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Abstract

For each vertex v in a graph G, let there be associated a subgraph
H, of G. The vertex v is said to dominate H, as well as dominate
each vertex and edge of H,. A set S of vertices of G is called a full
dominating set if every vertex of G is dominated by some vertex of S,
as is every edge of G. The minimum cardinality of a full dominating
set of G is its full domination number ypp(G). A full dominating
set of G of cardinality yry(G) is called a yppg-set of G. We study
three types of full domination in graphs: full star domination, where
H, is the maximum star centered at v, full closed domination, where
H, is the subgraph induced by the closed neighborhood of v, and
full open domination, where H, is the subgraph induced by the open
neighborhood of v.
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1. Introduction

A vertex v in a graph G is said to dominate itself and each of its neighbors.
A set S C V(G) is called a dominating set for G if every vertex of G is
dominated by some vertex of S. The minimum cardinality of a dominating
set is the domination number v(G) of G. A dominating set of cardinality
7(G) is a «y-set for G. There has been increased interest in recent years
in the study of domination in graphs. Indeed, the books [2, 3] by Haynes,
Hedetniemi, and Slater are devoted exclusively to this subject. In domina-
tion, a vertex dominates a set of vertices (according to some rule); while
in covering, a vertex covers the edges incident with it. We combine these
concepts to describe another variation of domination.

For a graph G, let H be a function that maps each vertex v of GG into
a subgraph H, of GG. In this context, the vertex v is said to dominate H,
as well as dominate each vertex and edge of H,. A set S of vertices of G is
called a full dominating set if every vertex and every edge of G is dominated
by some vertex of S. For each full dominating set S of G and v € V(G) — S,
the set S U {v} is also a full dominating set. If G has no isolated vertices,
then we need only be concerned with each edge of G being dominated by
some vertex of S. The minimum cardinality of a full dominating set of G is
its full domination number (with respect to the function H) and is denoted
by vru(G). A full dominating set of G of cardinality ypy(G) is called a
vrr-setof G. Certainly, v (G) is defined for a graph G if and only if V(G)
is a full dominating set for G.

In this paper we study three examples of full domination, namely full
star domination, where H,, is the maximum star S, centered at v, full closed
domination, where H, = (N[v]), the subgraph induced by the closed neigh-
borhood of v, and full open domination, where H, = (N (v)), the subgraph
induced by the open neighborhood of v.

2.  Full Star Domination in Graphs

We denote the full star domination number of a graph G by vpg(G). Cer-
tainly, yrs(G) is defined for every graph G. Indeed, if G is a graph without
isolated vertices, then yrg(G) = ao(G), the vertex covering number of G
(the minimum number of vertices that cover all edges of G). If G has I(G)
isolated vertices, then ypg(G) = a,(G)+1(G). Therefore, the full star dom-
ination number is not a new parameter; it only provides a new setting for
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an old one. A well-known theorem of Gallai [1] states that if G is a graph
of order n without isolated vertices, then a,(G) + (,(G) = n, where 3,(G)
is the vertex independence number of G. This gives us the following.

Observation 2.1. For every graph G of order n without isolated vertices,
Yrs(G) =n — By(G).

Since every full star dominating set of a graph is also a dominating set, it
follows that v(G) < yps(G). By Observation 2.1,

1 <9(G) <yps(G) <n—1

for every graph G of order n with at most n — 2 isolated vertices. We now
consider the realizablility of three integers a, b, n as the domination number,
full star domination number, and order, respectively, of some graph without
isolated vertices. Thus any such triple a, b, n described above must satisfy
1 <a<b<n-—1. By Observation 2.1, however, vps(G) = n — 1 if and
only if G = K,,, which implies that v(G) = 1. Hence we may assume that
1 <a<b<n-—2. On the other hand, the independent domination number
i(G) satisfies
Y(G) <i(G) < Bo(G) =n — yrs(G).

This implies that v(G)+vrs(G) < n, thereby obtaining Ore’s [6] well-known

inequality v(G) < n/2 for graphs G of order n without isolated vertices. We
now present the desired realization result.

Proposition 2.2. For every triple a,b,n of integers with n > 3, 1 < a <
b<n-—2, and a+b<n, there exists a graph G of order n without isolated
vertices such that v(G) = a and yrs(G) = b.

Proof. We consider two cases.

