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Abstract

A set S of vertices of a graph G is a total dominating set if every
vertex of V(G) is adjacent to some vertex in S. We provide three equiv-
alent conditions for a tree to have a unique minimum total dominating
set and give a constructive characterization of such trees.
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1. Introduction

For notation and graph theory terminology, we in general follow [1, 7].
Specifically, let G = (V,E) be a graph. For a vertex v € V, the open
neighborhood of v is the set N(v) = {u € V | wv € E}, and its closed
neighborhood is the set N[v] = N(v) U {v}. For a set S C V, its open
neighborhood is the set N(S) = UyesN(v) and its closed neighborhood is
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the set N[S] = N(S)U S. The private neighborhood pn(v,S) of v € S is
defined by pn(v, S) = N(v) — N(S —{v}). Equivalently, pn(v,S) = {u € V|
N(u) NS = {v}}. Each vertex in pn(v, S) is called a private neighbor of v.
The external private neighborhood epn(v, S) of v with respect to S consists
of those private neighbors of v in V' — .S, while the internal private neighbor-
hood ipn(v, S) of v with respect to S consists of those private neighbors of
v in S. Thus, epn(v, S) = pn(v,S) N (V — S) and ipn(v,S) = pn(v,S) N S,
while pn(v, S) = epn(v, S) Uipn(v,S). If G has no isolated vertices, then
the set S is a total dominating set if every vertex in V is adjacent to a
vertex in S, that is, N(S) = V. Every graph without isolated vertices has
a total dominating set, since S = V is such a set. The total domination
number of G, denoted by (G), is the minimum cardinality of any total
dominating set of G. A total dominating set of cardinality 7;(G) is called
a 7(G)-set. Note that every ~.(G)-set is also a dominating set of G, and
so 7(G) < v(G). Total domination in graphs was introduced by Cockayne,
Dawes, and Hedetniemi [2] and is now well studied in graph theory (see, for
example, [4] and [9]).

The literature on domination and its variations in graphs has been sur-
veyed and detailed in the two books by Haynes, Hedetniemi, and Slater
[7, 8]. Gunther, Hartnell, Markus, and Rall [5] studied graphs with unique
minimum dominating sets, and Hopkins and Staton [10] and Gunther, Hart-
nell, and Rall [6] studied graphs with unique maximum independent sets.
We investigate graphs G with unique minimum total dominating sets, that
is, unique v;(G)-sets. A graph G will be called a unique total domination
graph, or just a UTD-graph, if G has a unique v;(G)-set.

Observe that the graph mKs has its vertex set as its unique minimum
total dominating set. For other examples of UTD-graphs, consider the paths
P, with n = 0(mod4). Apart from a few minor results on UTD-graphs in
general, we study UTD-trees. For ease of presentation, we mostly consider
rooted trees. For a vertex v in a (rooted) tree T, we let C(v) and D(v)
denote the set of children and descendants, respectively, of v, and we define
Dlv] = D(v) U {v}. The maximal subtree at v is the subtree of T induced
by DJ[v], and is denoted by T,. A vertex of degree one is called an endvertex
or a leaf and its neighbor is called a support vertex. The set of leaves in T
is denoted by L(T") and the set of support vertices by S(T"). We define a
branch vertex as a vertex of degree at least 3. The set of branch vertices of
T is denoted by B(T). A tree T is a double star if it contains exactly two
vertices that are not leaves.
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2. Known Results

We shall need the following properties of minimal total dominating sets
established in [2] and [9].

Theorem 1 (Cockayne et al. [2]). If S is a minimal total dominating set of
a connected graph G, then |epn(v,S)| > 1 or |ipn(v,S)| > 1 for each v € S.

Theorem 2 (Henning [9]). If G # K, is a connected graph of order n > 3,
then there exists a v¢(G)-set S where for every vertex v € S, |epn(v,S)| > 1
or there exists a vertex u € ipn(v, S) with |epn(u, S)| > 1.

Cockayne, Henning, and Mynhardt [3] characterized the set of vertices of a
tree that are contained in all, or in no, respectively, minimum total dom-
inating sets of the tree. To state this characterization, we introduce the
following notation. We define the sets A;(G) and N;(G) of a graph G by

A(G) ={v € V(G) | v is in every v(G)-set}, and
N(G) ={v € V(G) | v is in no v(G)-set}.

