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Abstract

For two vertices u and v of a graph G, the set I(u,v) consists of
all vertices lying on some u — v geodesic in G. If S is a set of vertices
of G, then I(S) is the union of all sets I(u,v) for u,v € S. A set S is
a geodetic set if I(S) = V(G). A minimum geodetic set is a geodetic
set of minimum cardinality and this cardinality is the geodetic number
9(G@). A subset T of a minimum geodetic set S is called a forcing
subset for S if S is the unique minimum geodetic set containing 7.
The forcing geodetic number fg(S) of S is the minimum cardinality
among the forcing subsets of S, and the forcing geodetic number f(G)
of G is the minimum forcing geodetic number among all minimum
geodetic sets of G. The forcing geodetic numbers of several classes of
graphs are determined. For every graph G, f(G) < ¢g(G). It is shown
that for all integers a, b with 0 < a < b, a connected graph G such that
f(G) = a and g(G) = b exists if and only if (a,bd) ¢ {(1,1),(2,2)}.
Keywords: geodetic set, geodetic number, forcing geodetic number.
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1. INTRODUCTION

The distance d(u,v) between two vertices u and v in a connected graph G is
the length of a shortest u — v path in G. It is well known that this distance
is a metric on the vertex set V(G). For a vertex v of G, the eccentricity
e(v) is the distance between v and a vertex farthest from v. The minimum
eccentricity among the vertices of G is the radius, denoted by rad G, of
G and the maximum eccentricity is its diameter, denoted by diam G. A
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u — v path of length d(u,v) is called a u — v geodesic. We define I(u,v)
(interval) as the set of all vertices lying on some u — v geodesic of G, and
for a nonempty subset S of V(G), we define

I(S) = U I(u,v).

u,VES

A set S of vertices of G is defined in [1] to be a geodetic set in G if I(S) =
V(G), and a geodetic set of minimum cardinality is a minimum geodetic
set. The cardinality of a minimum geodetic set in G is called the geodetic
number g(QG).

For a minimum geodetic set S of G, a subset T of S with the property
that S is the unique minimum geodetic set containing 7T is called a forcing
subset of S. The forcing geodetic number fg(S,g) of S in G is the mini-
mum cardinality of a forcing subset for S, while the forcing geodetic number
f(G, g) of G is the smallest forcing number among all minimum geodetic sets
of G. Since the parameter g is understood in this context, we write f(S)
for fa(S,g) and f(G) for f(G,g). Hence if G is a graph with f(G) = a and
g(G) = b, then 0 < a < b and there exists a minimum geodetic set S of
cardinality b containing a forcing subset T' of cardinality a. For the graph G
of Figure 1, g(G) = 3. There are four minimum geodetic sets in G, namely
S1 =A{u,x,z}, Sy = {v,y,w}, S3={z,y,w}, and Sy = {v,y, z}. Since S is
the only minimum geodetic set containing u, it follows that fz(S1) = 1. No
other vertex of G belongs to only one minimum geodetic set, so f(S;) > 2
for i = 2,3,4. (In fact, fo(S;) =2 for i = 2,3,4.) Therefore, f(G) = 1.

Figure 1. A graph with forcing geodetic number 1

It is immediate that f(G) = 0 if and only if G has a unique minimum
geodetic set. If G has no unique minimum geodetic set but contains a
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vertex belonging to only one minimum geodetic set, then f(G) = 1. We
summarize these observations below.

Lemma 1.1. For a graph G, the forcing geodetic number f(G) = 0 if and
only if G has a unique minimum geodetic set. Moreover, f(G) = 1 if and
only if G has at least two distinct minimum geodetic sets but some vertex of
G belongs to exactly one minimum geodetic set.

The following result is a direct consequence of Lemma 1.1.

Corollary 1.2. For a graph G, the forcing geodetic number f(G) > 2 if
and only if every vertex of each minimum geodetic set belongs to at least two
mintmum geodetic sets.

2. FORCING GEODETIC NUMBERS OF CERTAIN GRAPHS

In this section, we determine the forcing geodetic numbers of some well
known graphs. We begin by determining the forcing geodetic number of the
famous Petersen graph P of Figure 2. For a set S of vertices in a graph G,
we write N (S) for the neighborhood of S, that is, the set of all vertices that
are neighbors of at least one vertex in S, while the closed neighborhood of S
is defined by N[S] = N(S)US.