Case 1. a+b < n—1. Let Kpiq1 be the complete graph with vertex
set {uy,ug,...,upr1} and let G be the graph obtained from Kjp,1 by adding

n—b— 1 new vertices vy, v, ..., Vp_p—1, the a — 1 edges u;v; (1 <i<a-—1),
and the n — b — a edges ugv; (a <i<n-—>b—1). The graph G is shown in
Figure 1. Since {uj,ug,...,u,} is a y-set and {uy,us,...,up} is a ypg-set

for G, it follows that v(G) = a and yps(G) = b.
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Figure 1. The graph G in Case 1

Case 2. a+b = n. Let Ky, Ky,,..., K, be complete graphs, where
£; > 2 for all ¢ and 2?21 f; = n. Also, let v;; and v;2 be distinct vertices in
Ky, (1 <i<a). Then the graph G is obtained from the graph (Ji_; K, by
adding the a — 1 edges v;; vi412 for 1 <i <a —1. For a = 4, the graph G
is shown in Figure 2. Since {v11,v21,...,041} is a y-set, v(G) = a. On the
other hand,

a

U V(KL) = {v12,v9, ..., va2}
i=1

is a ypg-set and so yps(G) =n —a =b. |

K,

1 Kez K€

Figure 2. The graph G in Case 2 when a =4

3. Full Closed Domination in Graphs

Recall that a set S of vertices in a graph G is a full closed dominating set if
every vertex and edge of G belongs to (N[v]) for some v € S. The minimum
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cardinality of a full closed dominating set is the full closed domination num-
ber ypc(G). A full closed dominating set of cardinality vrc(G) is referred
to as a ypo-set. This parameter was first introduced by Sampathkumar and
Neeralagi in [5], where it was called the neighborhood number of a graph,
and further studied by Jayaram, Kwong, and Straight in [4]. The following
two propositions appeared in [5].

Proposition 3.1. For every graph G, v(G) < vrc(G) < vrs(G).
Proposition 3.2. If G is a triangle-free graph, then yro(G) = vrs(G).

The converse of Proposition 3.2 is not true in general unless ypo(G) =
vrs(G) = 1, in which case G is a star. To see this, we recall that the
corona of a graph G with V(G) = {v1,v2,...,v,} is that graph of order
2n obtained from G by adding n new vertices ui,us, ..., u, and the n new
edges uv; (1 < i < n). For n > 3, let G, denote the corona of K.
Define G2 as the graph obtained from Gs by deleting an end-vertex. Then
vrs(Grn) = yrc(Gr) = n for n > 2 but certainly G, is not triangle-free.

If v(G) = 1, then ypc(G) = 1 while 1 < yps(G) < n — 1. For each
integer k with 1 < k < n —1, the graph H obtained by deleting the edges of
a complete subgraph of order n — k from K, has v(H) = yrpc(H) = 1 and
vrs(H) = k. For v(G) > 2, the following realization result appeared in [4].

Theorem 3.3. For every triple a,b, c of integers with 2 < a < b < ¢, there
exists a graph G with v(G) = a, yrc(G) = b, and yps(G) = c.

It is often of interest to know how the value of a graphical parameter is
affected when a small change is made in a graph. In this connection, we
now consider this question in the case of ypc(G) when an edge is deleted
from G. We show, in fact, that such an operation produces a graph whose
full closed domination number differs from that of the original graph by at
most 1.

Proposition 3.4. For each edge e of a graph G,

Ivro(G) — vrc(G —e)| < 1.

Proof. Let e = uv be an edge of G and let S be a ypc-set of G — e. Then
S U {u} is a full closed dominating set of G. So vrc(G) < [SU{u}| <
vrc(G —e) + 1. Next we show that ypo (G —e) < yrc(G)+ 1. We consider
two cases.
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Case 1. There exists a ypo-set S' of G such that u,v ¢ S’'. Then S’ is a
full closed dominating set of G — e as well. Therefore, ypc(G —e) < |S'| =

vro(G) < vre(G) + 1.

