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Abstract

We analyze a minimum number of vertices of a complete graph
that can be decomposed into one factor of diameter 2 and k factors of
diameter at most 3. We find exact values for £ < 4 and the asymptotic
value of the ratio of this number and k£ when £ tends to infinity. We
also find the asymptotic value of the ratio of the number of vertices of
the smallest complete graph that can be decomposed into p factors of
diameter 2 and k factors of diameter 3 and number k£ when p is fixed.
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1. INTRODUCTION

Decompositions of graphs into factors with given diameters have been ex-
tensively studied for many years, cf. [3, 4, 5, 6, 8]. The problem of decom-
position of the factors of equal diameters d, d > 3, has been solved in [4].
Several papers are devoted to the decomposition of a complete graph into
factors of diameter 2 [6, 7, 8]. Denote by f(k) the smallest natural number
n such that a complete graph on n vertices can be decomposed into k factors
of diameter 2. In [6] it is proved that

f(k) < Tk.

In [2] this is improved to
[ (k) < 6k.
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In [7], it is proved that this upper bound is quite close to the exact value of
f(k) since,

Fk)>6k—17, k> 664
and in [8] the correct value of f(k) is given for large values of k, namely

f (k) =6k, k>10'.

In this paper we asymptotically solve the problem of decomposition of a
complete graph into factors of diameters two and three.

Also, decompositions into small number of factors have been extensively
studied. Specially, the case of decomposition of a complete graph into two
factors with given diameters is solved completely in [3] and for the case of
decomposition of a complete graph into three factors with given diameters
is partially solved in [5]. Therefore, we shall pay some more attention to
decompositions into small number of factors.

2. DEFINITIONS AND PRELIMINARIES

By a factor of graph G we mean a subgraph of G containing all the vertices
of G. Two or more factors are called disjoint if every edge of G belongs to
at most one of them. A set of pairwise disjoint factors such that their union
is a complete graph is called a decomposition. The symbol K, denotes the
complete graph on n vertices, dg(x) — degree of a vertex x in G, the symbol
A(G) — the maximum degree of G, the symbol 6(G) — the minimum degree
of G, e(G) — the number of the edges of G and V(G) — the set of vertices
of G. The distance of vertices = and y in a G is denoted by dg(z,y). We
define the function f : UpenNF— N with

f(dy,...,dr) = min{n : there is a decomposition of K, into k factors such
that the diameter of the i-th factor is d;}.

The following theorem can be found in [1].

Theorem 1. If m > f(dy,ds,...,dy) > 2, then K,, can be decomposed into
k factors such that the diameter of the i-th factor is d;.
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We also define the function ¢ : N — N with

¢(k) = min{n : there is a decomposition of K,, into k + 1 factors,
one of diameter 2 and others of diameter 3}.

The following simple lemma will be useful in the sequel.

Lemma 2. If in a decomposition of K, n € N, at least one of the factors
has diameter 2, then all the factors of diameter 3 must have at least n edges.

Proof. Suppose to the contrary, that there is a factor F' of diameter three
which is a tree and denote the factor of diameter two by F’. Distinguish
two cases.

(1) Suppose that the length of the longest path in F' is more than 3.
Then there are two vertices connected in F' by two different paths. Since F
is a tree, this is impossible.

(2) Suppose that the longest path in F' has length 3. Denote, the vertices
of arbitrary path of length three, in order of their appearance, by a, b, ¢, d.

Let us prove that each of the vertices V(K,,) is adjacent to either b or c.
Suppose oppositely that there is a vertex x € V(K,,)\{a, b, ¢, d} which is not
adjacent to either of vertices b and c. Since the longest path in F' has length
3 and F' does not contain a cycle, it follows that b is the only neighbor of a
and that c is the only neighbor of d. It follows that there is a path of length
at most 2 from z to b and from z to c. Note that {b, ¢} is not an edge of any
of these two paths and that b and ¢ have no common neighbors. But, then
this two paths together with the edge {b, ¢} form a cycle, a contradiction.

Therefore, each vertex from V(K,) \ {a,b,c,d} is adjacent to either b
or ¢, but then b and ¢ have no common neighbors in F’ and they are not
adjacent in F”. This is in contradiction with the fact that diam(F’) = 2, so
our claim is proved. [

3. SMALL VALUES OF k

Though the value of ¢(1) follows from [3], for the sake of completeness we
state

Proposition 3. ¢(1) = 6.