Let T be a tree rooted at a vertex v. The set of leaves in T = T, distinct
from v we denote by L(v), that is, L(v) = D(v) N L(T). For j = 0,1,2,3,
we define

L/ (v) = {u € L(v) | d(u,v) = j (mod 4)}.

We next describe a technique called tree pruning, which will allow us to
characterize the sets A;(T") and Ny(T) for an arbitrary tree T

Let T be a tree and let v be a vertex of T' that is not a support vertex.
The pruning of T is performed with respect to the root. Hence suppose T’
is rooted at v, that is, T'=T,. If degu < 2 for each u € V(T;) — {v}, then
let T, = T. Otherwise, let u be a branch vertex at maximum distance from
v; note that |C(u)| > 2 and degz < 2 for each x € D(u). We now apply the
following pruning process:

o If [L%(u)| > 1, then delete D(u) and attach a path of length 2 to u.
o If [L'(u)| > 1, L?*(u) = 0 and |L3(u)| > 1, then delete D(u) and attach
a path of length 2 to u.

o If [L'(u)| > 1 and L?(u) = L3(u) = 0, then delete D(u) and attach a
path of length 1 to w.
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o If LY(u) = L*(u) = 0 and |L3(u)| > 1, then delete D(u) and attach a
path of length 3 to w.

o If LY(u) = L%(u) = L3(u) = 0, then delete D(u) and attach a path of
length 4 to u.

This step of the pruning process, where all the descendants of v are deleted
and a path of length 1, 2, 3, or 4 is attached to u to give a tree in which u
has degree 2, is called a pruning of T, at u. Repeat the above process until
a tree T, is obtained with degu < 2 for each u € V(T,) — {v}. Then, T, is
called a pruning of T,,. The tree T, is unique. Thus, to simplify notation,
we write L (v) instead of L% (v). The following characterization of the sets

A(T) and Ny(T) for an arbitrary tree T is presented in [3].

Theorem 3 (Cockayne et al. [3]). Let v be a vertex of a tree T. Then,
(a) v € A(T) if and only if v is a support vertex or |f1 (v) Uf2(’l))’ > 2,
(b) v € Ni(T) if and only if I (v) U IZ(U) =0.

3. Preliminary Results

We first consider induced subgraphs of UTD-graphs. In particular, we show
that any graph GG without isolated vertices is an induced subgraph of a UTD-
graph. The corona cor(G) of a graph G is that graph obtained from G by
adding a pendant edge to each vertex of G. Obviously, the graph G is an
induced subgraph of cor(G) and if G has no isolated vertices, then V(G) is
the unique ~y;(cor(G))-set. Therefore every graph without isolated vertices
is an induced subgraph of a UTD-graph, and hence there does not exist a
forbidden subgraph characterization of the class of UTD-graphs.

Every endvertex is uniquely dominated by the support vertex adjacent
to it, and so any total dominating set contains every support vertex.

Observation 4. FEvery support vertex of G is in every v(G)-set.

Observation 5. A path P, is a UTD-graph if and only if n € {2,5} or
n =0 (mod4).

Lemma 6. If a graph G has a unique v(G)-set S, then every vertex v € S
is a support verter or satisfies |pn(v, S)| > 2.
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Proof. By Theorem 1, |pn(v,S)| > 1 for each v € S. Suppose that v € S
is not a support vertex and |pn(v,S)| = 1. If |epn(v,S)| = 1 (and so
lipn(v, S)| = 0), then let u € epn(v,S) and let w € N(u) — {v}. Then,
w e V(G)— S and (S —{v})U{w} is a 14 (G)-set, contradicting the unique-
ness of S. On the other hand, if |ipn(v,S)| = 1 (and so |epn(v, S)| = 0),
then, by Theorem 2, there exists a vertex u € ipn(v, S) with |epn(u, S)| > 1.
Let w € epn(u, S). Then, (S — {v}) U{w} is a 4(G)-set, contradicting the
uniqueness of S. Hence, |pn(v, S)| > 2. |

As an immediate consequence of Lemma 6 we have the following observation.

Observation 7. Let G be a connected graph of ordern > 3. If any endvertex
u of G is in a y(G)-set, then G is not a UTD-graph.

The converse of Lemma 6 is not true in general. For example, if G is the
8-cycle vy, v, ..., vg,v1, then S = {va, v3,v6,v7} is a 4 (G)-set; however, S
is not a unique v;(G)-set.

