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Abstract

If a graph is connected then the largest eigenvalue (i.e., index)
generally changes (decreases or increases) if some local modifications
are performed. In this paper two types of modifications are considered:

(i) for a fixed vertex, t edges incident with it are deleted, while s new
edges incident with it are inserted;

(ii) for two non-adjacent vertices, ¢ edges incident with one vertex
are deleted, while s new edges incident with the other vertex are
inserted.

Within each case, we provide lower and upper bounds for the indices
of the modified graphs, and then give some sufficient conditions for the
index to decrease or increase when a graph is modified as above.
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1. Introduction and Preliminaries

We consider only finite undirected graphs without loops or multiple edges.
The eigenvalues of a graph are the eigenvalues of the adjacency matrix of
this graph. The largest eigenvalue of a graph G is called the index of G,
denoted by p1(G). If a graph G is connected, then the unique positive
unit eigenvector & corresponding to u1(G) is called the principal eigenvector
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of the labelled graph G. The study of graph perturbations is concerned
primarily with changes in eigenvalues which result from local modifications
of a graph. Maas [2], Rowlinson [3, 4] and Zhou [6] have investigated the
indices of various modified graphs of a connected graph.

Let G be a graph with v € V(G). The neighborhood Ng(u) of u is
the set of vertices adjacent to u. The closed neighborhood of u is the set
Nglu] = Ng(u) U {u}.

In this paper, we provide lower and upper bounds for the indices of
two types of modified graphs obtained from a connected graph Gj; one is
obtained from G by deleting t edges incident with a given vertex u and
adding s new edges between u and the vertices in V(G) \ N[u; the other
is obtained from G by deleting ¢ edges incident with a given vertex v and
adding s new edges between another given vertex u which is not adjacent
to v and the vertices in V(G) \ (N[u] U {v}). These bounds are then used
to derive sufficient conditions for the index to decrease or increase when G
is modified as above. Some results of [2, 4] are generalized.

Our proof of the upper bounds for indices of modified graphs is based on
intermediate eigenvalue problems of the second type. We outline the results
required from [5] (also see [1]) in terms of an n-dimensional Euclidean space
V in which (w,v) denotes the inner product of vectors w and v. For a
symmetric linear transformation 7" of V, let A\(T),..., A\ (T") denote the
eigenvalues of 7" in non-decreasing order.

Let A be a symmetric linear transformation of V and let B be a posi-
tive linear transformation of V. A second inner product is defined on V by

[u,v] = (Bu, v). Choose any basis {v1,...,v,} for V and, using the second
inner product, let P, be the orthogonal projection onto the subspace spanned
by v1,...,v, (1 <r <n). Thus P, = I and if P is the zero transformation

of V then [P,_ v, v] < [Pv,v], whence ((A+BP,_1)v,v) < ((A+BP,)v,v)
forall v € V and 1 < r < n. Note that for 0 < r < n, BPT is a symmet-
ric linear transformation of the original inner product space V', and that
for any symmetric linear transformation 7" of V, A\;(T") is the minimum
of max{(Tv,v) : ||[v|]| = 1,v € U} taken over all i-dimensional subspaces
U of V. It follows that \;(A) < M\(A + BP)) < M(A+ BP,) < --- <
Mi(A+ BP,_1) < M(A+ B) (1 < i < n). The problem of determining
the eigenvalues of A + BP, for some r is called an intermediate eigenvalue
problem of the second type.

Let Au; = \u; where \; = )\1(21) (it =1,...,n) and uq,...,u, are
orthonormal. Choose v; = B~ u; (t=1,...,n). Then Pru; = > i_; vijvi,
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where (v;;)7" is the 7 x v Gram matrix T, with (i, 7)-entry [v;, v;] (i,] =
1,...,7); moreover the matrix of A + BP, with respect to the basis
{uy,...,u,} is

oo -1 0
diag(A1, A2, ..., A\n) + ( (5, O ).

In what follows we take V = R®, (u,v) = ulv and identify a linear trans-
formation on IR™ and its matrix with respect to the standard basis of R™. As
usual, J,«x denotes the n x k matrix with all entries equal to 1, J, = J,xn,
I, denotes the n x n identity matrix. If A and A + B are the adjacency
matrices of a graph G and its modified graph G’, then we take

A=—A—(\(B)+)I and B = (\,(B) +6)I — B, where 6 > 0.

Thus B is positive, A+ B =—A— B and 11(G') = =M\ (A+ B) < -\ (A+
BP,). For a given r, we can choose § to optimize this upper bound for
1 (G").

2. The Results

Let G be a connected graph, and let u € V(G), S C V(G) \ Ngu], T C
Ng(u) with |S| = s, |T| =t and s+t > 1. The graph G(u; S,T) is obtained
from G by replacing edges uj, j € T with edges ui, i € S.