Proof. First, we prove that ¢(1) > 6. Suppose ¢(1) < 5. Then we can
decompose K5 into two factors, one Fj of diameter two and the other Fb of
diameter three. Note that F5 has to have at least 5 edges, but then F; can
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have at most 5 edges. Also, note that §(F») > 1, so §(F1) < 3. The only
graph with 5 vertices and at most 5 edges such that its maximum degree is
less then 4 and its diameter is 2 is a cycle, but then F5 is also a cycle with
5 vertices and is not of diameter 3.

The following sketch proves ¢(1) < 6.

diam(Fp) = 2, diam(Fy) =3

So, the claim is proved. [

Proposition 4. ¢(2) = 8.

Proof. First, we prove that ¢(2) > 8. Suppose that ¢(2) < 8. Than we
can decompose K7 into three factors, one F} of diameter two and others of
diameter three. By Lemma 2, factors of diameter three have to have at least
7 edges, so e(F1) < 21 —2.7 = 7. Each vertex has at least one incident edge
in each factor of diameter three, so A(F7) < 4. We distinguish two cases.

(1) If each vertex has degree two in F, then F} is either disconnected
or is a cycle of length 7 which is a contradiction.

(2) If there is a vertex x, such that 3 < dp, (x) < 4, then denote by F}
a graph obtained by deleting this vertex. Let y be an arbitrary vertex of
F; which is not adjacent to x. Vertex y has to be connected in F] to each
vertex of F| by a path of length at most 2 (otherwise the diameter of F}
would be greater than 2), so Fj is connected. But, this is in contradiction
to the fact that F] has 6 vertices and at most 4 edges.

The following sketch proves that ¢(2) < 8.
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3

diam(Fp) = 2; diam(Fy) = 3, diam(Fz) =3

So, ¢(2) = 8. |

Proposition 5. ¢(3) = 10.

Proof. First, we prove that ¢(3) > 10. Analogously, as above, suppose that
we can decompose Kg into four factors, one F; of diameter two and others
of diameter three. By Lemma 2, factors of diameter three have to have at
least 9 edges, so e(F1) < 36 —3-9 = 9. Each vertex has at least one incident
edge in each factor of diameter three, so A(F;) < 5. We distinguish two
cases.

(1) If each vertex has degree two in Fy, then Fj is either disconnected
or is a cycle of length 9, a contradiction.

(2) If there is a vertex x, such that 3 < dp, () < 5, then denote by F}
a graph obtained by eliminating this vertex. Let y be an arbitrary vertex of
Fy which is not adjacent to x. Vertex y has to be connected in F] to each
vertex of F| by a path of length at most 2 (otherwise the diameter of F}
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would be greater than 2), so F] is connected. But, this is in contradiction
to the fact that F] has 8 vertices and at most 6 edges.
The following sketch proves that ¢(3) < 10.

diam(Fp) = 2, diam(Fy1) = 3, diam(Fy) = 3, diam(F3) =3

So, the claim is proved. |

4. THE MAIN RESULTS

First, we give an upper bound for the function ¢.

Theorem 6. For any k € N, we have ¢(k) < 2k + 3[v/k] + 2t where ¢ is the
least natural number such that

(2t—1> >k
t—1/) —
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Proof. We will construct a decomposition of K,, n = 2k + 3[Vk] + 2t,
in factors Fy, Fi, Fs, ..., F such that diam(Fy) = 2 and diam(F;) = 3,
1 <1 <k. Let

V(K,) =LUDUWUZUUUAUB,
where
L={l,....lx}, D={dy,....dy}, W:{wo,...,w[\/ﬂil},
Z = {ZO""’Z{\/E—Ifl}’U: {ul,...,U[\/m},A = {a},B = {bl,...,bgtfl}.

Let B be the set of all t — 1 element subsets of the set {1,2,...,2t —1}. Let
f be any injection

f:AL,...,k} — B.