Recall that S(G) is the set of support vertices of G.

Lemma 8. If a graph G is a UTD-graph with v:(G)-set S, then y(G —v) >
Y(G) for everyv € S —S(G).

Proof. Let G be a UTD-graph with v (G)-set S, and assume to the contrary
that (G —v) < %(G) for some v € S — S(G). Let R be a (G — v)-set.
Since |R| < v(G), R does not dominate v. Furthermore, since G has no
isolates, v has a neighbor, say u, in V—R. Then RU{u} is a total dominating
set of G that does not contain v. Hence, RU {u} # S, contradicting the
uniqueness of S. [

Lemma 9. If a graph G has a v(G)-set S for which v(G —v) > v(G) for
every v € S — S(G), then S is the unique v (G)-set of G.

Proof. Suppose there exists a 7;(G)-set D that is different from S. Let
v € S —D. By Observation 4, v is not a support vertex. In particular, G —v
contains no isolated vertex. Since D is a total dominating set of G — v,
7%(G) = |D| > %(G — v), a contradiction. Hence, S is the unique v(G)-set.

|
The converse of Lemma 9 is not true in general. For example, the set {v, z,y}
is the unique v(G)-set for the graph G in Figure 1, and (G — v) = 1(G).
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Figure 1: A graph G with the unique v(G)-set {v, z,y}

4. Trees

4..1 Equivalent Conditions for UTD-Trees

Our aim in this section is to provide three equivalent conditions for a tree to
have a unique minimum total domination set. We begin with the following
lemmas.

Lemma 10. Let Ty and Ty be vertex disjoint trees, and let v € Ay(Ty). Let
T be a tree obtained from Ty U Ty by joining v to a vertex of Ts. Then,
v E .At(T)

Proof. Since v € A4(T1), Theorem 3 implies that vy is a support vertex of
T or ]fl (v1) UZQ(U1)| > 2 in T1. So, certainly, v; is a support vertex of T'
or |fl(v1) Uf2(vl)| > 2in T. Thus, by Theorem 3, v € Ay(T). ]

Notice that if a vertex v in a tree T" belongs to some but not all v;(T")-sets,
then clearly T does not have a unique minimum total domination set. Hence
we have the following observation.

Observation 11. A tree T is a UTD-tree if and only if v € Ay(T) UN(T)
for every vertex v € V(T).

As an immediate consequence of Theorem 3 and Observation 11, we have
the following characterization of UTD-trees.

Theorem 12. A tree T is a UTD-tree if and only if for every vertex v €
V(T), v is a support vertex or ]fl(v) u f2(v)| # 1.
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We now establish three equivalent conditions for a tree to be a UTD-tree.

Theorem 13. Let T be a tree of order n > 2. Then the following conditions
are equivalent:

(i) T is a UTD-tree.
(ii) T has a y(T)-set S for which every vertexv € S is a support vertex or
satisfies |pn(v, S)| > 2.
(iii) T has a y(T)-set S for which (T —v) > v(T) for everyv € S—S(T).
(iv) For every vertexv € V(T'), v is a support vertex or |fl (v) UZQ(UN # 1.

Proof. By Theorem 12, (i) < (iv). By Lemma 6, (i) = (ii), and by
Lemma 9, (iii) = (i). Hence it suffices to prove that (ii) = (iii). Suppose,
then, that 7" has a v;(T)-set S for which every vertex v € S is a support
vertex or satisfies |pn(v, S)| > 2. We show that condition (iii) holds. We
proceed by induction on the order n of the tree T'.

If every vertex of S is a support vertex, then condition (iii) is vacuously
true. In particular, the base case when n = 2 is true. Assume that for all
trees of order less than n, where n > 3, that (ii) = (iii). Let T" be a tree
of order n that satisfies condition (ii). We may assume that S # S(T), for
otherwise condition (iii) is vacuously true. Let v € S — S(T"). We show that
(T = v) > %(T).

Since v is not a support vertex, |[pn(v,.S)| > 2. In particular, degv > 2.
Let A = epn(v,S), B = N(v) —(AUYS), C =ipn(v,S) and D = N(v) N
(S —C). Since S is a total dominating set of 7', |C' U D| > 1. Let N(v) =
{v1,v2,...,vn}, where the subscripts are indexed so that if v; € A, v; € B,
v € C and vp € D, then i < j < k < L.