Case 2. For every ypc-set S of G, at least one of u and v belongs to S.
Since S U {u, v} is a full closed dominating set of G — e, it follows that

vro(G —e) < |[SU{u,v} < |S|+1=7vpc(G) + 1. =

The bounds presented in Proposition 3.4 are sharp. To see this, we consider
the graph G of Figure 3, where vp(G) = 3 and the vertices of a ypco-set in
G are indicated by solid circles. Observe that

e (G —e0) = rc(G) =3,
Yre(G —e1) = Fre(G)—1=
Yre(G —e2) = pc(G)+1

_|_

Figure 3. How the full closed domination number is affected by the removal
of an edge

In view of Proposition 3.4, the edge set of a graph G can be partitioned into
the following subsets:

Ey(G) = {e€ E(G) : yrc(G—e) =rc(G)},
E_(G) = {e€E(G) : vrc(G —e€) =vpc(G) — 1},
EL(G) = {e€ E(G) : vrc(G —e) =vpc(G) + 1}
The graph G of Figure 3 shows that it is possible for all three of these subsets

to be nonempty for a single graph G. We now present some facts concerning
elements in E_(G) and E4(G).
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Proposition 3.5. Let G be a graph containing an edge e = uv. Then
e € E_(G) if and only if for every ypc-set S’ of G — e,

(a) neither u,v, nor any common neighbor of u and v belongs to S’, and
(b) for each w € Ng[u] N Ng[v], the set S"U{w} is a ypo-set of G.

Proof. Suppose that e = uwv € E_(G). Let S’ be a ypc-set of G — e.
We first verify (a). Assume, to the contrary, that either u, v, or some
common neighbor of v and v belongs to S’. Thus S’ is also a full closed
dominating set of G. So ypc(G) < ||, a contradiction. To verify (b),
let w € Nglul N Ng[v]. Then w ¢ S" by (a). Let S = S"U{w}. Thus
|S] = S| + 1 = ypc(G). Since S is a full closed dominating set of G, it
follows that S is a ypc-set for G and so (b) holds.

For the converse, let S” be a ypc-set of G — e, satisfying (a) and (b). It
then follows from (a) that S’ N (Ng[u] N Ng[v]) = 0. Let w € Ng[u] N Ng[v].
By (b) the set S = S"U{w} is a ypc-set of G and so |S| = |S'|+1 = vrc(G).
Thus |S| = vrc(G) — 1, implying that e € E_(G). |

Proposition 3.6. Let G be a graph containing an edge e = uv. Then
e € EL(G) if and only if for every ypc-set S of G,

(a) |SN{u,v} =1, and
(b) SU{u,v} is a yrpo-set of G — e.

Proof. Let e = uv € E4(G) and let S be a ype-set of G. First we verify
(a). Assume, to the contrary, that |[S N {u,v}| # 1. If SN {u,v} =0, then,
since e is dominated by some vertex in 5, there is a vertex w € .S adjacent
to both u and v. However, then, S is a full closed dominating set for G — e,
contradicting the fact that e € F,(G). On the other hand, if {u,v} C S,
then, once again, S is full closed dominating set for G — e, a contradiction.
Next we verify (b). Certainly, S U {u,v} is a full closed dominating set of
G — e. By (a), however,

|ISU{u,v}| =[S+ 1=vrc(G)+1=vrc(G—e)

and so S U {u,v} is a ypc-set for G — e.

For the converse, let S be a ypc-set of G that satisfies (a) and (b).
By (a), S contains exactly one of u and v. Let S’ = S U {u,v} and so
|S’| = |S| + 1. By (b), S" is a ypc-set of G — e. Thus ypc(G —e) = |S'| =
|S| + 1 =~vpc(G) + 1, implying that e € EL(G). |
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If we were to delete two edges from G, one belonging to E_(G) and the
other belonging to F4(G), then the full closed domination number of the
resulting graph is the same as ypc(G).

Proposition 3.7. Let G be a graph. If ey € E_(G) and ez € E4(G), then
1ro(G —e1 —e2) = yro(G)

Proof. Removing e; first and then ey shows that vpo(G — €1 — e2) <
vrc(G); while removing ey first and then e; produces the inequality ypo (G —
es —e1) > vre(G). |

Accordingly, if the edges e; and ey of graph G of Figure 3 are deleted, then
vro(G — e1 — ez) = 3 since yrpo(G) = 3. Observe that the edges e; and ey
of this graph are not adjacent. This is no coincidence as we next show.

Proposition 3.8. Let G be a graph. If e; € E_(G) and e3 € EL(G), then
e1 and ey are not adjacent in G.