Let us notice that for each j € {1,...,kt} there are unique numbers ¢; and
rj such that

j:qu\/ﬂ%—rj,OSQjS[\/ﬂ—l, 1§7“j§[\/ﬂ-

The edges of the factor F;, 1 <i < k are

0 i 014515 <<k
(@L@J§i<j§& @

(7) libs, j € ), ) diby 3 € (1200026 TH\ £00)
(9) liwj, 1 <5 < [VE] -1, (10>dzj,1<y<hﬂ—1

(11) W, Ur; s (12) Zg;Ur; s

The other edges are edges of the factor Fy. In each factor F;, 1 < i < k
all vertices are adjacent to either I; or d;, except u,, which is connected by
a path of length 2 to both, /; and d;, and also I; and d; are adjacent, so
we have diam(F;) < 3, 1 < ¢ < k. Now, let us prove that diam(F;) > 3,
1 < ¢ < k. Let ¢ be an arbitrary number such that 1 < ¢ < k. Let j be an
element of the set {1,2,...,2¢t — 1} \ f(4). Note that dp,(a,b;) = 3, so the
claim is proved.
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It remains to prove that diam (Fy) = 2. We have to prove that every two
vertices of Fy are adjacent or that they have a common neighbor. We dis-
tinguish five cases.

(1) ¢ L,y ¢ L. Then a € Ng,(z) N Ng,(y).

(2) x,y € L. Since

|NF, (%) N Bl + [N, (y) N Bl =t +t > [B],

by pigeonhole principle we have b € B such that b € Ng,(z) N Ng,(y).
(3) = € L,y € D. We distinguish two subcases.

(3a) x =1l;,y =d;,1 <i<k. Then u,, € Ng,(l;) N Ng,(d;).

(3b) x=1;, y=dj, 1 <i,j < k,i# j. We have

[Nk, (li) N Bl + [Nk, (dj) N Bl =t =1+t =|B|,
so either there is a vertex b € Ng,(I;) N Np,(d;) or
Ng, (i) N B = B\ Np, (dj) = Npg, (lj) nB

which is impossible.
(4) € L,y € UUZ. Then x and y are adjacent.

(5) z€ L,ye WUAUB. Then (Vz € Z)(z € Ng,(z) N Ng,(v)).
So, the claim is proved. [

From the last theorem, it easily follows

Corollary 7. limy_.o @ =2.

Proof. Let k € N be sufficiently large. Let us find upper and lower bounds
for ¢(k).

ke (¢(k)—1) < <¢(2k)> =k < ¢(2k)=>q§(k) > 2k.

Let us notice that, for sufficiently large k, we have

(2(%1_ 11) =k
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SO
o (k) 5 5
< < < —=< —_— + —.
2k_¢(k)_2k+5(\/é+1) =255 F S22ty
. (¢(k) : 458
< W) < - 4z
- Q—klirfio< R ) =2 f K
which proves the claim. [

Now, we give an auxiliary result.

Lemma 8. Let k > 4. Then there is a decomposition of Ky into factors F}|
and F} such that 6(F{) > 1 and §(Fy) > 1.

Proof. We prove our claim by induction on k. We denote W(K}) =
{1,...,k}. For k = 4, the claim is trivial. Suppose it is true for j and
let us prove it for j + 1. We decompose the graph induced by vertices
{1,...,7} as K; and add to Fj the edge {1,j + 1} and add to F} the edges
{i,j + 1}, 2 <i < k. This decomposition proves the lemma. [

Theroem 9. Let k > 4. Then we have ¢p(k) < 3k + 1.

Proof. We shall construct the decomposition of K, n = 3k+1, into factors
Fy, Fy1, Fs, ..., Fy such that diam(Fp) = 2 and diam(F;) =3, 1 <1i < k. We
denote

V(Kn):{x,yij:lgigk, 1§j§3}

Let F| and F} be the factors of K}, described in previous Lemma. The edges
of the factor F;,1 <i <k are

(1) {vis, xt},

(2) {vir,vin}, {vi2,viz}, {viz, vi1},

(3) {wiz, vjot,, {viz v}, {vin,vpn}, 1< <, {4, j} € FY,
(4) {vi2,vj1}, {viz, vjs}, {vin,vje}, @ <j <k, {i,j} € FY,
(5) {virvjn}s {vis vzt {viz,vje}, 1 <5 <4, {i,j} € Fy,
(6) {vir,vjo}, {vir, vz}, {vig, v}, i <j <k, {i,j} € Fy.
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The other edges are edges of the factor Fy. Indeed, diam(F;) = 3,1 <i < k,
because all its vertices are adjacent to at least one of vertices v;1,v;2 and
v;3, and these three vertices form a triangle.