Let T be rooted at v. For i = 1,2,...,m, let T; = T, (so T; is the
subtree of T" induced by D[v;]), and let S; = S N V(T;). Since v is not a
support vertex, each component T; of the forest 7' — v is a nontrivial tree.
Let R be a (T — v)-set. Fori=1,2,...,m, let R; = RNV(T;). Then, R;
is a v;(T;)-set for each i. We proceed further by proving four claims.

Claim 1. Ifv; € A, then |R;| = |S;| + 1.

Proof. Suppose v; € A. Then, S; does not contain v; or any child of
v;. Note that since v; € S;, v; is not a support vertex implying that each
component of T; — v; is a nontrivial tree. We show first that .5; is the unique
v(T; — v;)-set. The set S; is a total dominating set of T; — v;. If S; is
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not a v (7T; — v;)-set, then replacing S; in S by a ~v(T; — v;)-set produces
a total dominating set of T' of cardinality less than |S| = v(T"), which is
impossible. Hence, S; is a v,(T; — v;)-set. Furthermore, every vertex v € .S;
is a support vertex in 7T; — v; or satisfies |pn(v,S)| > 2 in T; — v;. Applying
the inductive hypothesis to each component of T; — v;, each component of
T; — v; satisfies condition (iii). Since (iii) = (i), it follows that S; is the
unique v¢(T; — v;)-set.

Since R; is a 7(T;)-set, R; contains a child of v;, and so S; # R;. If
|R;| < |Si|, then (S — S;) U R; is a total dominating set of T' of cardinality
less than |S| = 44(T), which is impossible. Hence, |R;| > |S;|.

If v; € A(T;), then, by Lemma 10, v; € Ay(T) contradicting the fact
that S is a v(T)-set not containing v;. Hence, v; ¢ A.(T;). We may assume
therefore that R; is chosen so that v; ¢ R;. But then R; is also a total
dominating set of T; — v;. Since R; is a v;(T;)-set, R; contains a child of
v;, and so S; # R;. Thus, since S; is the unique v,(7; — v;)-set, R; is not a
Y (T; — v;)-set, and so |R;| > |S;| + 1. Since S; U {v}} is a total dominating
set of T; where v} € C(v;), |Si| +1 < |Ri| = %(T;) < |Si| + 1. Consequently,
‘Rz’ = |Si‘+1. [ |

Claim 2. Ifv; € B, then |RZ‘ = ’SZ|

Proof. Suppose v; € B. Then, S; is a total dominating set of T;, and
so v(T;) < |Si]. If |Ri| < |Si|, then (S —S;) U R; is a total dominating
set of T' of cardinality less than |S| = (T, which is impossible. Hence,
1Si| < |Ri| = %(Ti) < |Si]. Consequently, [R;| = |S;]. -

Claim 3. If v; € C, then |R;| = |Si| + 1.

Proof. Suppose v; € C. Then, v; € S; but S; does not contain any child
of v;. Let H be the tree obtained from T; by joining v to v; and to a new
vertex u. Then, H is a tree of order less than n in which the vertex v is a
support vertex and therefore belongs to every ~.(H)-set.

The set S;U{v} is a total dominating set of H. If S;U{v} is not a v, (H)-
set, then replacing S;U{v} in S by a v;(H)-set (which necessarily contains v)
produces a total dominating set of T' of cardinality less than |S| = (T,
which is impossible. Hence, S; U {v} is a v(H)-set. Furthermore, every
vertex w € S; U {v} is a support vertex in H or satisfies |pn(w, S)| > 2 in
H. Applying the inductive hypothesis to H, the tree H satisfies condition
(iii). Since (iii) = (i), it follows that S; U {v} is the unique 7 (H )-set.
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We show now that v; ¢ N¢(T;). Since S; U {v} is the unique v (H)-set, we
know by Observation 11 that v; € A;(H). Hence, by Theorem 3, v; is a
support vertex of H or |f1 (vi) UL’ (vi)| > 2 in the tree H. If v; is a support
vertex in H, then, since v is not a leaf, v; is also a support vertex in T;, and
so in the tree T;, |f1 (vi)| > 1 and therefore |f1 (vi)UZQ(vZ-H > 1inT;. On the
other hand, if |f1(vi) Uf2(v,-)| > 2 in the tree H, then |f1(vi) UIZ(UM >1
in the tree 7;. In any event, \fl (v;) U f2(vi)\ > 1 in the tree T;. Hence, by
Theorem 3, v; & N(T5).