Proof. Assume, to the contrary, that there exists a graph G containing
adjacent edges e; and es with e; € E_(G) and es € F,(G). Let e = wv
and ey = vw. Let S’ be a ypc-set for G—uv. By Proposition 3.5, v ¢ S’. Let
S” = S"U{v} and consider the graph G — vw. The edge uv is dominated
by v € S§”. Since vw is dominated by some vertex of S’, it follows that
either vw is dominated by w € S’ or dominated by some x € S’, where x
is adjacent to both v and w. In either case, w is dominated in G — vw by
some vertex of S”. Hence, S” is a full closed dominating set for G — vw.
However,

1S"] = Yrc(G — wv) + 1 = vpc(G) < yre(G —vw),

which is impossible. [

By Proposition 3.8 then, for the graph G of Figure 3, it follows that e3 €
Eo(G). Indeed, if G is a connected graph in which E4(G) # () and E_(G) #
(), then Ey(G) # (0. There are numerous graphs G in which every edge of G
belongs to Ey(G), such as even cycles and K,, (n > 3). There is, however,
no graph G in which every edge belongs to F;(G).

Proposition 3.9. No graph G exists every edge of which belongs to E4(G).
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Proof. Assume, to the contrary, that there exists a graph G such that
E(G) = E4(G). Let S be a ypc-set of G. Then, by Proposition 3.6, for
every edge uv in G, one of u and v belongs to S and the other to V(G) — S.
This implies that G is a bipartite graph with partite sets S and V(G) — S.
Thus G is triangle-free. By Observation 2.1, yrc(G) = vrs(G) = ao(G).
However,

Yrc(G) + 1 =vpc(G —e) = (G — €) < ao(G) = vrc(G)
for every edge e in G, which contradicts the fact that e € E4(G). |

There are graphs G, though, every edge of which belongs to E_(G). For
example, odd cycles of order at least 5 have this property.

For a set S of vertices of a graph G and a vertex v of GG, the distance
between v and S is defined as

d(v, S) = min{d(v,u) : u € S}.
The diameter of S is defined as
diamS = max{d(u,v) : u,v € S}.

Thus diamV (G) = diamG.
For a nonempty set S of vertices in a connected graph G, a Steiner S-
tree is a tree of minimum size in G containing S. Certainly, every end-vertex

of a Steiner S-tree belongs to S. An edge e = wv in a Steiner S-tree T is
called S-free if both u ¢ S and v ¢ S.

Lemma 3.10. For every yrc-set S of a connected graph G, there exists a
Steiner S-tree containing no S-free edges.

Proof. Assume, to the contrary, that there is a connected graph G and a
vyrc-set S of G such that every Steiner S-tree in G contains S-free edges.
Among all Steiner S-trees, let T' be a Steiner S-tree containing a minimum
number of S-free edges. Then T contains an S-free edge e = uv and a
vertex x € S such that z,u,v is a path in T. Since S is a ypco-set of G, it
follows that e is dominated by some vertex in S. If e is dominated by x, then
necessarily « is adjacent to both u and v. Hence (7' —uv)+zv is a Steiner S-
tree in G containing fewer S-free edges than 7', which is impossible. Thus e
is dominated by some vertex w € S, where w # x. Let T,, and T, be the two
components of T'—wuwv, where T, contains v and T, contains v. Necessarily, w
belongs to exactly one of T;, and T),, say T,,. Then (T'—uv)+wv is a Steiner
S-tree in G containing fewer S-free edges than 7', again an impossibility. m
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Lemma 3.11. If S is a ypo-set of a connected graph G, then the order of
any Steiner S-tree is at most 2ypc(G) — 1.

Proof. Let T be a Steiner S-tree containing no S-free edges. Then V(T') =
SUW, where SNW = (. Let |W| = a. Thus the order of T is a + ypc(G)
and the size of T' is a + ypc(G) — 1. Assume that a > vpc(G). Since T' is a
Steiner S-tree, every end-vertex in T belongs to S. Thus every vertex in W
has degree at least 2 in T'. Also, since T has no S-free edge, every vertex in
W is adjacent only to vertices of S in T'.

Therefore, the size of T is at least

> degrw >2a > a+yre,
weW

producing a contradiction. [

Corollary 3.12. If S is a ypo-set in a connected graph G, then
diamS < 2vpc(G) — 2.

Proof. Let T be a Steiner S-tree of G and suppose that that order of T is
k. By Lemma 3.11, k < 2ypc(G) — 1. Among all trees of order k, the path
Py, has the greatest diameter, namely k — 1, and k — 1 < 2vpc(G) —2. =

Theorem 3.13. If G is a graph of diameter d, then

Yre(G) > d/2.