It remains to prove that diam(Fp) = 2. We have to prove that each
two vertices of Fy are adjacent or that they have a common neighbor. We
distinguish eight cases.

(1) p=2,g=v45,1 <i<k,1<j <2 Then x and v;; are adjacent.

(2) p=1x,9 =v3,1 <i<k. Let us choose j, j # 1,1 < j < k, such that
{’l,j} € F{ We have Vi1 € NFO(.CC) N NFO(Ui3)-

(3) p=vij, ¢ =g, 1 <i,a <k, 1 <jb<2 Then z € Np,(vi5) N
Nrg, (Vap)-

(4) p=wiz,q=v;3, 1 <i,j <k, i# j. Then vz and v;3 are adjacent.

(5) p=ws, ¢ =vj1, 1 <i,5 <k, {i,j} € F|. Then v;3 and v;; are
adjacent.

(6) p=vi3, ¢ =vj1, 1 <i,j <k, {i,j} ¢ F|. Let us choose m, m #
i,m # 3,1 <m < k, such that {m, j} € F|. We have v;,3 € Ng,(v;3)N
Np, (vj1).

(7) p =3, ¢ =wvjo, 1 <1i,j <k, {i,j} € Fj. Then v;3 and vjy are
adjacent.

8) p =3, ¢ =wvje, 1 <i,5 <k {i,j} ¢ F;. Then let us choose
m, m # i,m # j,1 < m < k, such that {m,j} € Fj. We have
Um3 € NFO (Uig) N NFO (Q}jg).

So, the claim is proved. [

Denote by H/,(n, k) the set of all graphs with n vertices and with maximal
degree at most k and diameter at most d. Put

e;(n,k) =min{e(G): G € Hy(n,k)}.
In the proof of Theorem IV. 1.2 in [1], the following statement is proved:
Lemma A. ¢(n,n—4) > 2n—5, if n < 12.

Corollary 10. ¢(4) = 13.

Proof. By the previous Theorem ¢(4) < 13. It remains to prove ¢(4) > 13.
On the contrary, suppose that Ko can be decomposed into one factor F; of
diameter 2 and four factors of diameter 3. From Lemma A it follows that
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e(F1) > 2-12—5 = 19. From Lemma 2 it follows that the factors of diameter
three have at least 12 edges each, so we have

66 =e(Ki2) >19+4-12 =67,
which is a contradiction, so our claim is proved. [

As our last main result, we are going to generalize Corollary 7. First, we
give a lemma.

Lemma 11. There is a function ¢ : N — N such that, for each p € N, a
complete graph K.,y with a set of vertices {ef : 1 <i < q(p),1 < a < p}
can be decomposed into factors Ey, Es, ..., E, such that:

(1) efed is an edge of Eo, 1 <i < j <q(p), 1 <a<p,

(2) diam(E,) <2, 1 <a<p,

(3) Vo, B € {1,....p}a # B)(Vi € {1,...,q(p)})EFj € {1,....q(p)})
(ef‘e? is an edge of Eg).
Proof.Let E, B, ..., E, be a decomposition of a graph K4, such that:

(a) efef is an edge of Ey,, 1 <i<j<q(p), 1<a<p.

(b) The probability that ef‘e?, 1<i,7<4q(p), 1 <a<pf<pisan edge
of E!, is 1 and the probability that it is an edge of Ej is also 1.

Let us estimate a probability prob(vy, ef‘,e? ) that dE/V(ef‘,ef- ) > 2for 1 <

a,B,7v<p, 1<i,j<qp),e # ef. Distinguish four cases.
ﬁ) _

(1) v =a = . prob(y,e?, ej) = 0, because ef'e] is an edge of E!.

t )
(2) 7 = a # . prob(y, e ) is less or equal to the probability that ¢ is

not adjacent to any e in E/,, 1 < k < ¢(p), so prob(~, e, ej@) < (%)Q(P)_
(3) v = # «. Similarly as above prob(y, e, ef) < (%)Q(p).
(4) v # a,v # (. Probability that eﬂj ¢ N (ef') N Np, (e?) is 2 for each

fixed k =1,...,q(p), so prob(y, ef‘,ef) < (%)Q(p).