Since v; ¢ N¢(T;), there exists a v(T;)-set that contains v;. We may
assume that R; is chosen so that v; € R;. The desired result now follows as
in the proof of Claim 1. [

Claim 4. Ifv; € D, then |R;| = |Si|.

Proof. Suppose v; € D. Then, v; € S; and S; contains a child of v;. Let
H be defined as in Claim 3. Then, as shown in Claim 3, v; ¢ N¢(T') and we
may assume that v; € R;. The desired result now follows as in the proof of
Claim 2. [

We now return to our proof of Theorem 13. Since |pn(v,S)| > 2, |A| +
|IC| = |epn(v,S)| + |ipn(v, S)| = |pn(v,S)| > 2. By Claims 1, 2, 3 and
4, |R] = Xty [Ril = 24305, (8] = 2+ (15| = 1) = |S[ + 1. Thus,
(T —v) = |R| > |S| = %(T). Since v is an arbitrary vertex of S — S(T),
the set S satisfies condition (iii). Hence, (ii) = (iii) as desired. n

4..2 Combining UTD-Trees

Our aim in this section is to provide a constructive characterization of UTD-
trees. For this purpose, we introduce the following notation. Let T be a
UTD-tree of order at least 4 and let S be the unique ~¢(7)-set. Let the
vertices of T' be partitioned into sets S, Sp, Sc, Sp, and Sg as follows:

Sa={veS|veipn(w,S) for some w € S — S(T) with |pn(w, S)| = 2},
Sp=5—54,
Sc={veV —-5|pn(w,S) = {v} for some w € S},
Sp={veV —-5|vepn(w,S) for some we S — S(T —v) with
pn(w, 8)] =2},
Sg =V —-5)—(ScUSp).
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Note that if v € S¢, then v € L(T). We say that the vertices of Sx have
status X where X € {A,B,C, D, E}.
The following lemma will prove to be useful.

Lemma 14. Let Ty and Ty be vertex disjoint trees, and let v € Ay(Ty). Let
T be a tree obtained from T1 UTy by joining v to a vertex of To. Let D be a
Y(T)-set. If Ty is a UTD-tree of order at least 3, then | DNV (T1)| > v(T1).

Proof. Let S; be the unique ~;(77)-set and let Dy = DNV (Ty). If Dy is
a total dominating set of 77, then |D1| > ~(T}), as desired. Suppose, then,
that D is not a total dominating set of 77. Then, D; contains no neighbor
of v. Now, Dy U {v'} is a total dominating set of 77 for any neighbor v’
of v in T1. Suppose in the tree 77, N(v) C S;. Then, v cannot be a
support vertex (since no leaf belongs to S7), and so degv > 2. Thus, since
Dy U{v'} contains only one neighbor of v, the uniqueness of Sy implies that
Dy U{v'} is not a v(T1)-set. Hence, |D1| +1 > % (T1) +1 = |S1]| + 1, and
so |Di] > |S1|. On the other hand, if in the tree Th, N(v) ¢ S1, then we
choose v/ € N(v) — S;. Since Dy U {v'} # Si, the uniqueness of S; once
again implies that |D;1| > |S1|. The result follows. |

In what follows, we shall adopt the following notation. Let 77 and 75 be
two vertex disjoint UTD-trees each of order at least 4. For i € {1,2}, let S;
denote the unique 7;(T;)-set. Then, S; consists of the vertices of status A
and B. We now present three operations which allow us to link up 77 and
T5 to produce a new UTD-tree T.

Operation 7;. Join a vertex wuy of status D or E in T} to a vertex us of
status D or E in T5.

Operation 7. Join a vertex u; of S7 to a vertex us of status E in 1.

Operation 73. Join a vertex uq of status B in T3 to a vertex uo of status B
in T5.

In the next lemma, for the tree T' obtained from 77 U T5 using one of these
three operations, let D be a ,(T)-set, and let D; = DNV (T;) for i € {1,2}.

Lemma 15. S; U Sy is the unique v¢(T')-set of T produced by Operation Ty,
15 or 13.

Proof. (i) Suppose T is produced by Operation 7;. We show first that
S1U Sy is a vy (T)-set. The set S1USs is a total dominating set of T', and so
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20(T) < |1]+ [Sal. 16 Dy + |Dal > S1] + [Sa], then 74(T) > |S1]+ || and
consequently v(T') = |S1]|+|S2|. Hence it suffices to show that |D;|+|Ds| >
|S1| + |S2.