Proof. Let x and y be vertices of G such that d(z,y) = d and let S be
a yrpe-set in G. Then z is dominated by some vertex u € S and y is
dominated by some v € S. Either u = z or uz € E(G). Similarly, either
v =1y or vy € E(G). Thus, using Corollary 3.12, we have

d = diamG = d(z,y) < d(u,v) + 2 < diamS + 2 < 2vpc(G),

producing the desired result. [

To show that the bound presented in Theorem 3.13 is sharp, let G = Pogy1
be the path of order 2k + 1. Then diamG = 2k and ypc(G) = k, as desired.

A set S of vertices in a graph G is an open dominating set (or total
dominating set) if every vertex of G is adjacent to at least one vertex of S. An
open dominating set of minimum cardinality is a minimum open dominating
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set and its cardinality is the open domination number ~v¢(G), also called the
total domination number. The open domination number is also referred to
as the total domination number. No graph containing isolated vertices has
an open dominating set.

In order to obtain a relationship between the open domination number
and the full closed domination number, we present the following lemma.

Lemma 3.14. For every ypo-set S in a connected graph and each vertex
vES,
d(v,S —{v}) <2.

Proof. Assume, to the contrary, that there is a ypo-set S in a connected
graph G and a vertex v € S such that d(v, S—{v}) = k > 3. Let w € S such
that d(v,w) = d(v,S —{v}) and let P : v = ug,u,...,uy = w be a v —w
geodesic in G. Thus, neither u; nor us is in S; for otherwise, d(v, S —{v}) <
2 < k. Hence the edge e = ujug is dominated by some vertex y € S
(that is necessarily adjacent to both u; and ug). Hence d(v,y) < 2 < k, a
contradiction. [ ]

We have already seen (in Corollary 3.12) that if S is a ypc-set in a connected
graph G, then diam$S < 2ypc(G) —2. We now show that v(G) has a similar
upper bound.

Theorem 3.15. For every connected graph G,

1(G) < 2vpc(G) — 1.

Proof. Let S be a ypo-set. Since S is also a dominating set for G, every
vertex in V(G) — S is dominated by and therefore adjacent to some vertex
in S. Consequently, S openly dominates all vertices in V(G) — S. By
Lemma 3.14, for every vertex u € S, there is a vertex v (# u) in S such
that d(u,v) < 2. If every vertex in S is adjacent to some vertex in S, then
S is also an open dominating set and so v (G) < yrpc(G). On the other
hand, suppose that there is a vertex = € S that is adjacent to no vertex in
S. Then there is a vertex y € S such that d(z,y) = 2. Let w be a vertex of
G adjacent to x and y. Hence w ¢ S. For each vertex u € S — {x,y}, let v/
be a vertex of G that is adjacent to u. So v/ may or may not be in S. Let
S'={u |ueS—{z,y}}. Then SUS U{w} is an open dominating set,
|ISUS"U{w}| < 2vpc(G) — 1, and so 1(G) < 2ypc(G) — 1. ]

To see that the upper bound in Theorem 3.15 is sharp, we show that for each
integer k > 5, there exists a connected graph Gy such that vpco(Gy) = k
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and 1(G) = 2k — 1. Let Gy be the graph obtained from a cycle Cy :
Vo, V1, V2, ..., Vk—1,Vp by (i) adding a vertex ag and the edges agvg and vov;
for 2 <i <k —2 and (ii) adding the vertices a; and b; (1 <i <k —1) and
the edges a;b; and b;v; for 1 <7 < k—1. The graph G5 is shown in Figure 4.

Qg

Qg

a2

Figure 4. The graph G5

4. Full Open Domination in Graphs

A vertex v in a graph G openly dominates the subgraph (N(v)) induced
by the (open) neighborhood N(v) of v, but v does not openly dominate
itself or any edge incident with it. A set S of vertices in G is a full open
dominating set if every vertex and every edge of G belongs to (N(v)) for
some v € S§. The minimum cardinality of a full open dominating set is
the full open domination number yro(G). A full open dominating set of
cardinality yro(G) is referred to as a yrpo-set. Note that a graph G has a
full open dominating set if and only if G' contains no isolated vertices and
every edge of G lies on a triangle in G. Consequently, we have the following.

Observation 4.1. Let S be a full open dominating set in a graph G. Every
vertex of S (and consequently every edge joining two vertices of S) belongs
to a triangle every vertex of which belongs to S.