Maas [2] obtained upper bounds for the index of G(u; S, T) with s =1,
t = 0, while Rowlinson [4, Theorems 3.2 and 5.1] investigated the cases
s=t=1and s =0, t =1, respectively.

Theorem 1. Let G be a connected graph with eigenvalues pi, fo, ..., tn
(in non-increasing order), and (x1, 2, ...,x,)" be the principal eigenvector
of G. Write G' = G(u; S,T). Then

Ml«;” 2:#1%_2xu(zz:xv_'jz:xv)a
veS veT

and
MG < +Vs+t+d—v

where § > 0, and

(Vs +t+6)(2Vs+t+0)
T a8+ 025 T E+0)

(1) = 1 — 2
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with ) )
a = (s+t)ad+ (va) + (Z xv>
vES veT
-2 Zazv Z Ty — 2VS —|—txu(z Ty — ZL)),
vES veT veT vES
and
8= 2mu(z Ty — va)
veT veS

Proof. Suppose without loss of generality that u =1, S = {2,...,s + 1}
and T ={s+2,...,s+t+1}. Let A, A+ B be the adjacency matrices of
G and G’ respectively so that

0 J1><s _Jlxt
O
B — Js><1 1)
_Jt><1
o ke

Since p1(G’) = max{y? (A+ B)y : ||y|| = 1}, by taking y to be the principal
eigenvector of G, we get

s+1 s+t+1
(G > i + 2z (Z Ti — Z l‘z)
=2 =542

In what follows we will consider the upper bound for ui(G’). It is easy
to see that the largest eigenvalue of B is y/s +t. Using the notation as in
Section 1, we have A = —A — (\/s+t +6)I,, B = (\/s+t+ 0)I, — B,
and hence \j = —pi; —/s+t—06 (i =1,...,n). Write a = /s + ¢+ 0 and
b=a? — (s +t). Then we have

a Jixs —Jixt
A bro+ty —ii | O
b —Jix1 —idiws 2L+ 1
o) by
We use now the results from Section 1 with » = 1 and with u; = (21,

T2,...,2,)T. The matrix of A + BP; is similar to diag(5\1 + 9, Aoy y An)
where



BouNDS FOR INDEX OF A MODIFIED GRAPH 217

v =1 = [v,v1]7 = [B uy, B~ g7t = (ug, B ) !

(VS I+ 82V TL+0)
 a—08+062Vs+t+0)

Now A (A + BP;) = min{\ + v, X} and so p1(G') = —M(A+ B) <
—)\1(121 + BPl) =max{pu1 +vs+t+0—y,u2s++s+t+4d}. As function
of § (6§ > 0), v has range (0,00) and so we may choose § > 0 such that
v = p1 — po. Hence (1) holds, and 1 (G') < pp +vVs+t+0—17. |

As a direct application, we use Theorem 1 to obtain sufficient conditions
in terms of p1, p2, z;(i € {u} USUT) for the index to decrease or increase
when replacing edges uj, j € T with edges wi, i € S.

Theorem 2. Let G be a connected graph with eigenvalues pi, 2, ..., tn
(in non-increasing order), and (x1,xa,...,x,)" be the principal eigenvector
of G. Write G’ = G(w; S,T). If Y pcg Tv = Yper To, then pui(G') > py. If
Y oves To < D per Ty and

(s+t)zs+ (X 20)* + (X )2 =2 X 2y 2 2

(2) vES veT vES veT

B — p2 > )
2, (X" Ty — > )
veT vES

then 1 (G") < 1.

Proof. We use the notation in the proof of Theorem 1. If > gz, >
> ver Tw, then by Theorem 1, 111 (G') > 1 + 224 (3 pe5 To — Yoper Tv) = 4.
Moreover, we have p1(G’) > pi. Otherwise, € = (z1,29,...,2,)7 is an
eigenvector of A + B corresponding to the eigenvalue p1(G’) = pi; hence
Bz = 0. But then x, = £(Bz), = 0 for v € SUT, which is a contradiction.

Now suppose that >, cqxy < Y, er®v. Then 8 = 2x,(3 ,crzv —
> wes Tv) > 0. By Theorem 1, 111 (G’) < pi1 ++/s + t+ 9 —y where v is given
by (1). Note that (2) is equivalent toy > /s + t+a8~ 1. We have a—33 < 0.
Otherwise, by the expression of v, /s +t 4+ af~ ! <y < /s+t+ 6, and
hence a3~! < §, a contradiction. It follows that v > /s + t+ 6 and we have
M1U?3 < 1. |
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Let G be a connected graph, let u, v € V(G) such that u and v are not
adjacent, and let S C V(G)\ (Ng[u]U{v}), T C Ng(v) with |S|=s, |T| =t
and s+t > 1. The graph G(u,v; S, T) is obtained from G by replacing edges
vy, J € T with ui, ¢« € S. Note that the case s =t = 1 has been considered
in [4].