Suppose ui,us ¢ D. Then D; is a total dominating set of T;, and so
|Di| =2 %(T3) = [Si]. Thus, [D1| + |D2| = [S1] + [S2].

Suppose u; € D and ug ¢ D. Then, D; is a total dominating set of
Ty. Since S; is the unique v:(T})-set and uy; ¢ Si, |Di| > |S1] + 1. Also,
Dy U {uh} is a total dominating set of Tb where uj is any neighbor of wus
in Ty. Thus, |Da| +1 > v (T2) = |S2|. Hence, |Di| + |Da| > |Si| + |S2].
Similarly, if u; ¢ D and ug € D, then |Dq| + |Da| > |S1| + |Sa|.

Suppose uy,us € D. Then, for i € {1,2}, D;U{u.} is a total dominating
set of T; where u} is any neighbor of u; in T;. Since S; is the unique v;(7;)-
set, D; U {u}} is not a v(T;)-set, and so |D;| +1 > vw(T;) + 1 = |Si| + L.
Hence, |D;| > |S;| for each i. Thus, |D1|+ |D2| > |S1|+ |S2|. Hence, S1U Sy
is a v (T)-set.

Since w1 and ug are vertices of status D or E in T} and T5, respectively, in
the tree T every vertex v € S1USs is a support vertex or satisfies [pn(v, .S1U
S2)| > 2. Thus, since S1 U S2 is a v4(T)-set, it follows from Theorem 13 that
T is a UTD-tree and Sy U S is the unique ~4(7')-set.

(ii) Suppose T is produced by Operation 7. We show that |D;| > |.S;|
for each i. It follows from Lemma 14 that |Dq| > |S1|. If D9 is a total
dominating set of 15, then |Da| > [S2| as desired. Suppose Dy is not a total
dominating set of To. Then Dy contains no neighbor of ug and DyU{ub} is a
total dominating set of T3 for any neighbor u} of ug in Ty. If DoU{ub} = Sa,
then since ug has status F in Ty, |pn(ug, S2)| > 2, contradicting the fact that
Dy = Sy —{uf} is a total dominating set of To —ug. Hence, Dy U{ub} # Sa.
Since S is the unique ~¢(T3)-set, |Do| + 1 > v (T3) + 1 = |S2| + 1, and so
|Da| > |S2|. Thus, |D;| > |S;| for each i.

The set S1U.Ss is a total dominating set of T, and so v(T") < [S1|+]S2].
However, v(T) = |D| = |D1| + |D2| > |Si| + |S2|. Consequently, v(T) =
’51’ + ‘SQ‘.

Since u; € S7 and us is a vertex of status F in Tb, in the tree T every
vertex v € S1 U Sy is a support vertex or satisfies [pn(v, S;US3)| > 2. Thus,
since S1USy is a v (T)-set, it follows from Theorem 13 that T is a UTD-tree
and S7 U Sy is the unique 4 (T)-set.

(iii) Suppose T is produced by Operation 73. It follows from Lemma 14
that |D;| > |S;| for each i and therefore that S; U Sy is a 7+(7")-set. Since
u; € S; has status B in T; for ¢ € {1,2}, in the tree T every vertex v €
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S1 U Sy is a support vertex or satisfies [pn(v, S; U Sy)| > 2. It follows from
Theorem 13 that T is a UTD-tree and S; U Ss is the unique v;(7')-set. =

Let 7 be the family of trees T' with V(T') = L(T') U S(T), |S(T)| > 2. Let
F be the family of trees that can be obtained from a star T" with at least
two leaves by adding at least one leaf adjacent to each leaf of T' (so each leaf
of T is a support vertex in the resulting tree). We are now in a position to
present a constructive characterization of UTD-trees.

Theorem 16. Let T be a tree of order at least 4. Then T is a UTD-tree if
and only if T can be constructed from disjoint trees in T UF by a sequence
of Operations 11, T3, and 13.

Proof. Each tree in 7 U F is a UTD-tree, and so the sufficiency follows
from Lemmas 15. To prove the neccessity, we proceed by induction on (7).
If %(T) = 2, then T is a double star, and so T' € 7. Hence the base case
holds. Assume the result is true for all UTD-trees 77 with v.(7") < m,
where m > 3. Let T' = (V, E) be a UTD-tree with v,(7") = m. Let S be the
unique y¢(7')-set.