Figure 2. The Petersen graph P

It can be verified that the geodetic number of P is 4 and that every set of
four independent vertices of P is a minimum geodetic set. Since all inde-
pendent sets of cardinality 4 are similar in P, we consider the independent
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set S = {uy,us,vq,v5}. For every w € S, there exists a minimum geodetic
set containing w that is distinct from S. For example, {u1,uq,v2,v3} is an-
other minimum geodetic set containing wy. Therefore, every vertex of each
minimum geodetic set of P belongs to at least two minimum geodetic sets
and so, by Corollary 1.2, fp(S) > 2. Moreover, if Sy = {z,y} C S, then
V(P) — N[So| consists of three vertices exactly two of which are nonadja-
cent. For example, let So = {v4,v5}. Then V(P) — N[So] = {u1,usz,us},
where only u; and w3 are nonadjacent. Therefore, S is the unique minimum
geodetic set containing Sy. This implies that fp(S) = 2 and that f(P) = 2.
The following two observations appeared in [2].

Theorem A. If v is a vertex of a graph G such that (N(v)) is complete,
then v belongs to every geodetic set of G.

Corollary B. Fach end-vertex of a graph G belongs to every geodetic set
of G.

Since the set of all end-vertices of T is the unique minimum geodetic set of
T (see [1]), we have the following result.

Theorem 2.1. For a tree T, the forcing geodetic number f(T) is 0.

The corona G o K1 of a graph G of order n is that graph obtained from G
by joining one new vertex to each vertex of G. Thus the order of G o K is
2n. For a connected graph G of order at least 2, we show that the set S of
end-vertices of Go K is a unique minimum geodetic set of G o K1, implying
that f(GoKj) = 0. By Corollary B, every geodetic set of Go K contains S.
It suffices to show that S is a geodetic set of G. For v € V(G), there exists
u € V(Q) that is adjacent to v. Let v',u’ € V(G o K1) be the end-vertices
joined to v and u, respectively. Then v lies on the v’ — v’ geodesic v/, v, u, v
in Go Kj. This implies that the set S is a geodetic set of Go K. Therefore,
f(G o K;) =0 for all connected graphs G.

Now we determine the forcing geodetic numbers of cycles.

Theorem 2.2. The forcing geodetic number of Cy,, n > 3, is

1, if nis even,

F(Cn) = { 2, otherwise.
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Proof. If n is even, then g(C),) = 2 and every pair of antipodal vertices of
C,, forms a minimum geodetic set of C,,. Consequently, C,, does not have
a unique minimum geodetic set but every vertex of (', has a unique vertex
antipodal to it, so f(C,) = 1. If n is odd, then ¢(C,) = 3. Again C,, has
more than one minimum geodetic set. Moreover, every vertex of C,, belongs
to at least two distinct minimum geodetic sets. By Corollary 1.2, f(C),) > 2.
On the other hand, for every pair u,v of adjacent vertices in C},, there is a
unique vertex w in Cy, with d(u,w) = d(v,w). Then {u,v,w} is the unique
minimum geodetic set containing {u, v}, implying that f(C,,) = 2. [ ]

It was shown in [1] that g(C,,) = g(C\, x K2), where C,, x K3 is the Cartesian
product of C), and K5. A proof similar to that of Theorem 2.2 gives f(C),) =
f(Cy x Kj). Tt is easy to verify that for n > 4 the geodetic number of the
wheel W, = C,, + K of order n+11is [%] and that f(W,) = f(Cy).

We have determined the forcing geodetic numbers of trees and cycles.
A closely related class of graphs is the unicyclic graphs. A graph is unicyclic
if it is connected and contains exactly one cycle.

Theorem 2.3. Let G be a unicyclic graph that is not a cycle. If the cycle
C of G has length k, and £ is the greatest order of a path on C every vertex
of which has degree 2 in G, then

_J o, if £<(k—2)/2o0rif {L=Fk—1 is odd,
1G) = { 1, otherwise.