For the sake of simplicity we also define prob(vy,e$,e) = 0. In any case,

prob(v, e?,ef) < (3)4P). Let us find a probability prob(3,e®) that for e,
1<i<g(p),1<a<pandf+a,1<f<pthereisnoj, 1 <;j < q(p)
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such that e?ef is an edge of E'ﬁ The probability that ef‘ef

B for afixed j, 1 < j < q(p) is §, s0 prob(8, ef) < (4)7®).
Now, we can find a lower bound for the probability X 5 ) that the ran-

described above, has properties

is not an edge of

dom decomposition £y, Ey ..., E, of K,
required in Lemma. It holds that

q(p)>

Xby z 1= | > prob(Ber)+ Y prob (e, e
1<i<q(p) 1<i,5<q(p)
1<a,B8<p 1<a,B,7<p
a#B

Since

AB. (1 - (q o () e (2)”)) 150,

for any p and sufficiently large ¢(p) we have

P
Xq(p) >0,
so there is a decomposition Fj, ..., F, with the required properties. [
£2,2,...,23,3...,3)
Theorem 12. limj_, ., p-times T times  — 9. where p is a fized natural

number.

Proof. Analogously, as in the proof of Corollary 7, we have

(1) fl2.2,...,2,3,3,....3| > 2k

p-times k-times

Now, we are going to prove that for sufficiently large k,
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@ fl22....233,...,3 §2k+5p-{\/ﬂ+<g> {\/E]Jrz.p-q(p),

p-times k-times

where ¢ is the function from the previous Lemma.

Denote n = 2k + 5p - [Vk] + (5)[VE] +2-p- q(p). Let By, Es,...,E, be a
decomposition of K, 4, from Lemma 11. We describe a decomposition of
K, into factors Fy, I, ..., F), of diameter 2 and factors G1,Ga,...,Gy of
diameter 3. Let

p
V(Ky)=LUDU | J(WaUZaUUsUAaUB,UC)U ) Sas,
a=1 1<a<f<p

where

L = {l,...,lx},
D = {dy,...,dy},

Wao = {wg“,...,wlofm_l},lgagp,

Let B be the set of all [v/k] element subsets of the set {1,2,...,2[Vk]}.
Let f be any injection
f:AL... k} — B.
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f exists, because

()=

for a sufficiently large k. Let us notice that for each j € {1,...,k} there are
unique numbers ¢; and r; such that

jZQj"V\/E—“FTj,OSQjS’7\/E—‘_171§7'j§|7\/g-‘-

The edges of a factor G;,1 < i < k are
lid;,

Lil;, 1<j<i<k,

dilj, 1 <i<j <k,
did;, 1 <j<i<k,

lidj, 1 <i<j <k,

Lia?, 1< a<p, 1<j<qp)
libjo-‘,jef(i), 1<a<p,

dib§, j €{1,2,.. . 2[k[}\ f(i), L <a<p,
dicj, 1 <a<p, 1<j<q(p),
lw?, 0<j < [VEk] -1, 1<a<p,
diz¥, 0< i< [VEk] -1, 1<a<p,
wgup, 1 <a<p,

gul, 1<a<p,

dzujav 1§]Sk7j7érl7 lgagpa

N N /N N N N /N /S A/
© 00 N O Ot = W N =
NED N N N N NI s S NN N N NN N NI

—
o

—_
[\

s?fua 1<a<p<p,

T

sqPup, 1<a<B<p,

Ls 1<a<B<p 1<j<[VE]

[a—
(S}

The edges of a factor F,,1 < a < p are
(1) 2y such that z,y e LUDUW,UZ,UU,U A, U B, UC, and zy is
not an edge of any graph G;,1 < < k.
(2) zy such that z € A, U, and
y € Ulgigp(Wﬁ UZ3UUs U Bg) UUi<ger<p Spv-
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(3) af‘cf, so that efe; € By, 1 <1i,j<q(p), 1<B<p
(4) afc;, so that efe; € Eq, 1 <i,j <q(p), 1 < B <p.
(5) a?af, so that ej'e} € Eq, 1 < 1,7 < qp), 1<pB<p
(6) cf‘c]g, so that ef'e; € Eq, 1 <4,j <gq(p), L<B<p

Now, we shall prove that the diameter of G;, 1 < i < k, is 3. First, we prove
that for each x,y € G; is dg,(x,y) < 3. Distinguish 4 cases.

