. This means that J; U Jo U {z} is a k-kernel of D[X].
Hence D is a k-K P digraph. [

For k = 2 Theorem 9 is a special case of a result given by H. Jacob in [10].

Theorem 10 [10]. Let Dy, Dy and D be digraphs such that V(D1) N
V(D) = {2z} and D = Dy U Dy. Then D is a KP digraph if and only
if D1 and Do are K P digraphs.

Assuming that x is a source of the digraph D, from Theorem 9 we obtain
the next corollary.

Corollary 6. If x € V(D) is a source of D, then D(xt, Py,) is a k-KP
digraph if and only if D is a k-K P digraph.

The definition of the digraph D(a, P,,) implies the following proposition.
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Proposition 6. FEvery induced subdigraph of the digraph D(a, P,,), where
a € A(D) and a = pq is:

(1)

a digraph in the form Dy(a, Pp,), where Dy is an induced subdigraph of
D or

an induced subdigraph of D or
an induced subdigraph of Py, or

an induced subdigraph of D(p™,P,) or an induced subdigraph of
D(q™, Pm) or
the disjoint sum of digraphs from items (1), (2), (3) or (4).

Taking Proposition 5, Proposition 6 and Corollary 5, Corollary 6 into con-
sideration we get the next theorem.

Theorem 11. Let D be a digraph without circuits of length less than k for
k> 2. If a € A(D) and the initial vertex of the arc a is a source of D, then
the digraph D is a k-K P digraph if and only if the digraph D(a, Pyt) is a
k-K P digraph, for n > 1.
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