Proof.Let C : vi,ve,---,vg,v1 and let W be the set of all end-vertices of G.
Assume, without loss of generality, that P : vy,vs,- -+, v, where degv; = 2
fori=1,2,---,¢. So degvy > 3 and degvpy; > 3. If £ < (k—2)/2, then W
is the unique minimum geodetic set of G and so f(G) = 0. Therefore, we
assume that ¢ > (k —1)/2. Since I(W) = V(G) — V(P), it follows that W
is not a geodetic set of G, so g(G) > |W|+ 1. Assume first that £ = k — 1.
If ¢ is odd, then W U {fuu% } is the unique minimum geodetic set of G and
so f(G) = 0. On the other hand, if ¢ is even, then there are pairs v;,v; of
vertices with 1 <4 < j < £ such that W U {v;,v;} is a minimum geodetic
set. However, there is only one such set containing vy, namely, W U {v £ w}
and so f(G) = 1. Hence we assume that (k—1)/2 < ¢ <k —2. If £ is odd,
then both W U {'Uei;} and W U {vszl} are minimum geodetic sets of G}

while if ¢ is even, then W U {Ug} and W U {Uu} are minimum geodetic
2 2
sets of G. In either case, f(G) = 1. ]
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Next we determine the geodetic and forcing geodetic numbers of the hyper-
cubes ), where n > 2. The hypercube Q),, can be considered as that graph
whose vertices are labeled by the binary n-tuple (a1, as,--,a,) (that is a;
is 0 or 1 for 1 < ¢ < n) and such that two vertices are adjacent if and only
if their corresponding n-tuples differ in precisely one position.

Theorem 2.4. Forn > 2, g(Q,) =2 and f(Q,) = 1.
Proof. Since every minimum geodetic set of @, is of the form

S ={(a1,a9, - +,an),(l —aj,1 —ag,---,1 —ay)}

where ay,ag,--,a, € {0,1}, it follows that ¢(Q,) = 2. Certainly, @,, has
more than one minimum geodetic set and every minimum geodetic set S
is the unique minimum geodetic set containing (ai,as,---,a,). Therefore,

f(@n) =1 u

Next, we study the forcing numbers of complete bipartite graphs. Let 1 <
r < s be two integers. It was shown in [1] that g(K, ) = s if » = 1; while
(K, s) = min{r, 4}, if r > 2.

Theorem 2.5. Let K, be a complete bipartite graph with r + s > 2 and
1<r<s. Then

0, r=1 or r=23andr <s,
1, r=23 and 1r=s,

F(Krs) = 3, r =4,
4, r > 5.

Proof. Let Vi = {uy,ug, -, u,} and Vo = {vy,vs,---,vs} be the partite
sets of G = K, ;. If r =1, then G is a tree and its forcing geodetic number
is 0.

We first assume that r € {2,3}. If r < s, then G has a unique mini-
mum geodetic set, namely Vi, and so the forcing geodetic number is 0 by
Lemma 1.1. If r = s, then G has two distinct minimum geodetic sets, namely
V1 and Va. So the forcing geodetic number is at least 1 by Lemma 1.1. Cer-
tainly, for each v € V; with ¢ = 1,2, the set V; is the unique minimum
geodetic set containing v. So the forcing geodetic number is 1.

Next we assume that » = 4 and so g(G) = 4. If r = s, then V7,
Vo, and S = {uj,ug,v1,v2} are minimum geodetic sets of G. All other
minimum geodetic sets are similar to S. Since V7 is the unique minimum
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geodetic set containing {u1, ug, ug} and V is not the unique minimum geode-
tic set containing any 2-element or l-element subset of V7, it follows that
fa(Vi) = 3. Similarly, fo(V2) = 3. Moreover, since S is not the unique
minimum geodetic set containing any of its proper subsets, fg(S) = 4.
Therefore, f(G) = 3. If r < s, then V; and S = {uj,ug,v1,v2} are mini-
mum geodetic sets of G. All other minimum geodetic sets are similar to S.
Since fg(V1) =3 and fg(S) = 4, it follows that f(G) = 3.

Finally, we assume that » > 5. Then every minimum geodetic set 5
of G is of the form S = {uw;,,ui,,vj,,vj,}, where 1 < i3 < iy < r and
1 < j1 < jo < s. Since S is not the unique minimum geodetic set containing
any of its proper subsets, f(G) = 4. [

3. GRAPHS WITH PRESCRIBED GEODETIC AND FORCING GEODETIC
NUMBERS

We have already noted that if G is a graph with f(G) = a and ¢(G) = b,
then 0 < a < b. We now establish a converse result beginning with the case
where a # b.