To illustrate these concepts, consider the graphs G; = P5; + K1 and Gy =
K329 shown in Figure 5. In Gy, since each edge viviy; (1 < i < 4) is
openly dominated only by u, the edge uwv; is openly dominated only by wve,
and the edge uwvs is openly dominated only by vy, it follows that w, vo, vy
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belong to every yro-set of G1. However, the set {u, v2,v4} is not a full open
dominating set of G as the edges uvy and wvy are not openly dominated by
any vertex in {u,va,v4}. Since S; = {u,va,v3,v4} is a full open dominating
set, S1 is a ypo-set of G and so yrpo(G1) = 4. In Gg, the set Sy =
{z1,x2,23} is a full open dominating set. Moreover, there is no 2-element
full open dominating set. Thus, Sy is a yro-set of G2 and yro(G2) = 3.

X U1

Gli G25

U1 U2 U3 Vg Us z3 Yo
Figure 5. Graphs G1 = Ps + K; and G2 = K222

By Observation 4.1, every full open dominating set of a graph G must con-
tain at least three vertices and so vro(G) > 3. Certainly, every full open
dominating set of a graph G is also a full closed dominating set and so
vro(G) > vrc(G). This observation yields the following lower bound for

Yro(G).

Corollary 4.2. For a graph G without isolated vertices and in which every
edge belongs to a triangle,

Yro(G) = max{3,vrc(G)}.

Certainly, if G is a nontrivial connected graph of order n, then 1 < ~(G) <
vro(G) < vps(G) < n— 1. Hence no nontrivial connected graph G of order
n has yrc(G) = n or yps(G) = n. However, this is not true for ypo(G),
as we show next. For a graph G consisting of k (k > 1) disjoint copies of a
graph H, we write G = kH. In particular, G = H for k = 1.

Theorem 4.3. Forn > 3, there exists a connected graph G of order n such
that yro(G) = n if and only if n ¢ {4,6}.

Proof. We first show that for n = 4 or n = 6, there is no connected graph
G of order n with ypo(G) = n. If n = 4, then K4y — e and K, are the
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only graphs of order 4 in which every edge belongs to a triangle. However,
vro(Kis—e) = yro(K4) = 3. Next we show that there is no connected graph
of order 6 with full open domination number 6. Assume, to the contrary, that
there is a connected graph G of order 6 such that vro(G) = 6. Let V(G) =
{v1,va,...,v6}. Since every edge of G belongs to a triangle in G, there exist
at least two triangles in G that have a common edge. Thus G contains
K, — e as a subgraph. Assume, without loss of generality, that vovy € E(G),
viviy1 € E(G) for i =1,2,3, and vivg € E(G). Since {v1,v9,v3,v4} openly
dominates the induced subgraph ({vi,ve,vs,v4}), which is K4 — e or Ky,
the vertex vs must openly dominate vg or some edge incident with vg. If
vs openly dominates vg, then vsvg € F(G). However, then, the edge vsvg
must be openly dominated by some vertex v; for i € {1,2,3,4}. If v; openly
dominates some edge e that is incident with vg, then e = wv;vg for some
i €{1,2,3,4} and v5 is adjacent to both v; and vg. In either case, G contains
a triangle v;, vs, vg, v; for some i € {1,2,3,4}. Thus, we may assume that G
contains at least one of the two graphs G or G9 of Figure 6 as a subgraph.
Let S = V(G) — {v1}. Since (S) contains 2K + K as a subgraph, every
edge of (S) belongs to a triangle. Thus S is a full open dominating set
of (S). Moreover, the vertex v; and all edges incident with v; are openly
dominated by S. This implies that S is also a full open dominating set of
G. Therefore, vro(G) < |S| =5, which is a contradiction.
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Figure 6. Subgraphs G; and Go

For the converse, assume that n > 3 but n # 4,6. We construct a graph
G of order n with vypo(G) = n. If n = 2k + 1 for some integer k£ > 1, let
G = kKy + K; for some positive integer k. Then the order of G is 2k + 1.
Since V(G) is the only full open dominating set, ypo(G) = 2k + 1. Now let
n = 2k some integer k > 4. For k = 4, let F' be the graph of Figure 7. Note
that for every vertex w in G, there is an edge that is only openly dominated
by w. Hence V(G) is the only full open dominating set and so ypo(G) = 8.
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Figure 7. A graph F of order 8 with ypo(F) = 8

For k > 5, let G be obtained from the graph F' of Figure 7 and the graph
(k — 4) K2 by joining every vertex of (k — 4)K5 to the vertex v in F. Then
the order of G is 2k and ypo(F') = 2k, as desired. |

Since there is no graph G of order 4 and ypo(G) = 4 while the disconnected
graph G = 2K3 has order 6 and yro(G) = 6, we have the following corollary.