Let ujug be an edge of T, and let 17 and 15 be the components of
T —ujug containing u; and ug, respectively. Fori € {1,2}, let S; = SNV (T;)
and let D; be a v4(T;)-set. We proceed further by proving three claims.

Claim 5. Fori € {1,2}, if S; is a total dominating set of T;, then S; is the
unique v¢(T;)-set.

Proof. For i € {1,2}, |D;| <|S;|. Now, D; U Dy is a total dominating set
of T, and so |S1|+|S2| > |D1|+|D2| > %(T) = |S1|+|S2|. Hence |D;| = | S|
for each i. Thus, D1 U Dy is a v(T')-set. The uniqueness of S implies that
D1UDy = S, and therefore D; = S; for each i. Hence, T; is a UTD-tree and
S; is the unique ~;(7T;)-set. [

Claim 6. If uy,us € V — S, then T can be constructed as claimed.

Proof. Since S; is a total dominating set of T; for i € {1,2}, T; is a UTD-
tree and S; is the unique ~;(7;)-set by Claim 5. Applying the inductive
hypothesis to T;, each T; can be constructed from disjoint trees in 7 U F
by a sequence of Operations 71, 72, and 73. Since u; ¢ S;, u; has status C,
D or FE in T;. If u; has status C' in T}, then in the tree T;, u; is a leaf
and pn(w,S;) = {w;} for some w € S;. Thus in T, |pn(w,S)| = 1 and
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w € S — S(T), contradicting Theorem 13. Hence, u; has status D or E in
T;, and T' can be obtained from T} UT5 by Operation 77. The result follows.

|
Claim 7. If u; € S and if ug € V — S is not an external private neighbor

of any vertex in S, then T can be constructed as claimed.

Proof. Since S; is a total dominating set of T; for ¢ € {1,2}, T; is a UTD-
tree and S; is the unique 4(7;)-set by Claim 5. Applying the inductive
hypothesis to T;, each T; can be constructed from disjoint trees in 7 U F by
a sequence of Operations 77, 75, and 7.

We show next that ug has status E in T5. Since ug ¢ Si, ug has
status C, D or E in Ty. If ug has status C in Ty, then pn(w,S2) = {ua}
for some w € S3. Thus in T, |pn(w,S)| = 0, contradicting Theorem 1.
If ug has status D in T, then in the tree T, us € pn(w,Ss) where w is
adjacent to no leaf except possibly uy and |pn(w,S2)| = 2. Thus in T,
lpn(w, )| =1 and w € S — S(T'), contradicting Theorem 13. Hence, us has
status E in T. Thus, T can be obtained from 77 UT5 by Operation 75. The
result follows. n

We now return to the proof of Theorem 16. By Claim 6, we may assume
that no edge joins two vertices of V' — S and by Claim 7, we may assume
that each vertex in V' — S is the external private neighbor of some vertex in
S. Hence, each vertex in V — S isaleafin 7. If S = S(T), then T' € 7.
Hence, we may assume that S # S(T).

Let uy € S—S(T). By assumption, N(u;) C S. Hence, by Theorem 13,
lipn(u1,S)| > 2. For each w € ipn(u;,S), N(w) NS ={u1} and w € S(T).
If S = NJuy], then T' € F. Hence we may assume that some neighbor uy of
u1 is not an internal private neighbor of u;.

For i € {1,2}, let T}, S;, and D; be as defined earlier. Since S; is a total
dominating set of T; for i € {1,2}, T; is a UTD-tree and S; is the unique
~¢(T;)-set by Claim 5. Applying the inductive hypothesis to T;, each T; can
be constructed from disjoint trees in 7 U F by a sequence of Operations 77,
75, and 7s.

In the tree T1, |ipn(u1, S1)| > 2, and so u; ¢ ipn(w, Sy) for any w € Sj.
Thus, uy has status B in T7. In the tree T5, if uo has status A, then
ug € ipn(w, Sa) for some w € Sy — S(T') where |pn(w, S2)| = 2. But then
in the tree T, w € S — S(T') and |pn(w, S)| = 1, contradicting Theorem 13.
Hence, us has status B in 75. Thus, T can be obtained from 77 U Ty by
Operation 7s. |
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