Theorem 3.1. FEvery pair a,b of integers with 0 < a < b can be realized
as the forcing geodetic number and geodetic number, respectively, of some
graph.

Proof. We have already seen that if G = K}, then f(G) = 0 and ¢g(G) = b.
Thus, we assume that 0 < a < b. We consider two cases.

Case 1. a = 1.

If b = 2, then every even cycle has forcing geodetic number 1 and geodetic
number 2. So we assume that b > 3. Consider the graph G of Figure 3.

We first show that g(G) = b. Let U = {uy,u2,---,up—2} be the set of
end-vertices of G. Since U U {vs, z} is a geodetic set of G, it follows that
g(G) < b. On the other hand, by Corollary B, every minimum geodetic set
of G includes U. Moreover, it is routine to verify that for each z € V(G)—U,
the set UU{z} is not a geodetic set of G, implying that g(G) > b. Therefore,
9(G) =b.

Next we show that f(G) = 1. Since U U{vs,z} and U U {v3,y} are two
distinct minimum geodetic sets of G, it follows that f(G) > 1 by Lemma 1.1.
Moreover, S = U U {vs,x} is the unique minimum geodetic set containing
{z}. This implies that fg(S) = 1. Therefore, f(G) = 1.
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U2

L]
(3] .
Up—2

U1

V2

U3

Figure 3. The graph G with ¢(G) =b and f(G) =1

Case 2. a > 2.
First assume that b = a+ 1. We consider the graph G of order 2a + 4 shown
in Figure 4.

Uq+1

Va+1

Figure 4. The graph G with g(G) = f(G) +1

We first show that ¢(G) = a + 1. Since {us,us, -, uq+1,v1} is a geodetic
set of G, it follows that g(G) < a+ 1. Next we show that ¢(G) > a+ 1. For
every ¢ with 1 <14 < a+1, each of u; and v; lies only on geodesics with initial
or terminal vertex u; or v;. This implies that if W is a minimum geodetic
set of G, then W contains at least one vertex from each set {u;,v;}, where
1 <i < a+1, implying that g(G) > a + 1. Therefore, g(G) =a+1 =15
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and W C V(G) — {z,y}. Furthermore, W # {uj,ug, -, uqy1} and W #
{v1,v2,*,Vat1}-

Next we show that f(G) = a. Again, let W be a minimum geodetic set
of G. Since W N {uy,ug, -, ugr1} # 0 and W N {vy,va, -+, 0411} # 0, it
follows that W is not the unique minimum geodetic set containing any of its
subsets W’ with |W’'| < a. So fg(W) > a for every minimum geodetic set W
of G. Therefore, f(G) > a. On the other hand, W = {ug,us, -, uqy1,v1}
is the unique minimum geodetic set containing {us, us, - -, ug+1}, implying

that fg(W) = a. Therefore, f(G) = a.

Ug+1

Va+1
Figure 5. The graph G with ¢(G) =b and f(G) =a

We now assume that b > a 4+ 2. Consider the graph of Figure 5. We first
show that g(G) = b. Since

S = {UQ,’LLg, oy Ug41, V1, W1, W2, 7wb7(l71}

is a geodetic set, g(G) < b. Next we show that g(G) > b. By Corollary B, the
end-vertices wy, wa, - - -, Wy_q—1 belong to every geodetic set of G. Moreover,
as above, for every i with 1 < i < a+1, each of u; and v; lies only on geodesics
with initial or terminal vertex w; or v;. This implies that every minimum
geodetic set of G must contain at least one vertex from each set {u;,v;},
where 1 <i < a+ 1. Therefore, g(G) > (b—a—1)+ (a+1) =b.