Corollary 4.4. For n > 3, there exists a graph G of order n such that
vro(G) = n if and only if n # 4.

We have seen that if G is a graph in which every edge belongs to a triangle
and yro(G) = a and ypo(G) = b, then 1 < a < b and b > 3. Next we show
that the converse of this fact is also true.

Theorem 4.5. For each pair a,b of integers with 1 < a < b and b > 3,
there exists a connected graph G in which every edge belongs to a triangle
with yrc(G) = a and yro(G) = b.

Proof. We consider three cases, according to whether ¢ = 1, a = 2, or
a > 3.

Case 1. a = 1. Suppose, first, that b is odd. Then b = 2k + 1 for
some integer k > 1. Let G = kKs + Kj, where degyu = 2k. Since {u}
is a full closed dominating set, yrc(G) = 1. Moreover, V(G) is the only
full open dominating set, so vro(G) = |V(G)| = 2k + 1 = b. Next suppose
that b is even. Then b = 2k for some integer k > 2. Here we let G =
(Ps U (k—2)K2) + K1, where P5 : v1,v2,v3,v4,v5 and deggu = 2k + 1.
Then G = Ps; + K; (shown in Figure 5) for k& = 2. Again, {u} is a full
closed dominating set and so ypc(G) = 1. On the other hand, the set
{u,ve,v3,v4} UV ((k — 2)K3) is a ypo-set, implying that yro(G) = 2k.

Case 2. a = 2. For b = 3, let G = K322 (shown in Figure 5). Then
vre(G) = 2 and vpo(G) = 3. For b = 2k + 1, where k > 2, let G be
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obtained from K99 and F = (k — 1)Ky + K;, where degpu = 2k — 2, by
identifying some vertex in K599 and the vertex u in F. Then vpc(G) = 2
and ypo(G) =3+2(k—1)=2k+1=0».

Now suppose that b is even. Then b = 2k for some integer k > 2. Let
G1 = P5 + Ko, where Ps : v1,v9,v3, 4,5 and the remaining two vertices of
G; are u and v; and for k > 3, let Go = (k — 2) Ky + K, where degg, T =
2k — 4. For k = 2, let G = G and for k > 3, let G be the graph obtained
from G and G3 by identifying u and x. Then ypco(G) = 2, while vpo(G) =
44 2(k—2)=2k=0b.

Case 3. a > 3. We consider three subcases here, depending on whether
b=a,b=a+1,0rb>a+2.

Subcase 3.1. b = a. Let Fy be a copy of the complete graph K, with
V(Fp) = {u1,ug,...,uq.}. For each i with 1 <i < a, let F; : z;,y; be a copy
of K3. Then let G be the graph obtained from the graphs F; (0 < i < a)
by adding the 4a new edges u;—1x;, u;x;, u;y;, and u;41y; for all 1 <14 < a,
where each subscript is one of the integers 1,2,...,a modulo a. The graph
G is shown in Figure 8 for a = 3,4. We show that vpo(G) = yrc(G) = a.

Figure 8. Graphs G with yro(G) = yrc(G) = a for a = 3,4

Let S = {uj,ug,...,uq.}. Since S is a full closed and full open dominating set
of G, it follows that yrc(G) < a and vro(G) < a. On the other hand, each
edge z;y; (1 <i <k)in G is dominated only by z;, y;, or u;. Hence every
full closed dominating set of G must contain at least one vertex from each
set {u;, x5, v} forall 1 <14 < a. Thus vpc(G) > a. Since vro(G) > yrc(G),
it follows that vpo(G) > a. Therefore, ypo(G) = yrc(G) = a.
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Subcase 3.2. b = a+1. Let G be obtained from the graph GG constructed
in Subcase 3.1 by first subdividing the edge z1y; into x12z and zy; and then
adding the edge zu;. The graph G is shown in Figure 9 for a = 3. Since
S = {uj,ug,...,uq.} is a ypo-set of G, it follows that ypc(G) = a. On the
other hand, S U {z1} is a yro-set and so yro(G) = a + 1.