(1) T,y € {li,di} U NG@-UZ‘) U NGi(di)-

(2) v ={uy : 1 <a<p}, y€ Ng,(l;) U{li}.
(3) w={uy : 1 <a<p}, y€ Ng,(di) U{d;}.
(4)

In each case a simple analysis shows that there is a path of length < 3.

Let us prove that the diameter of G;, 1 < i < k, is > 3. Let j be an
arbitrary number such that {1,2,...,2[k]}\ f(i). Then dg,(al, bjl) =3.

It remains to prove that the diameter of each F,, 1 < a < p, is 2.
So, we have to prove that each z,y € F, are adjacent or have a common

neighbor. Distinguish eight cases.
(1) 2,y € LUDUW4U Zy UU, U Aq U By U C,.

This case can be proved by complete analogy with the proof of Theorem 6.

z€ LUDUWLUZyUUyU A, UBy UC,,

(2) (TS U (WﬁUZﬁUUﬂUBﬁ)U U Sg.
1<p<p 1<f<y<p
B

We have A, UC, C Np, (y) and Np, (z) N (Aq U Cy) # 0, so Ng_ (x) N
Ng, (y) # 0.

2E€LUDUWaU ZyUUy U AU By UCa,y=adl,
(3)

1<pB<p 1<i<q(p).

There is an edge e; e} in E,, for some j, 1 < j < ¢(p), so {a},cf} C N, (y).

Also we have {af,c}} N Np, () # 0, so Ng,(z) N Ng,(y) # 0.
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2 € LUDUWaU ZyUUgU Ag U By UCy,y=c,
(4)

1<pB<p 1<i<q(p).

There is an edge e’-ge? in Eq, for some j, 1 < j < q(p), so {af, ¢} C Np, ().

7

Also we have {ajo-‘, c;)‘} N Ng, (z) # 0, so Ng, (x) N Ng, (y) # 0.

(5) zye |J WsuZsuUsuBsu | Sap
1<B8<p 1<B<y<p
BFa

We have af € Ng, (z) N Ng, (v)

xr € U (WgUZ@UUgUBﬁ)U U Saﬁa
1<B8<p 1<B<y<p
(6) B
y =a/,1<y<pa#v1<i<q(p).

There is an edge ejef in E,, for some j, 1 < j < g(p).
So aj € NF, () N NE, (y)

xr € U (WgUZﬁUUgUB@) U U Saﬁ,
1<B<p 1<B<y<p
(7) Bta

There is an edge 6263‘ in Eq, for some j, 1 < j < q(p).
So af € Np, () N Ng,(y).

(8) xe€AgUCpycAUC,, 1<B,v<p, a#f, a#y,x#y.

We distinguish four subcases

(8a) = = af, y=aj,
B Y

(8b) r=a;,Yy=c;,

<

S

R R

)

(8¢c) x:ciﬁ, y=a;,
)

<
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As proofs of this subcases are completely analogous, we prove only (8a).
Since d(ef ) e]-) < 2, either ef and e;-y are adjacent in E, or there is a vertex
ey € NEa(e’f) N NE,(ef). In the first case a? and a;- are adjacent in Fy,, and
in the second case af € N, (a”) N Ng,(aj).

So, the inequality (2) is proved.
From (1) and (2) we get

2%k < fl22...,2,33,...,3
—_——— ——
p-times k-times

IN

2k + 5p - [x/ﬂ+<§> [x/ﬂ+2-p-q(p).

o% < fl2,2,...,2,33,...,3

p-times k-times

s (s () VE+ (504 (2)) 2000

Dividing by k£ and passing to the limit, we get

IN

f12,2,...,2,3,3,...,3

p-times k-times

2 < 1
_kggo k

< lim 2
S ARGt T k: k

which proves the theorem. [
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