Next we show that f(G) = a. Every minimum geodetic set S of G has
the form

S=U UV Uw
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where U C {uy,u2, -, ugt1}, V C {v1,v2, +,va41} and W = {wq,wa, - -,
Wp_q_1} with U # @ and V # (). This implies that if S is a minimum
geodetic set of G and S C S with |S’| < a, then S is not the unique
minimum geodetic set containing S’. Therefore, f(G) > a. On the other
hand, the set

S = {’U,Q,Ug, crryUgt 1, V1, W1, W2, - v - 7wb—a—1}
is the unique minimum geodetic set containing {us, us, -+, ug+1}, implying
that fo(S) = a. Therefore, f(G) = a. ]

Next we show that if a connected graph of order at least 2 has its geodetic
number equal to its forcing geodetic number, then this number exceeds 2.
First observe that 2 < ¢g(G) < n for every connected graph of order n > 2.
Therefore, the case f(G) = g(G) =1 is impossible for any connected graph
of order at least 2.

Theorem 3.2. If G is a connected graph with geodetic number 2, then
f(G) < 2.

Proof. Let {u,v} be a minimum geodetic set of G. Then d(u,v) = diam G
and every vertex of G lies on some u — v geodesic of G. If f(G) = 2, then
there exists z # v such that {u,z} is also a minimum geodetic set of G.
However, the fact that x lies on some u — v geodesic of G implies that
d(u,x) < d(u,v) = diam G, which is a contradiction. ]
We have seen in Theorem 3.2 that f(G) < g(G) if g(G) = 2. Next we show

that every integer a > 3 is simultaneously realizable as both the geodetic
number and forcing geodetic number of some connected graph.

Theorem 3.3. For every integer a > 3, there exists a connected graph G
such that

Proof. For each integer a > 3, we construct a graph G, with f(G,) =
9(G,) = a. We consider two cases, according to whether a is even or a

is odd.

Case 1. a =2k, where k > 2.
We have seen in Theorem 2.5 that if 5 <r < s, then f(K, ;) = g(K,s) = 4.
So we may assume that & > 3. For k = 3, let F; and F5 be two copies of
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K55 with V(F1) =X UY and V(F;) =U UV, where X = {z1,22,---, 25},
Y ={v1,y2, - us}, U = {ug,ug,--+,us}, and V= {vy,v9,---,v5} are the
respective partite sets of F; and F. Then the graph Gg is formed from F}
and F5 by adding the edge xsu;. The graph Gg is shown in Figure 6.

Figure 6. The graph Gg

We first show that g(Gg) = 6. Since

S = {371721172/27?157?)4,”5}

is a geodetic set of Gg, it follows that g(Gg) < 6. Assume, to the contrary,
that g(G¢) < 6. Let W be a geodetic set of Gg with |[W| = 5. We claim
that W must contain at least one vertex from each set of X,Y,U, and V.
Assume, to the contrary, that this is not the case. There are two subcases.

Subcase 1.1. W N X = 0.
Observe that in this subcase, each vertex y; (1 < i < 5) only lies on those
geodesics with initial or terminal vertex y;. Then W =Y as |[W| = |Y|.
However, I(Y') = V(F1) # V(Gs), contradicting the fact that W is a geode-
tic set of Gg.

Subcase 1.2. W NY = 0.
Since each vertex z; (1 < i < 4) lies only on those geodesics with
initial or terminal vertex x;, it follows that {x1,x9, 23,24} C W. So
W = {x1,x9,x3,24,v} for some v € V(Gg) — {1, x2, 3, 24}. It is routine
to verify that W is not a geodetic set of G¢ for each vertex v of Gg.
Therefore, W contains at least one vertex from each of X,Y, U, and V.
Without loss of generality, let W = {u,v1,z,y1,w}, where x € X, u € U,
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w € V(G¢) — {u,v1,z,y1}. There are only three possible choices for u and
x that are not equivalent, namely (1) u = uy and z = x5, (2) u # u; and
x = x5, and (3) u # u; and = # x5. It can be verified that W is not a
geodetic set of G in any of these cases, implying that g(Gg) > 6 and so
9(Gg) = 6.

Next we show that f(Gg) = 6. Vertices of U — {u1} (of X — {z5})
are interior vertices only for geodesics with initial and terminal vertex in
V (in Y). Vertices of V' (of Y') are interior vertices only for geodesics with
an end-vertex in U (in X). From this it is clear that |[S N (U — {u1})| =
ISN(X —{z5})] = 1 and |SNV| = [SNY| = 2, implying that S is
not the unique minimum geodetic set containing any of its proper subsets.
Therefore, f(Gg) = 6.