Figure 9. A graph G with yro(G) = 4 and ypc(G) = 3

Subcase 3.3. b > a+ 2. Suppose first that b = a + 2k, where k£ > 1. For
each integer ¢ with 1 < i < k, let H; : v;, w; be a copy of Ko. Now let H
be the graph obtained from the graph GG in Subcase 3.1 and the graphs H;
(1 <i < k) by adding the 2k edges ujv;, uyw; for all ¢ with 1 < i < k. For
a=3and k=1 (sob=>5), the graph H is shown in Figure 10(a).

Next, suppose that b = a + 2k + 1, where k£ > 1. Let H be the graph
obtained from the graph G in Subcase 3.2 and the graphs H; (1 <1i < k) by
adding the 2k edges ujv;, ujw; for all 1 < i < k. For a = 3 and k =1 (so
b =6), the graph H is shown in Figure 10(b).

Since S = {uy,ug,...,u.} is a ype-set in H for all b > a + 2, it follows
that yro(H) = a. Next we show that ypo(H) = b. Let V = {v1,va,..., v}
and W = {wy,wa,...,wg}. For b = a+ 2k, the set S; = SUV UW is a
yro-set of H and so yrpo(H) = |S1| = a+2k = b. For b = a+2k+1, the set
Sy = SU{x1 }UVUW is ypo-set of H and so ypo(H) = |S2| = a+1+2k = b.

|

Certainly, every full open dominating set of a graph G is also an open
dominating set. Thus if G is a graph without isolated vertices in which
every edge is in a triangle, then vpo(G) > 14(G). Next we show that there
is no graph G with ypo(G) = 1(G).
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Figure 10. Graphs in Subcase 3.3 for a =3 and b = 5,6

Proposition 4.6. If G is a graph without isolated vertices in which every
edge is in a triangle, then vypo(G) > 7(G).

Proof. Assume, to the contrary, that there exists a graph G with 1 (G) =
vro(G). Let S be a ypo-set of G. Since every full open dominating set is
also an open dominating set and v:(G) = vro(G), it follows that S is also
a y-set in G. Let uw € S. We consider two cases.

Case 1. There exists a vertex x that is openly dominated by vertex u € S
but not by any vertex in S — {u}. This implies that = is adjacent to u, but
x is not adjacent to any vertex in S — {u}. On the other hand, since S is a
vro-set of G, the edge uz is openly dominated by some vertex in v € S—{u}.
Hence uz belongs to (N (v)), implying that x is adjacent to v € S — {u}, a
contradiction.

Case 2. FEach vertex in G that is openly dominated by u is also openly
dominated by some vertex in S — {u}. Since S is a y-set in G, there is a
vertex v adjacent to u such that v is not adjacent to any other vertex in
S —{u}. However, then, the edge uv is not openly dominated by any vertex
in S, a contradiction. [

Next we show that every pair a,b of integers with 2 < a < b is realiz-
able as the open domination number and the full open domination number,
respectively, of some graph.
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Theorem 4.7. For every pair a,b of integers with 2 < a < b, there exists a
graph G with v(G) = a and vro(G) = b.

Proof. We consider two cases.

Casel. b=a-+1 orb=a+2. Let G, be the graph obtained from Ky
with V(Kq41) = {v1,v2,...,v.41} by adding, for each edge e;; = v;v;, where
1 <i < j<a+l, anew vertex w;; and joining it to v; and v;. The graphs G
and Gz are shown in Figure 11. Let H, = G44+1—w12. The graph Hs is shown
in Figure 11. Since {v1,v2,...,0,} is a y-set of G, and {vy,ve,...,v,41} is
a yro-set of G, it follows that 7;(G,) = a and vpo(G,) = a+ 1. Moreover,
since {v3,vy,...,Vq42} is a y-set of H, and {v1, v, ..., 0442} is a ypo-set
of H,, we have v(H,) = a and ypo(H,) = a + 2.

W13

G2 . U3

Figure 11. The graphs Gy, G3, and Hs

Case 2. b > a+ 3. Suppose, first, that b =a+2k+1 (k > 1). Let G be

the graph obtained from the graph G, (from Case 1) and kK3 by joining v;
to each of the vertices of kK. If b = a+ 2k (k > 2), then let G be the graph
obtained from the graph H, (of Case 1) and (k — 1)K by joining v3 to each
vertex of (k — 1) K. It is routine to verify that 1(G) = a and ypo(G) = b.
|
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We conclude this paper with a problem.

Problem 4.8. Determine all triples a,b, ¢ of integers with max{a,b} <
a>2, ¢>3, and a < c for which there exists a graph G with v(G) =

¢,
a,

ro(G) = b, and yro(G) = c.
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