Theorem 3. Let G be a connected graph with eigenvalues pii, pia, - - ., fin, (in
non-increasing order), and let (x1,xa,...,2,)7 be the principal eigenvector

of G. Write G' = G(u,v;S,T) where SNT = (). Then

p1(G) > gy 42wy Y wi — 2wy Y @,
€S €T
and

p1(G') < pn + max{y/s, Vt} + 6 —
where § >0, v = u1 — po2, and

sx2 + (X @)? + 20wy, Y xp tw2 4 (X 24)? - 2am, Y x4
(3) ’7_1: €S i€S €T €T

a(a? — s) +

a(a? —t) + a

with a = max{/s, Vt} + 6.

Proof. Suppose without loss of generality that u =1, S = {2,...,s+ 1},
v=s5+2,T={s+3,...,s+t+2}. Let A, A+ B be the adjacency matrices
of G and G’ respectively so that

Cst1 (@) 0]
B = _ 0 J1><k
= O —Cy1 O where C) = J o .
O o) O kx1 k

Since p1(G’) = max{y? (A+ B)y : ||y|| = 1}, by taking y to be the principal
eigenvector of G, we get

s+1 S+t+2
,ul(G’) > p1 + 2z Zmz — 2Zg42 Z xZ;.
=2 1=s+3

Note that the largest eigenvalue of B is max{y/s,/t}. Using the notation
in Section 1, we have A = —A —al,,, B =al, — B, and hence \; = —u; — a
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(t=1,...,n). It can be checked readily that

a2a_s az— SJ1><5 O
i ﬁJsxl gls + sz 0
B~ = O ﬁ _ﬁjlxt
——=Jix1 L+ a(a% i
\ 0 i
Using the results from Section 1 with 7 = 1 and u; = (21, 22, .. ., z,)T, we

know that the matrix A + BP, is similar to dlag()\l + 7, Ao, ... , An) where

vl =1 = [vn,v1] = (wy, B )
is given by (3). Now )\1([1 + BPy) = min{\; + v, o} and so p1(G') =
~M(A+ B) < =M\ (A + BP)) = max{j +a — v,z + a}. As function
of § (6 > 0), v has range (0,00) and so we may choose § > 0 such that

Y= Bl p2. u

Remark. One can consider in a similar way the general case [SNT| =r > 0
for G’ = G(u,v; S,T). It can be showed that

p1(G) > gy 42wy Y wi — 2wy Y @,

€S €T

and
m(G) < +a—v

where 6 > 0, v = uy — po, and

1 (@ =t)s+r? (a% — s)t +r?
7= al xi—i_ al 3 al (ng%)
2 e
+aAs<in)2+2a S t+2r(le)
A= Nems iesnT

—|—<2 A w— 2— $U)sz ( —2— :cu)Z:U,

€S €T
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+— > xi((az—t—kr) doawi—(@—s+r) > a:z)

ieSNT i€S\T i€T\S

T ar 1
+2— > m Y @i — 2Ty + -
al ST e A a

with a = \/S+t+ (Z_t)2+4r2 + 9, and A = (a® — s)(a® —t) — 12

We may use Theorem 3 to derive sufficient conditions in terms of 1, us, x;
(1 € {u,v}USUT) for the index to decrease or increase when replacing edges
vj, j € T with ui, i € S (provided s = t).

Theorem 4. Let G be a connected graph with eigenvalues pi, pia, . . ., fin (in
non-increasing order), and let (x1,xa,. .., xn)T be the principal eigenvector
of G. Write G' = G(u,v;S,T) where SNT =0 and s =t. If £, ;cq i >
Ty Y oier i, then pi(G') > pi. If £y > icq i < Ty > jer i and

s(zy +ap) + (X i) + (X 2)?
(4) (1 — g > 1€S 1€T

2(1:1) Z Lj — Ty Z xz) ’

€T €S

then p1 (G') < 1.

Proof. We use the notation in the proof of Theorem 3. If x> ;cq2; >
Ty Y e Ti, then by Theorem 3, p11(G') > 22y Y jcq @i — 2Ty Djer Ti = f1-
Moreover, we have pi(G’) > pi. Otherwise, € = (z1,22,...,2,)7 is an
eigenvector of A + B corresponding to the eigenvalue pq(G’) = p1; hence
Bz = 0. But then z,, = (Bx); =0 for ¢ € S, which is a contradiction.

Now suppose that z, Y ;cq i < Ty > ;e Zi- By Theorem 3, 11(G’) <
p1 + /s + 06—~ with

_ (/5 +8)(2V5+0)
a—0B+6(2y/s5+9)

where v = 5(¢3+£%)+(Zies xi)2+(2ieT i) =2y/5(y DieT Ti—Tu Dies Ti)
and = 2(xy Y e Ti — Tu Y jes i) > 0. Note that (4) is equivalent to
v > /s +aB7! and we have a — §3 < 0. It follows that v > /s +J and we
have 11 (G') < 1. u
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