We can now extend Gg to construct a graph Gop for all k£ > 4. Let
Fi,Fy,---,F;_1 be k — 1 copies of K55. For each ¢ with 1 <1 < k-1,
assume that the partite sets of F; are U; = {uj,us2, -, u;5} and V; =
{vi1,vi2,+-+,vi5}. Then the graph Ggy is formed from Fy, Fy,---, Fx_1 by
adding the k — 2 new edges u;5u;41,1 between F; and Fj; 1, where 1 < ¢ <
k — 2. Then every minimum geodetic set of Goi contains exactly one vertex
from each of Uy — {uis} and Uyp_1 — {ur—1,1} and exactly two vertices from
each set V;, 1 <i < k — 1. Therefore, g(Gor) = f(Gax,g) = 2k.

Case 2. a =2k+ 1, where k > 1.
For k = 1, let the graph G5 be obtained from the cycle Cy : uy, us9, x1, vy, v,
Y1, w1, wo, 21,41 by adding three new vertices xa,¥y2, 22 and the six edges
Tollg, TV, Yoo, Yow1, Zows, and zoui. The graph G3 is shown in Figure 7.

(51 U2

21 X

Gy :
w2 V1

w1 ll v

Y1

Figure 7. The graph G5 with g(G3) = f(Gs3) =3

Since the diameter of GG3 is 4 and there are exactly two geodesics between
every two vertices at distance 4 in G3, there is no 2-element geodetic set
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in G3. Hence g(G3) > 3. On the other hand, {u1,v1,w;} is a geodetic set of
G3 and so g(G3) = 3. Since the minimum geodetic sets of G3 are precisely
those that have the form {w,v,w}, where u € {uj,us}, v € {v1,v2} and
w € {wy,ws}, it follows that f(G3) = g(G3) = 3.

We now assume that k = 2 and construct a connected graph G5. De-
fine the vertex set of G5 to consist of five mutually disjoint sets V; =
{vit,vi2, -+, v}, 1 < @ < 5, such that vy, is adjacent v, if and only if
j—1i=+£1(mod 5). Thus the graph Gj5 is actually the composition C5[5K1].

We first show that g(G5) = 5. Since {v11,v21, - +,v51} is a geodetic
set, g(G5) < 5. We show now that every minimum geodetic set W contains
exactly one vertex from each set V; (1 < i < 5). Assume, to the contrary,
that this is not the case. We consider two subcases.

Subcase 2.1. There exists exactly one set V;, 1 < i < 5, such that
VinW =0, say V; = V1. Since either |[V3NW| = 1or [VaNnW| =1, it
follows that either Vo Z I(W) or V5 € I(W), which is a contradiction.

Subcase 2.2. There are two distinct sets V;, V;, 1 <4,5 <5, such that
VinW =0 and V; "W = (. We first assume that j —i = +1(mod 5),
say V; = Vi and V; = V5. Since V; C I(W) for i = 1,2, we must have
[W N Vs >2and [WNVs| >2. But then V3U Vs € I(W), a contradiction.
Otherwise, we may assume that Vi N W = V3N W = (. However, then,
either W = V3 or Vo € I(W), both of which are impossible.

Hence ¢g(G5) = 5 and every minimum geodetic set of G5 contains exactly
one vertex from each set V; (1 < i <5). Therefore, f(G5) = 5.

We now assume that k& > 3. Let Uy = {uji,uio, - -,u15} and Vi =
{v11,v12,v13,v14} be the partite sets of the graph K45 and let

M = {u11v11, w12012, U13013, U14V14 }

be a maximum matching of K45. Now let H = K45 — M. We construct the
graph Gog11 from the graph Gof in Case 1 by replacing F} by H, but the
construction is otherwise the same. The graph G~ is shown in Figure 8.

It can be verified that any subset of V/(Gaj41), consisting of one vertex of
Ug—1—{ur—1,1}, two vertices of each set V1, V5, ..., Vi1, and two vertices of
Uy — {u15}, is @ minimum geodetic set of Goiy1. Therefore, g(G) = f(G) =
1+2(k—1)+2=2k+ 1. This completes the proof. ]
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